Mixed Relations as Enriched Semiringal Categories1

R. Grosu^2 (School for EECS, University of Pennsylvania, Email: grosu@saul.cis.upenn.edu.)

D. Lucanu (Faculty of Computer Science, “A.I.Cuza” University, Iasi, Romania, Email: dlucanu@infoiasi.ro.)

Gh. Ştefănescu^3 (Fundamentals of Computer Science, University of Bucharest, Romania. Email: ghstef@funinf.math.unibuc.ro.)

Abstract: A study of the classes of finite relations as enriched strict monoidal categories is presented in [CaS91]. The relations there are interpreted as connections in flowchart schemes, hence an “angelic” theory of relations is used. Finite relations may be used to model the connections between the components of dataflow networks [BeS98, BrS96], as well. The corresponding algebras are slightly different enriched strict monoidal categories modeling a “forward-demonic” theory of relations. In order to obtain a full model for parallel programs one needs to mix control and reactive parts, hence a richer theory of finite relations is needed. In this paper we (1) define a model of such mixed finite relations, (2) introduce enriched (weak) semiringal categories as an abstract algebraic model for these relations, and (3) show that the initial model of the axiomatization (it always exists) is isomorphic to the defined one of mixed relations. Hence the axioms gives a sound and complete axiomatization for the these relations.

Key Words: parallel programs; mixed relations; network algebra; (enriched) semiringal category; abstract data type; Category: F.3.2

1 Introduction

Powerful algebraic representations for logics are well-known; see, e.g., [Rud74]. In computer science, such a stage is still a desiderata. This paper is included in a series [Ste96a, Ste96b, Ste96c, GSB98, GBSS98] aiming to contribute to the algebraic theory of distributed computation. The key problem in understanding Multi-Agent Systems is to find a theory which integrates the reactive part and the control part of such systems. The claim of this series of papers is that the mixture of the additive and multiplicative network algebras (MixNA) will contribute to the understanding of distributed computation.

1 C. S. Calude and G. Ştefănescu (eds.). Automata, Logic, and Computability. Special issue dedicated to Professor Sergiu Rudeanu Festschrift.

2 Partially supported by a NATO CLG grant on “Dynamic dataflow networks”, 1998- 1999.

3 Partially supported by the Romanian MCT grant 2096-B9/1996 “Formal methods in the study of distributed computing” and by a NATO CLG grant on “Dynamic dataflow networks,” 1998-1999.

The aim of the present paper is to give an algebraic presentation for finite relations suited to be used for modeling the interface changing connections between the statements/modules of parallel program schemes. The model for parallel programs we are using is MixNA, a mixture of additive and multiplicative network algebras presented in [Ste96a].

An extensive study of the classes of finite relations as enriched strict monoidal categories is presented in [CaS91]. The view taken in [CaS91] is to see relations as connections in (sequential) flowchart schemes, hence an “angelic” theory of relations is actually used there. Finite relations may be used to model the connections between the components of (parallel) dataflow networks [BeS98, BrS96], as well. The corresponding algebras are slightly different enriched strict monoidal categories modeling a “forward-demonic” theory of relations. Similar algebraic structures where recently used in [Gib95] to handle acyclic graphs, or in [BGM98] to get a unifying framework for representing “concurrent and distrbuted systems.”

In order to obtain a full model for parallel programs one needs to mix control and reactive parts, hence a richer theory of finite relations is needed. We introduced enriched (weak) semiringal categories as an algebraic model for relations in this mixed setting.

The main result of the paper consists of presenting the mixed relations as an initial model in the category of enriched semiringal categories. The relations corresponding to a particular choice (x_1, x_2, x_3, x_4) with x_i ∈ {a, b, c, d}, are called x_1x_2x_3x_4-relations. As a consequence of this result we get axiomatizations for most of the resulting 256 types of interface-changing relations. (Some cases with x_4 ∈ {c, d} are open).

2 Preliminaries

In this section we present the definition of symmetric semiringal categories. This structure was introduced, e.g., in [Ste96a, Ste98]. The present definition is given long the line suggested in [Luc99].

A symmetric semiringal category (M, ⊕, ⊗, ·, I, /\) is a mixture between two symmetric strict monoidal categories (M, ⊕, ·, I, /\) and (M, ⊗, ·, I) where ⊗ distributes over ⊕ and the zero-rules for I_0 hold. In order to express these additional properties we use two new types of constants: δ_{a;b,c} : a⊗(b⊕c) ∼= (a⊗b)⊕(a⊗c), denoting the isomorphisms corresponding to the distribution of products over sums of objects, and δ_{a;} : a ⊗ 0 ∼= 0, denoting the isomorphism between the product a ⊗ 0 and 0. These new constants must satisfy the axioms D1-D10 listed in the appendix. We will see later how the constants δ are generalized to more complex terms.

If C is a subset of morphisms in M, then we say (M, ⊕, ⊗, ·, I, δ, ρ, /\, X) is a C-weak symmetric semiringal category over S if the strong distributivity axioms D9-D10 are required for morphisms f in C, only (and arbitrary g, h in M).

Various enriched symmetric semiringal categories are obtained adding additive or multiplicative branching constants:_a•<_k, k ≥ 0 (additive ramification); k>•_a, k ≥ 0 (additive identification); ∘∧^a_k, k ≥ 0 (multiplicative ramification); ∘∨^ka, k ≥ 0 (multiplicative identification). These constants must satisfy the axioms SV1-20, AddS1-4, and MultS1-4 included in the appendix. As is [CaS91], the restrictions a (k = 1), b (k ≤ 1), c (k ≥ 1), and d (arbitrary k) may be freely used for each type of branching constant_a•<_k,_k>•_a, ∘∧^a_k, or ∘∨^k_a. A x_1x_2x_3x_4- enriched semiringal category is an enriched semiringal category where the use of branching constants is restricted in concordance with x_1x_2x_3x_4. Obviously, an aaaa-enriched semiringal category is just a symmetric semiringal category.

3 Mixed relations

Let S be a set of atomic sorts. The set of sort terms is obtained with the rules a = a ⊕ a | a ⊗ a | 0 | 1 | s(∈ S). In the rest of this paper we use the following notations:

– ka for a ⊕ · · · ⊕ a (k times); if k = 0 then ka = 0. – a^k for a ⊗ · · · ⊗ a (k times); if k = 0 then a^k = 1.

The set of sorts S^{⊕,⊗} is the set of sort terms modulo the congruence generated by the following axioms: a ⊕ (b ⊕ c) = (a ⊕ b) ⊕ c, a ⊗ (b ⊗ c) = (a ⊗ b) ⊗ c, a ⊕ 0 = a, a ⊗ 1 = a. (1)

Each equivalence class is represented by a unique flattened term obtained by removing the parenthesis due to the associativity axioms and deleting the constants 0 and 1 accordingly with the last two axioms. More precisely, a flattened term is an irreducible element relative to the following confluent and terminating rewriting system: a ⊕ (b ⊕ c) → a ⊕ b ⊕ c, (a ⊕ b) ⊕ c → a ⊕ b ⊕ c, a ⊗ (b ⊗ c) → a ⊗ b ⊗ c, (a ⊗ b) ⊗ c → a ⊗ b ⊗ c, a ⊕ 0 → a, a ⊗ 1 → a. (2)

A sort is often identified with the flattened element representing the class. For a sort a the associated (unique) flattened element is denote by fl_a.

