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Abstract: In this paper, we introduce a class of substructural logics, called normal
substructural logics, which includes not only relevant logic, BCK logic, linear logic and
the Lambek calculus but also weak logics with strict implication, and define Kripke-
style semantics (Kripke frames and models) for normal substructural logics. Then we
show a correspondence between axioms and properties on frames, and give a canonical
construction of Kripke models for normal substructural logics.

Key Words: Substructural logics, linear logic, relevant logics, strict implication,
Kripke-type semantics, canonical model.

Category: F.4.1

1 Introduction

Substructural logics [10] are logics with restricted structural rules in their sequent
formulation. They include relevant logic taking its rise in philosophical problems
on implication, BCK logic in set-theoretical paradoxes, linear logic in computer
science, and the Lambek calculus of syntactic categories in linguistics (see [4]).
Various kinds of semantics for substructural logics have been introduced: for
examples, Kripke-style models with a ternary relation for relevant logic [9, 5],
phase structures for linear logic [6], Kripke-style models using SO-monoids for
BCK-logic [8], and algebraic models using FL-algebras for the Lambek calculus
[7]. Dosen [2, 3] introduced a very week substructural logic by the Hilbert-style
system L and its extenstions, and gave a Kripke-style model (groupoid frames
and models) and a canonical model construction for the logics.

In this paper, we introduce a class of substructural logics, called normal
substructural logics, and show that they include not only the logics mentioned
above but also weak logics with strict implication [1]. There are many normal
substructural logics which are not extensions of Dosen’s logic. Then we introduce
Kripke-style semantics (Kripke frames and models) for normal substructural log-
ics in the spirit of [7], and show a correspondence between axioms and properties
on frames. Finally, we give a canonical construction of Kripke models for normal
substructural logics. The construction differs from one in [3].
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2 Normal substructural logics

We assume that our language £ consists of the propositional variables p, q,r, .. .,
the logical constants 1, T and L, and the logical connectives V, A, %, and D.

Definition 1. A normal substructural logic L is a set of formulas containing the
following axioms:

Al. 1, A2. pDp,
A3.pDT, A4. 1 Dp,
A5.pAgDp, A6. pAgDq,
A7.pDpVy, A8. ¢DpVy,
A9. (pDg A(pDr)DpDgAT, A10.pDqgDpx*gq,

and closed under the following rules:

adf « « L
———— (modus ponens (substitution)
B ( P )7 [Bl/pla---:ﬁn/pn]a )
D D
__Por (prefixing) @28 (suffixing)
(@23 f)D>ady : (B27)>a>dy :
a
Y (adjunction) ISLa (necessitation)
ady BDv S aDfBDy . .
——————— (V-elimination) ————— (residuation)
aV Dy , axfBDy .

Remark. There are many normal substructural logics which are not extensions
of Dogen’s logic, since
(pDr)A(gDr)DpVgDr

is a theorem of the system L (see [2, (56)]) but not of the minimal normal
substructural logic. On the other hand, since Dosen’s logic is not closed under
modus ponens, it is not a normal substructural logic.

Proposition2 (Dosen’s E1). The extension ET of Dosen’s logic is regarded
as the {V, A\, x, D, 1}-fragment of the normal substructural logic DE with the
azriom:

Bl. (pD>r)A(gDr)DpVgDr.

Proof. Note that Dosen used T for 1 in [2, 3]. The axioms and rules (1)-(5), (7)-
(12), (38), (40) and (50) are easily shown from the axioms and rules of DE™T.
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For the rule (6), we see

B2O A suff.)
(BiDar*P1) DB Dar b ’ ¢
a1 DfiDag*f (@ DfiDdDag*fi)Dar DD *f (pref.)
a; DB Day* By (m.p.)

f.
aDaog (ada)DadBDagxf Eife;
adfom*h (residuation) g

axfDaj*f

Conversely, it is straightforward to see that the axioms and the rules for Vv, A,
%, D, 1 of DEY are derivable in the system E* in [2]. i

Proposition 3 (Relevant logic). The positive fragment B of the basic rele-
vant logic is a normal substructural logic with the aziom for DET and the axiom:

B2.pA(qVr)D(pAqQ V (pAT),

and the following its extensions are normal substructural logics: T+ with the
azioms for BT and the azioms:

B3.(¢g>r)D>(pDg)DpDr, B4.(pD>q)D(¢Dr)DdDpDr,
B5.(pD>pDq)DpDg;

ET with the azioms for TT and the aziom
B6. (1D>p)Dp;
S4" with the axioms for ET and the axiom
B7.pD1;
Rt with the azioms for ET and the aziom
B8.pD(pDq)Dg.
Proof. See [5, 9]. O

Definition 4. Let I" be a finite sequence of formulas, and let 8 be a formula.
Then the formula I" D 8 is inductively defined by

L. )Da:=qa,
2. v, I'Da:=yDI'Da.

Here () denotes the empty sequence.
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Lemmab. Let L be a normal substructural logic. Then

1.

RN

10.

