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Abstract: First, the dual set of a �nite pre�x{free set is de�ned. Using this notion we
describe equivalent conditions for a �nite pre�x{free set to be inde�nitely extendible.
This lead to a simple proof for the Kraft{Chaitin Theorem. Finally, we discuss the
in
uence of the alphabet size on the inde�nite extensibility property.
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1 Introduction

Continuing the study of pre�x{free extendible sets in [5, 6] we obtain a necessary
and su�cient condition for for a �nite pre�x{free set to be inde�nitely extendible.
As a consequence, a simple argument proving the Kraft{Chaitin Theorem is
obtained. We will also study conditions under which the extensibility property
is invariant under the change of the size of the alphabet.

2 Notation

Let N=f0,1,2,3,. . . g be the set of the non-negative integers. Fix the alphabet
� = fa1; a2; . . . ; aQg (where Q � 2) and denote by �� the set of all words over
the alphabet �. We shall denote by #(S) the size of the �nite set S, by j x j
the length of the word x 2 �� and by x � y the fact that x is a pre�x of y (for
x; y 2 ��). A set M � �� is called pre�x{free if there are no words x and y,
x 2M and y 2M , with x 6= y and x � y.

We consider the � \measure", de�ned by �(M) =
P

x2M Q�jxj. For any
pre�x{free set M � �� we have �(M) � 1 (Kraft inequality).

For more details see more in [1].

3 The Dual Set

Let M � �� be �nite and pre�x{free. An extension of M is a word x, x 62 M ,
such that M [ fxg is still pre�x{free. An extension root of M is a minimal
extension for M , i.e., x is an extension of M , but no proper pre�x of x is an
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extension of M (if y � x then m � y or y � m, for some m 2 M). Denote by
D(M) the set of all extension roots of M .

Take � = fa; b; cg: Here are some examples:

{ D(fab; acg) = faa; b; cg.
{ D(fag) = fb; cg.
{ D(fabcg) = faba; abb; aa; ac; b; cg.
{ D(;) = f�g.
{ D(f�g) = D(�) = D(�n) = ;; for all n > 0.

De�nition 3.1 Let M � �� be a pre�x{free �nite set. The (pre�x) dual of M
is the set D(M) of the extension roots of M .

If we consider the tree representation of the pre�x{free setM , its dual D(M)
has as elements the words corresponding to the extra leafs that need to be added
in order to transform the tree into a complete tree, a tree such that each internal
node has exactly Q children.

Proposition 3.2 The following statements are true:

1. D(;) = f�g.
2. M \D(M) = ;.
3. The dual D(M) is a �nite pre�x{free set. (More exactly, #D(M) < Q �#M �

maxx2M j x j +1.)
4. Any word that can be used to extend M in a pre�x{free manner has a pre�x

in D(M).
5. For each x 2 D(M), D(M [ fxg) = D(M) n fxg.
6. �(M) + �(D(M)) = 1.

Proof. The �rst two properties follows directly from de�nitions. For the third
property, the tree representation of the �nite pre�x{free setM and the de�nition
of D(M) show that D(M) has no element longer than the longest element of M ,
so it is �nite.

As a direct consequence of its construction D(M) is pre�x{free: if w 2
D(M); w 6= �, then there is another word � 2 M such that w[1:: j w j �1]
is a pre�x of �. This leads to the formula #D(M) < Q �#M �maxx2M j x j +1.

Here is a simple algorithm for computing D(M):

0. Put D = ;;
1. If M = ;, then D = D [ f�g; display D; stop.
2. If M = f�g, then display D; stop.
3. Let w be one of the words with maximum length in M (it

does not matter which one we pick up). We know already (see step
2) that w 6= �.

Let x be the root of the w, obtained from w by deleting its
last symbol. So x is a prefix of w and its length is j x j=j w j �1.

Next we extend D

D = (D n fwg) [ fxai j i 2 1; . . . ; Q; xai 62Mg
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and transform M

M = (M n fxai j i = 1; . . . ; Qg) [ fxg;

and go to step 1.

The next (fourth) property follows again from the de�nitions of the extension
word and extension roots.