Definition 1. Let a be a sort term. The set Pos(a) ⊂ ω^∗ of positions in a, and the set Fr(a) ⊂ ω^∗ of frontier positions in a, and the function a : Pos(a) → S ∪ {⊕, ⊗, 1, 0} are inductively defined as follows:

– if a ∈ {0, 1} then Pos(a) = Fr(a) = ∅;

– if a ∈ S then Pos(a) = Fr(a) = {ε} (ε denotes the empty string) and a(ε) = a; – if a = a_1 op a_2 with op ∈ {⊕, ⊗}, then: - Pos(a) = {ε} ∪ {i.p | p ∈ Pos(a_i), i = 1, 2} ( . denotes the concatenation operation on ω^∗), - Fr(a) = {i.p | p ∈ Fr(a_i), i = 1, 2}, and - a(ε) = op, a(i.p) = a_i(p) for all p ∈ Pos(a_i), i = 1, 2.

The definition given above is extended to the flattened terms in the usual way:

– if a = a_1 op · · · op a_n with op ∈ {⊕, ⊗}, then: - Pos(a) = {ε} ∪ {i.p | p ∈ Pos(a_i), i ∈ [n]}, - Fr(a) = {i.p | p ∈ Fr(a_i), i ∈ [n]}, and - a(ε) = op, a(i.p) = a_i(p) for all p ∈ Pos(a_i), i ∈ [n].

If a is a sort term and fl_a is the flattened term equivalent to a, then there is bijection ⇓_a : Pos(a) → Pos(fl_a)

which is uniquely determined rewriting rules (2). For example, if a = a_1⊗(a_2⊗a_3) and fl_a = a_1 ⊗ a_2 ⊗ a_3 then ⇓_a : {1, 2.1, 2.2} → {1, 2, 3} is given by ⇓_a(1) = 1, ⇓_a(2.1) = 2, ⇓_a(2.2) = 3. When the subscript a may be derived from the context we simply write ⇓p instead of ⇓_a(p), where p ∈ Pos(a).

Definition 2. Consider a a sort term and p and q two frontier positions in Fr(a). We say that p and q coexist (in a) iff (1) p = q or (2) a(lcp(p, q)) = ⊗, where lcp(p, q) denotes the longest common prefix of p and q. We denote by^{co}∼ the coexistence relation.

A set consisting of frontier positions which simultaneously coexist in a sort a is called a multiplicative world of a.

A sort describe the interface of a parallel program. The intuition behind the above definition is that the frontier positions of a multiplicative world describe the components of a state of the system. If two positions do not coexist, then they belong to disjoint (or incompatible) states.

Definition 3. Consider a and b two sorts in S^{⊕,⊗}. A pure multiplicative relation of type a → b is a sequence of maps (p_1 → q_1, . . . , p_k → q_k) where p_i ∈ Fr(a), q_i ∈ Fr(b), i = 1, . . . , k, such that

– a(p_i) = a(q_i) for i = 1, . . . , k, and – p_i^{co}∼ p_j and q_i^{co}∼ q_j for all i, j = 1, . . . k (in other words, {p_1, . . . , p_k} and {q_1, . . . , q_k} are multiplicative worlds of a and b, respectively).

A mixed relation of type a → b is a set of pure multiplicative relations of type a → b. MixRel_S (a, b) denotes the set of all mixed relations of type a → b, and x_1x_2x_3x_4-MixRel_S (a, b) denotes the subset of mixed relations of type a → b which satisfy x_1x_2x_3x_4-restrictions on branching constants.

We use the notation f = {f_1 | f_2 | · · · | f_n} for a mixed relation f in order to emphasize the additive character of f. The above notation can be thought as the Backus-Naur rule f ::= f_1 | f_2 | · · · | f_n.

The order of maps of a pure multiplicative relation is not important. Also, any map can occur only once into a pure multiplicative relation. We use the notation p → q ∈ f whenever we want to say that p → q occurs in a pure multiplicative component of f.

Example 1. Consider a = (a_1 ⊗ a_2) ⊕ (a_1 ⊗ a_3), b = a_1 ⊗ (a_2 ⊕ a_1) where a_i ∈ S, i = 1, 2, 3. Then:

– the frontier sets are Fr(a) = {1.1, 1.2, 2.1, 2.2} and Fr(b) = {1, 2.1, 2.2};

– the coexistence relation in a is {1.1^{co}∼ 1.2, 2.1^{co}∼ 2.2} and the coexistence relation in b is {1^{co}∼ 2.1, 1^{co}∼ 2.2}; and – f = {(1.1 → 1, 1.2 → 2.1) | (2.1 → 2.2)} is a mixed relation. It may be graphically represented as in Fig. 1. The first pure multiplicative component is drawed using solid lines and the second component using dashed lines.

Figure 1: A mixed relation

We often write {· · ·}_{a→b} to emphasize that {· · ·} ∈ MixRel_S (a, b).

Definition 4. Consider f : a → b and g : b → c two pure multiplicative relations. Then the (forward demonic) sequential composition of f and g is the relation f · g = (p → r | (∃q. p → q ∈ f and q → r ∈ g) and (∀q^′. q^′ → r ∈ g ∃p^′. p^′ → q^′ ∈ f)). Remark. Accordingly to the demonic/angelic dichotomy we may also consider the angelic sequential composition of the pure multiplicative relations as being the usual composition of relations. This kind of composition is not of interest for this paper. Actually, the angelic and demonic sequential compositions coincide in the case no equality test ∘∨^k_a with k ≥ 2 is present.

Before defining the operations on mixed relations, a remark concerning the flattened sorts is necessary.

Remark. Recall that a sort is identified to the flattened element representing the equivalence class defining the sort. So, in the definition(s) to follow, a, b, and c are flattened elements. But not always from the fact that a and b are flattened elements follows that a ⊕ b and a ⊗ b are flattened elements and therefore the flattening functions ⇓ are to be used. The same thing is true for the definition of [[t]] we shall give later.

Definition 5. The operations ⊕ , ⊗ , and · over mixed relations are defined as follows:

1 Suppose f : a → b, g : a^′ → b^′. Then f ⊕ g : a ⊕ a^′ → b ⊕ b^′ is given by f ⊕ g ={(⇓_{a⊕a}0(1.p) → ⇓_{b⊕b}0(1.q) | p → q ∈ f_i) | i ∈ [m]} ∪ {(⇓_{a⊕a}0(2.p) → ⇓_{b⊕b}0(2.q) | p → q ∈ g_j ) | j ∈ [n]} where f = {f_1 | . . . | f_m} and g = {g_1 | . . . | g_n}.