L is closed under the rule:

7a353§37 (cut),

L is closed under the rule:

(I'> Z)Dgﬂr 55 (prefizing’)

TOI'DTeL,
(I'>a)DI'davp,(I'DB)DI'D>aVBEL,

(IF'>2aD>AD)DI'>aABDADO(I'DBDAD)DIDaABDADA €
L

(I'Da)AN(I'DB)DI'DaNnpeL,

ifBle L, then (' DaDADOAN(I'DFDADO) DI DaVBDIADAEL,
if B¥€ L, then (aDB)D(I'Da)DI'DF €L,

if B3 € L, then L is closed under the rule:

I'Da

—(aDB) ST58 (suffizing™)

where I' must be nonempty,
if B3,B6 € L, then L is closed under the rule:

(@> gffp S5 (suffiwing)

Proof. (1). Straightforward.

(2). By induction on the length of I'. For induction step,
aDf

(I'>a)DI'DP

(yo>I'Da)DyDI'DP

(induction hypothesis)
(pref.)

(3). By induction on the length of I'. For induction step,

TxyDT
(pref.)
TDOYyDT*y (yDTxy)DyDT (cut) T>I'>T (pref.)
TDO>yDT (yDT)DyDI'DT '
(cut)

TOyDI'DT
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(4). ey
(FD@DFDaVﬂ@mHX
(). N
< c (suff.)

(aDADO)DaNFDADE
(F'>aD>AD)DI'DanfDADA

(6). By induction on the length of I'. For induction step, letting I := ~,
and 0 := (I'Da) A (I'Df), we see

(pref.*)-

0O>I'DaNnp
(I'>a)AN(I"DB)DyD0 (vyDO)DI'DaAp
(I''>a)A(I"DB)DI"DaAp
(7). Similar to (6).
(8). By induction on the length of I'. For induction step,
(@2B)D(I'>2a)DI'DB (I'Da)DI'DB)D(YDI'Da)dDyDI'DB
(@aDdB)D(yDI'Da)DyDI'DB

(pref.)
(cut) .

(cut)

(9). By induction on the length of I'. For induction step,

YyDOI'Da (suff.)

(@ad>B)D(I'D>a)DI'DB ((FDa)DFDﬂ)D'yDFD,B( t)'
cu

(adp)DyDI'DP .

(10).
I'Da
1D«
(aD>B)D1DI'DP (I>DI'>B)>I'>p .
(adB)DI'DpP (Cu).

(necessitation)
(suff.™)

Proposition 6 (The Lambek calculus, linear logic and BCK logic).
The Lambek calculus F'L is a normal substructural logic with the axioms B1,
B3, B6 and the axioms:

B9. pO>1Dgq, B10.pD>1Dp,
Bl11.(pD>gDr)Dp*qDr;

intuitionistic linear logic ILL is a normal substructural logic with the azioms for
FL and the aziom:
B12.(pD>gDr)DqgDpDr

BCK logic is a normal substructural logic with the axioms for ILL and the axiom:

B13.pD>gDp.
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Proof. We will show that a sequent I'—# is provable in the Gentzen-type sequent
calculus in [7] if and only if I'D60 € FL. It is straightforward to see that the
axioms and the rules in Definition 1, and the axioms B1, B3, B6, B9, B10, and
B11 are derivable in the sequent calculus. Conversely, for initial sequents of the
forms I'=T and I, L, A—0, we see

15T 1 o)
TOIDT T (m )'p'
rs>T P ,

TOL1lD>ADH (pref.*)
(I'>T)>I'>L>ADH P I'DT
I'>1LD>AD0 (m'p'),

and for rules (cut), (1w), (¥ —), (= *) and (D —), we see

FDO{ (SUH.*)
(adDXD20)DI'DXDH .
(pref.”)

(ADaDXDO)DADIDEDH ADaDX D6
ADTI DX D6 e

(AD8)D1D>ADH (pref.")
(I'>AD0)DI'D1DADH P r5a-e
I'o1>AD6 )

(@DBDAD0)DaxfDOADH .
T5a5hodsf) ol oarfonss ) roass5450
I'DaxBDOADH (m.p.)’
ADp .
adfBdaxfB (BDaxB)DADaxp (suff.”)
adDADaxf *(Cut)
('>a)DI'DADaxf (pref.”)
I'>DADaxp 7,
I'Da *
(adB)DI'>p (suff.")
(BDXD0)D(adDB)DI'DXDH .
(ADBDXYD0)DAD(aDdB)DI'DXDH (pref.”) ADBDXDE
A>(@>B) oI >Eo6 (m.p.),

(V=), (= V1), (= V2), (Al=), (A2—), (—A) are straightforward using Lemma
5.

(suff.™)

For ILL and BCK, note that B12 and B13 correspond to the exchange rule
(e—) and the weakening rule (w—), respectively. a
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Proposition 7 (Logic with strict implication). Corsi’s system is regarded
as the

{T,L,V,A, D}-fragment of the normal substructural logic F with the axioms
for B, the aziom BT, and the aziom:

Bl4. (4D p)A(gDr)DpDr.