For the �fth property, it is enough to observe that the extension words for
M [ fxg are the same as for the set M , excepting those having the word x as
pre�x. For this reason, the extension roots of the set M [ fxg are the same as
the extension roots for the set M , excepting the word x.

For the last (sixth) property of D(M), notice that the measure �(S) = 1
if the associated tree of the �nite set S is complete (this is easy to prove by
induction using a node collapsing argument).

Next notice that if S and T are two �nite, pre�x{free, disjoint sets of words
and S [ T is pre�x{free, then �(S [ T ) = �(S) + �(T ). It follows that M and
D(M) have complementary measures with respect to �:

�(M) + �(D(M)) = �(M [D(M)) = 1:

2

4 Free{Extendible Pre�x{Free Sets

De�nition 4.1 A pre�x{free set M � �� is free{extendible if it can be extended
in any way that does not con
ict to Kraft's inequality: for any word lengths
('n)n2I (I is either an initial pre�x of N or the whole set N) such that

X

n2I

Q�'n � 1 �
X

x2M

Q�jxj;

we can construct the words (yn)n2I; yn 2 �� such that

1. j yn j= 'n, for each n 2 I,
2. fyn j n 2 Ig \M = ;,
3. fyn j n 2 Ig [M is pre�x{free.

De�nition 4.2 The pro�le of a set of words M � �� is the histogram of the
lengths of words in M :

profile(M)(i) = #fx 2M jj x j= ig; for i 2 N:

De�nition 4.3 A set of words M has a thin pro�le (over �) if its pro�le is
bounded by Q� 1 (where Q = #�): profile(M)(i) � Q� 1, for each i 2 N.

Theorem 4.4 A �nite pre�x{free set of words M � �� is free{extendible if and
only if its dual D(M) has a thin pro�le.

132 Grozea C.: Free-Extendible Prefix-Free Sets ...



Proof. Assume M is free{extendible and its (�nite) dual D(M) has not a thin
pro�le; let p = minfi 2 N j profile(D(M))(i) � Qg.

We prove now that we may assume that

profile(D(M))(i) = 0; for i < p: (1)

If this is not the case, we can transform M into another set M 0, still �nite,
pre�x{free and free{extendible, such that the property above holds for M 0. Let
i0 = minfi 2 N j profile(D(M))(i) > 0g. After the transformation,

profile(D(M 0))(i) = profile(D(M))(i) = 0; for i < i0;

profile(D(M 0))(i0) = 0;

and
profile(D(M 0))(i) = profile(D(M ))(i); for all i > i0:

As �(M) + �(D(M)) = 1 (see (3.2)) and

�(D(M)) =
X

i2N

profile(D(M))(i)Q�i;

it follows that
profile(D(M))(i0)Q

�i0 � 1 � �(M):

Now put 'i = i0, i 2 I = f0; . . . ; profile(D(M))(i0) � 1g; it follows the
existence of the words (yn)n2I with properties described in De�nition 4.1. Notice
that fyn j n 2 Ig � D(M), because otherwise yn would have proper pre�xes in
D(M), which is not possible because j yn j= i0 and there is no word in D(M)
with the length smaller than i0.

Let M 0 = M [ fyn j n 2 Ig; then D(M 0) = D(M) n fyn j n 2 Ig.
This concludes the description of the transformation of M . This transfor-

mation, which may be applied repeatedly, justi�es our claim that we may as-
sume that profile(D(M))(i) = 0, for i < p, and profile(D(M))(p) >= Q.
>From this we deduce that �(D(M)) � Q � Q�p = Q�(p�1) and therefore
�(M) � 1 �Q�(p�1).

Now, we could ask for a p � 1 length word to extend the free{extendible
set M , as this request does not con
ict with Kraft's inequality: put I = f0g,
'0 = p � 1 and use again the De�nition 4.1; there exist a word y0 2 �(p�1)

which can be used to extend M .
>From properties of the dual, M can only be extended through words taken

from its dual set D(M), which doesn't contains any word shorter than p.
So we have got a contradiction that proves that D(M) must have thin pro�le

in order that M to be free{extendible.

For the converse implication assume that D(M) has thin pro�le. We will
prove that M can be inde�nitely extended as long as the word length requested
does not lead to a violation of Kraft's inequality.