2. Suppose f : a → b, g : a^′ → b^′. Then f ⊗ g : a ⊗ a^′ → b ⊗ b^′ is given by f ⊗ g = {(⇓_{a⊗a}0(1.p) → ⇓_{b⊗b}0(1.q), ⇓_{a⊗a}0(2.p^′) → ⇓_{b⊗b}0(2.q^′) | p → q ∈ f_i, p^′ → q^′ ∈ g_j ) | i ∈ [m], j ∈ [n]} where f = {f_1 | . . . | f_m} and g = {g_1 | . . . | g_n}.

3. Suppose f : a → b, g : b → c. Then f · g : a → c is given by f · g = {f_i · g_j | i ∈ [m], j ∈ [n]} where f = {f_1 | . . . | f_m} and g = {g_1, . . . , g_n}.

A mixed relation f = {(p_{11} → q_{11}, . . . , p_{1n(1)} → q_{1n(1)}) | . . . | (p_{m1} → q_{m1}, . . . , p_{mn(m)} → q_{mn(m)})} is often denoted by the simpler notation {|p_{11} → q_{11}, . . . , p_{mn(m)} → q_{mn(m)}|} provided the pure multiplicative components of f are uniquely determined by the maximal subsets of coexisting positions. For example, if a = b = (a_1 ⊕ a_2) ⊗ (a_3 ⊕ a_4) and a_i ∈ S for all i = 1, . . . , 4, then {|p → p | p ∈ Fr(a)|} uniquely denotes the mixed relation {(1.1 → 1.1, 2.1 → 2.1) | (1.1 → 1.1, 2.2 → 2.2) | (1.2 → 1.2, 2.1 → 2.1) | (1.2 → 1.2, 2.2 → 2.2)}. This convention is intensively used in the definition of [[t]] given below. Moreover, if f = {|p_i → q_i | i ∈ [n]|} = {f_1 | . . . | f_k}, g = {|p^′_i → q^′_i | i ∈ [n^′]|} = {g_1 | · · · | g_ℓ}, h = {|p_1 → q_1, . . . , p_n → q_n, p^′_1 → q^′_1, . . . , p^′_n0 → q^′_n0} = {f_1 | · · · | f_k | g_1 | · · · | g_ℓ} then we simply write h = f ∪ g. The set Σ = {⊕, ⊗, ·, I, δ, /\,•<, >•, X, ∘∧, ∘∨} is in fact a S^{⊕,⊗}×S^{⊕,⊗}-sorted signature and a ground Σ-term will be called a mixed term. Each mixed term t defines a mixed relation [[t]] as follows:

0. [[I_0]] = { }_{0→0} and [[I_1]] = {( )}_{1→1}.

1. t = I_a : a → a. Then [[t]] = {|p → p | p ∈ Fr(a)|}.

Examples: [[I_{a1⊕a2} ]] = {(1 → 1) | (2 → 2)}, [[I_{a1⊗a2} ]] = {(1 → 1, 2 → 2)} where a_1, a_2 ∈ S.

2. t = δ_{a;b,c} : a ⊗ (b ⊕ c) → (a ⊗ b) ⊕ (a ⊗ c). Then [[t]] = {|⇓_{a⊗(b⊕c)}(1.p) → ⇓_{(a⊗b)⊕(a⊗c)}(1.1.p), ⇓_{a⊗(b⊕c)}(1.p) → ⇓_{(a⊗b)⊕(a⊗c)}(2.1.p), ⇓_{a⊗(b⊕c)}(2.1.q) → ⇓_{(a⊗b)⊕(a⊗c)}(1.2.q), ⇓_{a⊗(b⊕c)}(2.2.r) → ⇓_{(a⊗b)⊕(a⊗c)}(2.2.r) | p ∈ Fr(a), q ∈ Fr(b), r ∈ Fr(c)|}.

Example: [[δ_{a1;b1⊗b2,c1⊕c2} ]] = {(1 → 1.1, 2.1.1 → 1.2, 2.1.2 → 1.3) | (1 → 2.1, 2.2 → 2.2.1) | (1 → 2.1, 2.3 → 2.2.2)} where a_1, b_1, b_2, c_1, c_2 ∈ S.

3. [[δ_{a;}]] = { }_{a⊗0→0}. 4. t =^b_a/\ : a ⊕ b → b ⊕ a. Then [[t]] = {|⇓_{a⊕b}(1.p) → ⇓_{b⊕a}(2.p), ⇓_{a⊕b}(2.q) → ⇓_{b⊕a}(1.q) | p ∈ Fr(a), q ∈ Fr(b)|}.

Example: [[^{a3⊕a4}_{a1⊗a2} /\]] = {(1.1 → 3.1, 1.2 → 3.2) | (2 → 1) | (3 → 2)} where a_1, . . . , a_4 ∈ S. 5. t =_a•<_k : a → ka. Then [[t]] = ∪_{1≤i≤k} {|p → ⇓_{ka}(i.p) | p ∈ Fr(a)|}.

Examples: [[_{a1⊗a2}•<_2]] = {(1 → 1.1, 2 → 1.2) | (1 → 2.1, 2 → 2.2)} and [[_{a1⊕a2}•<_2]] = {(1 → 1) | (1 → 3) | (2 → 2) | (2 → 4)} where a_1, a_2 ∈ S. 6. t =_k>•_a : ka → a. Then [[t]] = ∪_{1≤i≤k} {|⇓_{ka}(i.p) → p | p ∈ Fr(a)|}.

Examples: [[_2>•_{a1⊗a2} ]] = {(1.1 → 1, 1.2 → 2) | (2.1 → 1, 2.2 → 2)} and [[_2>•_{a1⊕a2} ]] = {(1 → 1) | (3 → 1) | (2 → 2) | (4 → 2)} where a_1, a_2 ∈ S. 7. t =^aX^b : a ⊗ b → b ⊗ a. Then [[t]] = {|⇓_{a⊗b}(1.p) → ⇓_{b⊗a}(2.p), ⇓_{a⊗b}(2.q) → ⇓_{b⊗a}(1.q) | p ∈ Fr(a), q ∈ Fr(b)|}.

Example: [[^{a1⊕a2} X^{a3⊗a4} ]] = {(1.1 → 3.1, 2 → 1, 3 → 2) | (1.2 → 3.2, 2 → 1, 3 → 2)} where a_1, . . . , a_4 ∈ S. 8. t = ∘∧^a_k : a → a^k. Then [[t]] = {|p → ⇓_ak (i.p) | p ∈ Fr(a), i = 1, . . . , k|}.

Examples: [[∘∧^{a1⊕a2}_2 ]] = {(1 → 1.1, 1 → 2.1) | (2 → 1.2, 2 → 2.2)} and [[∘∧^{a1⊗a2} 2 ]] = {(1 → 1, 1 → 3, 2 → 2, 2 → 4)} where a_1, a_2 ∈ S. 9. t = ∘∨^k_a : a^k → a. Then [[t]] = {|⇓_ak (i.p) → p | p ∈ Fr(a), i = 1, . . . , k|}.

Examples: [[∘∨^2_{a1⊕a2} ]] = {(1.1 → 1, 2.1 → 1) | (1.2 → 2, 2.2 → 2)} and [[∘∨^2_{a1⊗a2} ]] = {(1 → 1, 3 → 1, 2 → 2, 4 → 2)} where a_1, a_2 ∈ S.

10. t = t_1 ⊕ t_2. Then [[t]] = [[t_1]] ⊕ [[t_2]].

Example: [[I_a ⊕^bX^c]] = {(1 → 1) | (2.1 → 2.2, 2.2 → 2.1)} because [[I_a]] = {(ε → ε)} and [[^bX^c]] = {(1 → 2, 2 → 1)}, where a, b, c ∈ S.

11. t = t_1 ⊗ t_2. Then [[t]] = [[t_1]] ⊗ [[t_2]]. Example: [[^b_a/\ ⊗^b_a/\]] = {(1.1 → 1.2, 2.1 → 2.2) | (1.1 → 1.2, 2.2 → 2.1) | (1.2 → 1.1, 2.1 → 2.2) | (1.2 → 1.1, 2.2 → 2.1) where a, b ∈ S. 12. t = t_1 · t_2. Then [[t]] = [[t_1]] · [[t_2]].

Example: [[(I_a ⊗^c_b/\) · δ_{a;c,b}]] = {(1 → 2.1, 2.1 → 2.2) | (1 → 1.1, 2.2 → 1.2)} because [[I_a ⊗^c_b/\]] = {(1 → 1, 2.1 → 2.2) | (1 → 1, 2.2 → 2.1)} and [[δ_{a;c,b}]] = {(1 → 1.1, 2.1 → 1.2) | (1 → 2.1, 2.2 → 2.2)}, where a, b, c ∈ S. The distributivity constants δ_{; ,} and δ_; can be extended to arbitrary number of arguments as follows:

δ_{a;b} = δ_{a;b,0} = I_{a⊗b}, δ_{a;b1,...,bn+1} = δ_{a;b1⊕···⊕bn,bn+1} · (δ_{a;b1,...,bn} ⊕ I_{a⊗bn+1} ), δ_{a,b;c} =^{a⊕b}X^c · δ_{c;a,b} · (^cX^a ⊕^cX^b), δ_{a1,...,am+1;b} = δ_{a1⊕···⊕am,am+1;b} · (δ_{a1,...,am;b} ⊕ I_{am+1⊗b}), δ_{a1,...,am;b1,...,bn} = δ_{a1,...,am;b1⊕···⊕bn} · (δ_{a1;b1,...,bn} ⊕ · · · ⊕ δ_{am;b1,...,bn} ), δa_{1;...;}a_{m ;}b = ((I_⊕a_1 ⊗ · · · ⊗ I_⊕a_m�_1 ) ⊕ δa_{m;}b) · δa_{1;···;}a_m�_{1;am1⊗b1,...,amn(m)⊗bn} where a_i = a_{i1}, . . . , a_{in(i)} for i = 1, . . . , m, b = b_1, . . . , b_n, and ⊕a_i = a_{i1} ⊕ · · · ⊕ a_{in(i)} for i = 1, . . . , m. Definition 6. The additive (mixed) normal form nf_a and the mixed term dis_a, for each a ∈ S^{⊕,⊗}, are inductively defined as follows:

– if a ∈ S ∪ {0, 1} then nf_a = a and dis_a = I_a;

– if a = a_1 ⊕· · ·⊕a_m then nf_a = nf_{a1} ⊕· · ·⊕nf_{am} and dis_a = dis_{a1} ⊕· · ·⊕dis_{am} ; – if a = a_1 ⊗ · · · ⊗ a_m then

- nf_a = L_{(j(1),...,j(m))}(b_{1j(1)} ⊗ · · · ⊗ b_{mj(m)}) and - dis_a = (dis_{a1} ⊗ · · · ⊗ dis_{am} ) · δb_{1;···;}b_{m;}, where nf_{ai} = b_{i1} ⊕ · · · ⊕ b_{in(i)}, (j(1), . . . , j(m)) ∈ [n(1)] × · · · [n(m)] are listed in lexicographic order, and b_i = b_{i1}, . . . , b_{in(i)} for i = 1, . . . , m.

Remark. The additive normal form of a sort a is a sum of products. For example, if a = (a_1 ⊕ a_2) ⊗ (a_3 ⊕ a_4) then nf_a = (a_1 ⊗ a_3) ⊕ (a_1 ⊗ a_4) ⊕ (a_2 ⊗ a_3) ⊕ (a_2 ⊗ a_4) and dis_a = δ_{a1,a2;a3,a4} (a_i ∈ S for i = 1, . . . , 4). It is easy to check that if p → q, p^′ → q^′ ∈ [[dis_a]] then p^{co}∼ p^′ in a iff q^{co}∼ q^′ in nf_a. This is equivalent to say that the relation [[dis_a]] preserves the maximal multiplicative worlds.

Example 2. Normal form interfaces and mixrelations between these interfaces may be described in a programming-like notation as follows. Take the following interfaces:

I:Interface Things of
     1:Class Objects of
           Elms 1:ball, 2:cub, 3:apple;
     2:Class Colours of
           Elms 1:red, 2:blue, 3:black;
     3:Class Weights of
           Elms 1:heavy, 2:light, 3:medium;
End Interface

J:Interface Things with attributes of
     1:Class Coloured Objects of
           Elms 1:red ball, 2:blue ball, 3:red apple, 4:black cub;
     2:Class Weighted Objects of
           Elms 1:heavy cub, 2:medium apple, 3:heavy ball;
End Interface

We describe a aδdα mixrelation (a forward function on additive terms and backward functions on each connected multiplicative subterms). E.g., ϕ = (f; f^1, f^2, f^3) : I → J defined by

ϕ = i 1 2 3 4 f(i) 1 1 2 f^1(i) 1 1 3 2 f^2(i) 1 2 1 3 f^3(i) 1 3 1

In this particular case, a mixfunction is given by: (1) a forward function f between the terms in the sum (the one which maps both Objects and Colours in

Coloured Objects and Weights in Weighted Objects), and (2) for each con-

nected monommials (“classes”) a backword function, i.e., f^1 specifies the object in Objects associated to a coloured object in Coloured Objects), f^2 does the same for the colours associated to coloured objects, and finally f^3 gives the weights associated to weighted objects.

4 Axiomatization

In this section we prove that the category whose objects are sorts and whose arrows are mixed relations is initial in the category of enriched symmetric semiringal categories.

Proposition 7. Let E denote the set of axioms B1-2, AddB3-10, MultB3-10, D1-10. If t : a → nf_a is a mixed {⊕, ⊗, ·, I, δ, /\, X}-term such that [[t]] = [[dis_a]] then E ⊢ t = dis_a.

Proof. This is a particular case of Theorem 2 in [Luc99]. ⊓⊔

Lemma 8. Let a and b two sorts in additive normal forms. For each f in MixRel_S (a, b) there is a mixed term t such that [[t]] = f.