First note that if Q�'+�(M) � 1 then Q�' � �(D(M)) because D(M) has
a thin pro�le it contains a word of length ' or shorter.

Then if we choose to extend any word in D(M) with maximal length but
still less than ', with any pre�x of appropriate length and denote by M 0 the
resulted set, then D(M 0) remains with a thin pro�le.
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This assures the possibility to inde�nitely serve another request, maintaining
after transformation the property that the dual has a thin pro�le. 2

It's nice to notice that the values taken by profile(D(M)) in 0; 1; 2; 3; 4; . . .
are the digits of the Q-ary expansion of the real number �(D(M)); this holds
true in general for any �nite, set with a thin pro�le, so it holds true for D(M)
too.

Lemma 4.5 The empty set is a free{extendible pre�x{free set for any alphabet
size Q � 2.

Proof. Clearly,D(;) = f�g. The pro�le of the singleton f�g is at most 1 � Q�1,
for any alphabet size Q � 2. 2

Corollary 4.6 ([4, 1, 3]) fKraft{Chaitin Theoremg Let ' : N
o
! N be

a p.r. function having as domain an initial segment of N. The following two
statements are equivalent:

(1) We can e�ectively construct an injective p.r. function

� : dom(')
o
! ��

such that:
a) for every n 2 dom('), j �(n) j= '(n),
b) range(�) is pre�x free.
(2) One has: �i2dom(')Q

�'(i) � 1.

Proof. The direct implication follows directly from the Kraft{Chaitin inequality.
The reverse implication holds true because ; is free{extendible.

5 Applications

Note that both the notions of \dual set" and \thin pro�le" depend upon the size
of the underlying alphabet (see [2] for a discussion on the in
uence of the size
of the alphabet on the complexity). This motivates the following

Question 1. What happens with some �nite, pre�x{free and free{extendible set
M if we are changing the size of the underlying alphabet?

The following propositions answer the question.

Proposition 5.1 The free-extensibility property is preserved as the alphabet size
is reduced

(when this alphabet shrinking is possible, i.e., the set M does not cover all of
the alphabet symbols �).

Proof. If the alphabet is reduced by exactly one symbol, say a, then a is not
allowed to occur in any of the words of M , so it necessarily occurs as a D(M)
leaf of at least one node on each tree level.

This means that the new pro�le of the dual set D(M) is at least reduced by
one, on each tree level apart from the root:

profile(DQ�1(M))(i) � profile(DQ(M))(i)� 1 � (Q� 1)� 1 = Q� 2;
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for i > 0.
As the root level of D(M) contains always at most one node (the root of the

tree), and
profile(DQ(M)) � Q� 1;

it follows that
profile(DQ�1(M)) � Q� 2:

>From Theorem 4.4 it follows thatM is still free{extendible over the reduced
alphabet that contains Q� 1 symbols.

It is obvious now that it is possible to iterate this process for removing more
than one symbol from the initial alphabet �. It su�ces to remove one symbol
at a time and to proceed step by step; after each such step the set M remaining
free{extendible. 2

As a generalization of Lemma 4.5 we get

Proposition 5.2 The only �nite sets preserving their free{extensibility property
on arbitrary alphabet extensions are those containing at most one internal (non-
leaf) node on each of levels of the associated tree.

Proof. If there are at least two such internal nodes on some tree level, then after
each symbol insertion into the alphabet the pro�le of the D(M) on the next tree
level grows at least with 2.

Even if at some moment the relation profile(D(M)) � Q � 1 holds, it will
soon become false (in at most Q steps), because profile(D(M)) (on that level
containing children of the two internal nodes on the same level) grows at least
twice as fast as Q.

This means that adding more than Q symbols to the alphabet � makes M
loose its free{extendability (which depends on M and �).

We shall show that it is enough to have at most one internal node on each
level of the tree associated with the set M , to guarantee that M is inde�nitely
free{extendible, while new symbols are added to the alphabet �. Indeed, let
us notice that the pro�le of D(M) grows at most with the same speed as Q
(the growth is 0 for the root level, and 1 for any other level). Hence, the re-
lation profile(DQ(M)) � Q � 1 will be true inde�nitely as Q grows, so using
Theorem 4.4, the set M is free{extendible over any alphabet with more than Q
elements. 2
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