Proof. Suppose that a = a_1 ⊕ · · · ⊕ a_m, b = b_1 ⊕ · · · ⊕ b_n, f = {(p_{11} → q_{11}, . . . , p_{1n(1)} → q_{1n(1)}) | . . . | (p_{m1} → q_{m1}, . . . , p_{mn(m)} → q_{mn(m)})}. Because (p_{i1} → q_{i1}, . . . , p_{in(i)} → q_{in(i)}) is a pure multiplicative relation it follows that all p_{ij} for j = 1, . . . , n(i) are in the same multiplicative component a_i0 and all q_{ij} for j = 1, . . . , n(i) are in the same multiplicative component b_i00. Using the branching and transposition operators (both versions, additive and multiplicative) we can construct three mixed terms t_1 : a → (a(p_{11}) ⊗ · · · ⊗ a(p_{1n(1)})) ⊕ · · · ⊕ (a(p_{m1}) ⊗ · · ·⊗a(p_{mn(m)})), t_2 : (a(p_{11})⊗· · ·⊗a(p_{1n(1)}))⊕· · ·⊕(a(p_{m1})⊗· · ·⊗a(p_{mn(m)})) → b^′, and t_3 : b^′ → b such that t_2 includes only combinations of additive transpositions and f = [[t_1]] · [[t_2]] · [[t_3]] = [[t_1 · t_2 · t_3]]. Moreover the relation [[t_1]] is surjective, the relation [[t_2]] is bijective and the relation [[t_3]] is total. Therefore the demonic sequential composition of the three relations is the same with the angelic sequential composition. ⊓⊔

Example 3. Consider a = (a_1 ⊗ a_2) ⊕ (a_1 ⊗ a_3), b = (a_2 ⊗ a_3) ⊕ (a_1 ⊗ a_2 ⊗ a_3), and f = {(1.1 → 2.1, 1.2 → 2.2) | (1.2 → 1.1) | (2.1 → 2.1, 2.2 → 2.3) | (2.2 → 1.2)} where a_1, a_2, a_3 ∈ S. Then t_1 : a → (a_1 ⊗ a_2) ⊕ a_2 ⊕ (a_1 ⊗ a_3) ⊕ a_3 is given by:

t_1 = (_{a1⊗a2}•<_2 ⊕_{a1⊗a3}•<_2) · (I_{a1⊗a2} ⊕ (∘∧^{a1}_0 ⊗ I_{a2} ) ⊕ I_{a1⊗a3} ⊕ (∘∧^{a1}_0 ⊗ I_{a3} )),

t_2 : (a_1 ⊗ a_2) ⊕ a_2 ⊕ (a_1 ⊗ a_3) ⊕ a_3 → a_2 ⊕ a_3 ⊕ (a_1 ⊗ a_2) ⊕ (a_1 ⊕ a_3) is given by:

t_2 = (^{a2}_{a1⊗a2} /\ ⊕^{a3}_{a1⊗a3} /\) · (I_{a2} ⊕^{a3}_{a1⊗a2} /\ ⊕ I_{a1⊗a3} ),

and t_3 : a_2 ⊕ a_3 ⊕ (a_1 ⊗ a_2) ⊕ (a_1 ⊕ a_3) → b is given by:

t_3 = ((I_{a2} ⊗ ∘∨^0_{a3} ) ⊕ (∘∨^0_{a2} ⊗ I_{a3} ) ⊕ (I_{a1⊗a2} ⊗ ∘∨^0_{a3} ) ⊕ (I_{a1} ⊗ ∘∨^0_{a2} ⊗ I_{a3} ))· (_2>•_{a2⊗a3} ⊕_2>•_{a1⊗a2⊗a3} ). A careful analysis of the above example points out that t_1 is of the form t_{11} · t_{12} where t_{11} is a sum of additive branching operators and t_{12} is a sum of products of multiplicative branching operators. A similar thing is true for t_3. It is not hard to see that this property holds for the general case. Therefore a refined version of Lemma 8 holds:

Corollary 9. Let a and b two sorts in additive normal forms. For each f in MixRel_S (a, b) there exist the mixed terms t_1, . . . , t_n such that, for each i, either t_i is a sum of additive (branching and transposition) operators or t_i is a sum of products of multiplicative (branching and transposition) operators and [[t_1 · · · t_n]] = f.

Theorem 10. (Expressiveness.) Let a and b two arbitrary sorts. For each f in MixRel_S (a, b) there is a mixed term t such that [[t]] = f.

Proof. Let f^′ be the mixed relation of sort nf_a → nf_b such that p^′ → q^′ ∈ f^′ iff there exist p and q such that p → q ∈ f, p → p^′ ∈ [[dis_a]], q → q^′ ∈ [[dis_b]]. Then the mixed term required by the theorem is t = dis_a · t^′ · dis^{−1}_b where dis^{−1}_b is the mixed term with the property [[dis^{−1}_b ]] = [[dis_b]]^{−1}. The mixed term dis^{−1}_a exists because [[dis_a]] is an isomorphism. Recall that the relation [[dis ]] preserves the maximal multiplicative worlds and therefore the demonic sequential compositions given above are just those we need to be. ⊓⊔

Theorem 11. (Soundness.) Let E denote the set of axioms B1-2, AddB3-10, MultB3-10, D1-10, SV1-20, AddS1-4, and MultS1-4. If E ⊢ t_1 = t_2 then [[t_1]] = [[t_2]].

Proof. It is a matter of routine to check that [[t_1]] = [[t_2]] for each axiom t_1 = t_2 in E.

For example, we check the axiom AddA4. The mixed relation denoted by the left hand side is given by [[_2>•_a ·_a•<_0]] = [[_2>•_a]] · [[_a•<_0]] = {|⇓1.p → p, ⇓2.p → p|} · { }_{a→0} = { }_{a⊕a→0} and the mixed relation denoted by the right hand side is given by [[_a•<_0 ⊕_a•<_0]] = { }_{a→0} ⊕ { }_{a→0} = { }_{a⊕a→0}. Obviously, the two relations are equal. ⊓⊔

Corollary 12. The category MixRel_S whose objects are sorts over S and whose arrows are mixed relations is an enriched semiringal category. The strict subcategory x_1x_2x_3x_4-MixRel_S of x_1x_2x_3x_4-relations is a x_1x_2x_3x_4-enriched semiringal category. ⊓⊔

Theorem 13. (Completeness) Let M be an x_1x_2x_3x_4-enriched symmetric semiringal category and h : S^{⊕,⊗} → M a homomorphism of (⊕, ⊗, 0, 1)-algebras. Then there is a unique homomorphism of x_1x_2x_3x_4-enriched symmetric semiringal categories H : x_1x_2x_3x_4-MixRel_S → M which extends h.

Proof. We say a relation f : a → b is written in the additive mixed normal form (shortly, additive mixnf) if it has the following shape (red is the inverse of dis ) f = dis_a · g · (r^1 ⊕ . . . ⊕ r^k) · h · red_b where

– g^{−1}, h are additive normal form terms which represents functions — that is, g is additive ad-term and h is additve da-term, and – r^1, . . . , r^k are multiplicative normal form terms.

In the classifying MixNA notation of Section 1, g is a daaa-relation, h is an adaarelations and r^1, . . . , r^k are aadd-relations. Moreover, in the particular case when g and h are identities and k = 1 the resulting relational term is a sum of multiplicative normal forms, while in the case r^1, . . . , r^k are identities, the result is an additive normal form.

Here we give the main lines of the proof of the Theorem. We separate the axioms in

M1 (M, ⊕, ·, I, /\,•<_k,_k>•) fulfills the angelic additive axioms AddA1–11 in Section A;

M2 (M, ⊗, ·, I, X, ∘∧_k, ∘∨^k) fulfills the forward-demonic multiplicative axioms MultA1–11 in Section A;

M3 the scalar–vectorial axioms for the additive and multiplicative branching constants hold, namely SV1–20 in Section A.

From the enriched semiringal category axioms it follows that:

M4 the additive branching constants •<_k,_k>• commute with arbitrary multiplicative terms (i.e., the additive strong axioms hold whenever f is a term over (M, ⊗, ·, I, X, ∘∧_k, ∘∨^k)); M5 (_a•<_k ⊗_a•<_l) · δ_{a,} k_{...,a;a,} k_{...,a} =_{a⊗a}•<_{kl} k>•_a ⊗_l>•_a = δ_{a,} k_{...,a;a,} k_{...,a} ·_{kl}>•_{a⊗a} The proof of the completness part consists in two steps:

(a) each term may be brought to an additive normal form mixnf using the axioms; and (b) two additive mixnf forms which represent the same relation may be transformed one into the other using the axioms.

For (a), we prove that sum, product and composition of additive mixed normal forms may be brought to a normal form via the axioms.

1. f ⊕ f^′: If f = dis_a · g · r · h · red_b and f^′ = dis_a0 · g^′ · r^′ · h^′ · red_b0 are two additive mixnfs, then using the distributivity of ⊕ over · one gets f ⊕ f^′ = (dis_a⊕dis_a0)·(g⊕g^′)·(r⊕r^′)·(h⊕h^′)·(red_b ⊕red_b0). Since dis_a⊕dis_a0 = dis_{a⊕a}0 and red_b ⊕ red_b0 = red_{b⊕b}0 the resulting term gives an additive mixnf for sum.

2. f ⊗ f^′: Suppose f = dis_a · g · r · h · red_b and f^′ = dis_a0 · g^′ · r^′ · h^′ · red_b0 are two additive mixnfs. Using the distributivity of ⊗ over · one gets f ⊗ f^′ = (dis_a ⊗ dis_a0) · (g ⊗ g^′) · (r ⊗ r^′) · (h ⊗ h^′) · (red_b ⊗ red_b0). Next, by the distributivity of ⊗ over ⊕, each term g ⊗ g^′, r ⊗ r^′, or h ⊗ h^′ may be written as a sum of (tensor) products. For the middle term r ⊗ r^′ it is clear that the tensor product of two multiplicative normal forms r_i ⊗ r^′_j may be brought to a multiplicative nf by the distributivity of ⊗ over ·. The first (resp. last) term is a sum of additive branching constants. By the distributivity of ⊗ over ⊕, one gets sums of terms c ⊗ c^′, where c and c^′ are •<_k (resp._k>•) constants; then by axioms M5 one finally gets an additive mixnf. (This method applies to the bijections in g or h, as well. E.g., they may be written as a composite of sums of identities I and transpositions /\.) The dis and red constants in between the factors are anichilated, while the ones from the top (resp. the bottom) contributes to the final dis (resp. red) factor. 3. f · f^′: Suppose f = dis_a · g · r · h · red_b and f^′ = dis_b · g^′ · r^′ · h^′ · red_c are two additive mixnfs. We apply the standard procedure of [CaS91] to normalize the composite of two additive normal forms. By M1, one may commute h and g^′ to get f · f^′ = dis_a · g · r · a^′_1(g^′) · ϕ · c_1(h) · r^′ · h^′ · red_c where a^′_1(g^′) (resp. c_1(h)) is an appropriate sum of the same type as g^′ (resp. h) and ϕ is an additive bijective term. Next, by the strong axioms M4, a^′_1(g^′) commutes with r (resp. c_1(h) comutes with r^′), hence one gets f · f^′ = dis_a · g · a^′_2(g^′) · b_1(r) · ϕ · b^′_1(r^′) · c_2(h) · h^′ · red_c where a^′_2(g^′) (resp. b_1(r), b^′_1(r^′), or c_2(h)) is an appropriate sum of the same type as g^′ (resp. r, r^′, or h). By axioms M1 (for /\) ϕ may be commuted with b_1(r), say, and thereafter it may be incorporated into a^′_2(g^′). One gets a new term f · f^′ = dis_a · [g · a^′_3(g^′)] · [b_2(r) · b^′_1(r^′)] · [c_2(h) · h^′] · red_c where a^′_3(g^′) (resp. b_2(r)) is an appropriate sum of the same type as g^′ (resp. r). By M1 axioms the first and the last [. . .] factors may be brought to appropriate additive nf. The middle [. . .] factor is a composite of sums of multiplicative nfs, and by the distributivity of ⊕ over · it may be written as a sum of composites of multiplicative nfs. By M2 axioms each term of the sum may be brought to a multiplicative nf, hence an additive mixnf for f · f^′ is finally obtained.

For (b), one has to notice that two additive normal form mixed terms which represent the same mixed relation may be transformed one into the other using the standard procedure in [CaS91]. (The reduction is based on the fact that the set of multiplicative relations r_i correspond to the multiplicative worlds, hence their set is the same in both representation.) ⊓⊔

Corollary 14. If t_1 and t_2 are two mixed terms such that [[t_1]] = [[t_2]] then E ⊢ t_1 = t_2 where E is defined as in Theorem 11. ⊓⊔

Remark. The point of view taken in [CaS91, Ste94] is to get axiomatizations in a “linear” setting, i.e. to avoid the use of the strong axioms of type S1–S4. (These axioms allow to make copies of or to delete arbitrary morphisms.)

An interesting observation is that the additive strong axioms follow from the distributivity axiom of the semiringal categories. Indeed, using_a•<_k = (_1•<_k ⊗ I_a) · δ_{1,} k_{...,1;a} we get f · b•<k

= f · (1•<k ⊗ Ib) · δ_{1, k...,1;b} = (I1 ⊗ f) · (1•<k ⊗ Ib) · δ_{1, k...,1;b} = (1•<k ⊗ Ia) · (Ik ⊗ f) · δ_{1, k...,1;b} = (1•<k ⊗ Ia) · ((I1⊕^k. . . ⊕I1) ⊗ f) · δ_{1, k...,1;b} = (1•<k ⊗ Ia) · δ_{1, k...,1;a} · (I1 ⊗ f⊕^k. . . ⊕I1 ⊗ f) = a•<k · (f⊕^k. . . ⊕f) (A similar fact holds for >•.)

For this reason, we had to weaken the semiringal category structure by requiring that the distributivity axioms hold for particular classes of morphisms, only. An x_1x_2x_3x_4-weak semiringal category is one where the distributivity axiom is required for morphisms which are represented by x_1x_2x_3x_4-terms, only.

5 Conclusions

We have described some axiomatization results for the mixed relations used to model interface-changing relations in parallel programs. The algebraic structures involved are enriched weak symmetric semiringal categories. The option here was to use an angelic-additive forward-demonic-multiplicative version, which was induced by the standard set-theoretic semantics of MixNA.

Acknowledgments: We are grateful to Cătălin Dima for some useful comments on a previous draft of the paper. A preliminary version of these results was presented to the 3rd RelMiCS Seminar, Hammamet, Tunisia, 1997 [Ste96b]; the 3rd author acknowledges with thanks the effort of Prof. Ali Jaoua to get financial support for this participation.

A Axioms

A.1 Symmetric semiringal category axioms B1 f · (g · h) = (f · g) · h B2 I_a · f = f = f · I_b

AddB3 f ⊕ (g ⊕ h) = (f ⊕ g) ⊕ h AddB4 I_0 ⊕ f = f = f ⊕ I_0 AddB5 (f ⊕ f^′) · (g ⊕ g^′) = f · g ⊕ f^′ · g^′ AddB6 I_a ⊕ I_b = I_{a⊕b} AddB7^b_a/\ ·^a_b /\ = I_{a⊕b} AddB8^0_a/\ = I_a AddB9^{b⊕c}_a /\ = (^b_a/\ ⊕ I_c) · (I_b ⊕^c_a/\) AddB10 (f ⊕ g) ·^d_c /\ =^b_a/\ · (g ⊕ f) for f : a → c, g : b → d

MultB3-MultB10 denote the axioms obtained from AddB3-AddB10 by replacing the additive operators with the corresponding multiplicative ones.

Below we will use the derivated constants δ_{a,b;c} and δ_{;c} defined by the following rules:

– δ_{a,b;c} =^{a⊕b}X^c · δ_{c;a,b} · (^cX^a ⊕^cX^b) – δ_{;c} =^0X^c · δ_{c;}

D1 δ_{a;0,d} = I_{a⊗d} D2 δ_{a;b⊕c,d} · (δ_{a;b,c} ⊕ I_{a⊗d}) = δ_{a;b,c⊕d} · (I_{a⊗b} ⊕ δ_{a;c,d}) D3 δ_{a;b,c} ·^{a⊗c}_{a⊗b}/\ = (I_a ⊗^c_b/\) · δ_{a;c,b} D4 δ_{1;b,c} = I_{b⊕c} D5 δ_a0_{⊗a}00_{;b,c} = (I_a0 ⊗ δ_a00_{;b,c}) · δ_a0_{;a}00_{⊗b,a}00_{⊗c} D6 δ_a0_{⊕a}00_{;b,c}·(δ_a0_{,a}00_{;b}⊕δ_a0_{,a}00_{;c}) = δ_a0_{,a}00_{;b⊕c}·(δ_a0_{;b,c}⊕δ_a00_{;b,c})·(I_a0_{⊗b}⊕^a 00_{⊗ba} 0_{⊗c} /\⊕Ia00⊗c) D7 δ_{1;} = I_0 D8 δ_a0_{⊗a}00_; = (I_a0 ⊗ δ_a00_;) · δ_a0_; D9 δ_a0_{⊕a}00_; = δ_a0_{,a}00_{;0} · (δ_{a;} ⊕ δ_a00_;)

D10 (f ⊗ (g ⊕ h)) · δ_a0_{;b}0_{,c}0 = δ_{a;b,c} · ((f ⊗ g) ⊕ (f ⊗ h)) D11 (f ⊗ I_0) · δ_a0_; = δ_{a;}

A.2 Additional axioms for angelic additive dd-ssmc

AddA1 (_2>•_a ⊕ I_a) ·_2>•_a = (I_a ⊕_2>•_a) ·_2>•_a AddA2^a/\ ·_2>•_a =_2>•_a AddA3 (_0>•_a ⊕ I_a) ·_2>•_a = I_a AddA4_2>•_a ·_a•<_0 =_a•<_0 ⊕_a•<_0 AddA5_a•<_2 · (_a•<_2 ⊕ I_a) =_a•<_2 · (I_a ⊕_a•<_2) AddA6_a•<_2 ·^a/\ =_a•<_2 AddA7_a•<_2 · (_a•<_0 ⊕ I_a) = I_a AddA8_0>•_a ·_a•<_2 =_0>•_a ⊕_0>•_a AddA9_0>•_a ·_a•<_0 = I_0 AddA10_2>•_a ·_a•<_2 = (_a•<_2 ⊕_a•<_2) · (I_a ⊕^a/\ ⊕ I_a) · (_2>•_a ⊕_2>•_a) AddA11_a•<_2 ·_2>•_a = I_a

A.3 Additional axioms for forward-demonic multiplicative dd-ssmc

The axioms are similar to the ones in the additive case. The only difference is in the case of axiom A3.

MultA1 (∘∨^2_a ⊗ I_a) · ∘∨^2_a = (I_a ⊗ ∘∨^2_a) · ∘∨^2_a MultA2^aX^a · ∘∨^2_a = ∘∨^2_a MultA3 (∘∨^0_a ⊗ I_a) · ∘∨^2_a = ∘∧^a_0 · ∘∨^0_a MultA4 ∘∨^2_a · ∘∧^a_0 = ∘∧^a_0 ⊗ ∘∧^a_0 MultA5 ∘∧^a_2 · (∘∧^a_2 ⊗ I_a) = ∘∧^a_2 · (I_a ⊗ ∘∧^a_2) MultA6 ∘∧^a_2 ·^aX^a = ∘∧^a_2 MultA7 ∘∧^a_2 · (∘∧^a_0 ⊗ I_a) = I_a MultA8 ∘∨^0_a · ∘∧^a_2 = ∘∨^0_a ⊗ ∘∨^0_a MultA9 ∘∨^0_a · ∘∧^a_0 = I_0 MultA10 ∘∨^2_a · ∘∧^a_2 = (∘∧^a_2 ⊗ ∘∧^a_2) · (I_a ⊗^aX^a ⊗ I_a) · (∘∨^2_a ⊗ ∘∨^2_a) MultA11 ∘∧^a_2 · ∘∨^2_a = I_a

A.4 Scalar vectorial axioms:

Multiplicative branching constants:

SV1 ∘∧^0_2 = I_0 SV2 ∘∧^1_2 = I_1 SV3 ∘∧^{a⊕b}_2 = (∘∧^a_2 ⊕ ∘∧^b_2) ·(I_{a⊗a} ⊕_0>•_{a⊗b} ⊕_0>•_{b⊗a} ⊕ I_{b⊗b}) · ρ_{a,b;a,b} SV4 ∘∧^{a⊗b}_2 = (∘∧^a_2 ⊗ ∘∧^b_2) · (I_a ⊗^aX^b ⊗ I_b)

SV5 ∘∧^0 =_0>•_1 SV6 ∘∧^1_0 = I_1 SV7 ∘∧^{a⊕b}_0 = (∘∧^a_0 ⊕ ∘∧^b_0) ·_2>•_1 SV8 ∘∧^{a⊗b}_0 = ∘∧^a_0 ⊗ ∘∧^b_0

SV9 ∘∨^2_0 = I_0 SV10 ∘∨^2_1 = I_1 SV11* ∘∨^2_{a⊕b} = δ_{a,b;a,b} · (I_{a⊗a} ⊕_0>•_{a⊗b} ⊕_0>•_{b⊗a} ⊕ I_{b⊗b}) · (∘∨^2_a ⊕ ∘∨^2_b ) SV12 ∘∨^2_{a⊗b} = (I_a ⊗^aX^b ⊗ I_b) · (∘∨^2_a ⊗ ∘∨^2_b )

SV13 ∘∨^0 =_1•<_0 SV14 ∘∨^0_1 = I_1 SV15 ∘∨^0_{a⊕b} =_1•<_2 · (∘∨^0_a ⊕ ∘∨^0_b ) SV16 ∘∨^0_{a⊗b} = ∘∨^0_a ⊗ ∘∨^0_b

Additive branching constants: Their rules follows from the scalar-vectorial rules for δ and

SV17_a•<_2 = (_1•<_2 ⊗ I_a) · δ_{1,1;a} SV18_a•<_0 = (_1•<_0 ⊗ I_a) · δ_{;a} SV19_2>•_a = ρ_{1,1;a} · (_2>•_1 ⊗ I_a) SV20_0>•_a = ρ_{;a} · (_0>•_1 ⊗ I_a)

Note: It is a problem with the meaning of the equality test in the case the terms to be compared are of arbitrary type and not simple elements, or tuples of elements. The choice SV11* above may look well, but is not valid in certain natural semantics models MixRel_S(D).

A.5 The strong commutativity axioms for branching constants

AddS1_0>•_a · f =_0>•_b AddS2_2>•_a · f = (f ⊕ f) ·_2>•_b AddS3 f ·_b•<_0 =_a•<_0 AddS4 f ·_b•<_2 =_a•<_2 · (f ⊕ f)

MultS1 ∘∨^0_a · f = ∘∨^0_b MultS2 ∘∨^2_a · f = (f ⊗ f) · ∘∨^2_b MultS3 f · ∘∧^b_0 = ∘∧^a_0 MultS4 f · ∘∧^b_2 = ∘∧^a_2 · (f ⊗ f)

References

[BeS94] J.A. Bergstra and Gh. Stefănescu. Network Algebra for Synchronous and Asynchronous Dataflow. Logic Group Preprint Series No 122, Department of Philosophy, Utrecht University, 1994.

[BeS98] J.A. Bergstra and Gh. Stefănescu. Network algebra with demonic relation operators. Revue Roumaine de Mathématique Pures et Appliques, 43(5- 6)(1998), 503–520.

[BrS96] M. Broy and Gh. Stefănescu. The algebra of stream processing functions.

Technical Report I9620 and SFB-Bericht Nr. 342/11/96 A, Institute for Informatics, Technical University Munich, 1996. To appear in Theoretical Computer Science.

[BGM98] R. Bruni, F. Gadducci, and U. Montanari. Normal forms for partitions and relations. In: Proc. of WADT’98, 13th Workshop on Recent Trends in Algebraic Specification Techniques, Lisbon, Portugal, 1998; Springer Verlag LNCS, to appear.

[CaS91] V.E. Căzănescu and Gh. Stefănescu. Classes of finite relations as initial abstract data types I & II. Discrete Mathematics, 90:233–265, 1990 and 126:47–65, 1994.

[CaS90] V.E. Căzănescu and Gh. Stefănescu. Towards a new algebraic foundation of flowchart scheme theory. Fundamenta Informaticae, 13:171–210, 1990.

[Elg75] C.C. Elgot. Monadic computation and iterative algebraic theories. In Proceedings Logic Colloquium’73, pages 175–230. North-Holland, 1975. Studies in Logic and the Foundations of Mathematics, Volume 80.

[Gib95] J. Gibbons. An intial-algebra approach to directed acyclic graphs. In: Proc.

MPC’95, Springer LNCS 947, 1995, 282–303.

[GSB98] R. Grosu, Gh. Stefănescu, and M. Broy. Visual formalism revised. In: Proc.

CSD’98 (International Conference on Application of Concurrency to System Design, Fukushima, Japan, 1998), pages 41–52. IEEE Computer Society Press, 1998.

[GBSS98] R. Grosu, M. Broy, B. Selic, and Gh. Stefănescu. Towards a calculus for UML-PT specifications. In: Proc. OOSLA’98.

[LaS89] J. Lambek and P.J. Scott. Introduction to higher order categorical logic.

Cambridge University Press, 1989.

[Luc99] D. Lucanu. Axiomatization of the coherence property for categories of symmetries. In Gh. Păun and G. Ciobanu, editors, Fundamentals of Computation Theory, 12th International Symposium FCT’99, Iaşi, Romania, 1999. Volume 1684 of LNCS, pages 386–405.

[Har87] D. Harel. Statecharts: a visual formalism for complex systems. Science of Computer Programming, 8:231–274, 1987.

[Rud74] S. Rudeanu. Boolean functions and ecuations. Noth-Holland, Amsterdam/London 1974.

[Ste94] Gh. Stefănescu. Algebra of flownomials. Part 1: Binary flownomials, basic theory. Technical Report I9437 and SFB-Bericht Nr. 342/16/94 A, Deptartment of Computer Science, Technical University Munich, 1994.

[Ste96a] Gh. Stefănescu. Reaction and control I: Mixing additive and multiplicative network algebras. Journal of the Interest Group in Pure and Applied Logic, 6:349–368, 1998. Preliminary version: Preprint Series in Mathematics, Institute of Mathematics, Romanian Academy, No. 33/December 1996.

[Ste96b] Gh. Stefănescu. Axiomatizing mixed relations. Preprint Series in Mathematics, Institute of Mathematics, Romanian Academy, No. 37/December 1996. Also in: Proc. 3rd RELMICS Seminar, Hamammet, 1997, pages 177-187.

[Ste96c] Gh. Stefănescu. A short tour on FEST. Preprint Series in Mathematics, Institute of Mathematics, Romanian Academy, No. 38/December 1996. Also in: Proc. Current Trends in Cybernetics and Philosophy of Science, Oradea, 1996. Europa Nova, Bucharest, 1997, pp. 327-332.

[Ste98] Gh. Stefănescu. Some examples of semiringal categories. Annals of the Bucharest University, Mathematics-Informatics Series, 47:103–108, 1998.

[Ste00] Gh. Stefănescu. Network Algebra. Forthcoming book. Springer-Verlag, 2000.