Proof. Note that (12> T) A (T D1) € F. Then it is easy to see that the axioms
Ax1-Ax10 and the rule MP in [1] are derivable in F'. For the rule AF, we see

(necessitation)

_a
1 1
o1 10« (cut)

fDa

Conversely, it is straightforward to see that the axioms and the rules for T, L,
V, A, D of F are derivable in the system in [1]. O

3 Kiripke-type semantics

Definition 8. A Kripke frame for normal substructural logics is a structure
(M,N, -, e,w) satisfying the following conditions:

1. (M,N) is a meet-semilattice with the greatest element w,
2. - is a binary operation on M and ¢ € M such that

(a) ez=2,w -z =uw,

(b) y<zimpliesz-y <z-zforall z,y,z€ M,

(¢c) (xNy)-z=(x-2)N(y-z) for all z,y,z € M.

Definition 9. A wvaluation = on a Kripke frame (M,N, -, e,w) is a mapping
which assigns a filter of M (i.e. a nonempty subset X of M such that z,y € X
if and only if z Ny € X) to each propositional variables. In the sequel, we will
write z = p for z €= (p). Each valuation = can be extended to a mapping from
the set of all formulas to the power set of M by

1. z = 1if and only if z > ¢,

2. z =T for all z,

3. z = Lif and only if z = w,

4. zl=aDfifandonlyif z-y < zand y = a imply z = § for all y,z € M,

5. z=avpifandonlyify = aory =, and z | a or z = § for some
Y,z € M with ynNnz <z,
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6. z = aAfif and only if z |= a and z = 3,

7. z|=axf if and only if y | o« and z |= 3 for some y,z € M with y-z < z.
Proposition 10. Let = be a valuation on a Kripke frame (M,N, - e,w). Then
{r e M|z |=a}

is a filter for any formula a.

Proof. By induction on the complexity of «. Here we show only the case a =
oD 7. Suppose that w-y < zand y 0. Thensincew =w-y<zandw 71
by the induction hypothesis, we see z |= 7, and hence w |= 0 D 7. Next suppose
that z =0 D7 and z < y, and let u,v € M be such that y -« < v and u | 0.
Then since z-u < y-u < v, we see v = 7, and hence y |= o D 7. Finally suppose
that t Eo D7 and y |= 0 D7, and let u,v € M be such that (zNy)-u < v and
ufEo. Thensincez-ul=7Tand y-u =7, (r-uw) N (y-u) E 7 by the induction
hypothesis. Thus (z-u)N(y-u) = (xNy)-u = 7, and so v = 7. Therefore
zNYylEoDT. a

Definition 11. A Kripke model is a structure (M, N, -, &,w, =) such that
1. (M,N,-,e,w) is a Kripke frame,
2. [ is a valuation on (M,N, -, &, w).
A formula « is true in a Kripke model (M, N, -, &,w, ) if
€ Ea,

and valid in a Kripke frame (M, N, -, e, w) if it is true for any valuation = on the
Kripke frame.

Proposition 12. Let C be a class of Kripke frames. Then
L(C) := {a|a is valid in all frames of C}
is a normal substructural logic.

Proof. Here we only show that L(C) is closed under the V-elimination rule.
Let aDv,6Dv € L(C), let (M,N,-,e,w) € C, and let |= be a valuation on
(M,N,-,e,w). Suppose that ¢ -y < z and y = a V 3. Then y < z and there
exist u,v € M such that uNv < y,ul=aoru fE B,and v E aor v E B.
Since e E aDvyand € = 8D, we have u |= v and v = v. Thus uNwv = v by
Proposition 10 and uNv <y < z, and so z = . Therefore e = aV D . O
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Lemma 13. Let F := (M,N,-,e,w) be a Kripke frame, let x,y € M, and let |=
be a valuation on F such that x-y |=q and |= (p) =ty :={z € M|y < z}. Then

xEpDq.

Proof. Let u,v € M be such that z -u < v and u |= p. Then y < u, and hence
z-y < x-u <w. Therefore v |= ¢, and so z =pDyq. O

Proposition14. Let F := (M,N,-,&,w) be a Kripke frame. Then
1. Bl is valid in F if and only if (z-y)N(z-z) < z-(yNz) forall x,y,z € M,

2. B2 is valid in F if and only if for all x,y,z € M with x £ z, y £ z and
zNy < z, there exist u,v € M such that t < u, y <v anduNv =z,

3. B3 is valid in F if and only if x - (y-2) < (x-y) -z for all z,y,z € M,
4. B4 is valid in F if and only ify - (x-2) < (x-y) -z for all z,y,z € M,
5. B5 is valid in F if and only if (x-y) -y <z -y for all z,y € M,

6. B6 is valid in F if and only if x - < x for all x € M,

7. BT is valid in F if and only if e < x for all x € M,

8. B8 is valid in F if and only ify -z < x -y for all z,y € M,

9. B9 is valid in F if and only if w <z -w for all x € M,

10. B10 is valid in F if and only if x < x-¢ for all x € M,

11. B11 is valid in F if and only if (x-y) -z <z - (y-z) for all z,y,z € M,
12. B12 is valid in F if and only if (x-2) -y < (z-y) -z for all z,y,z € M,
13. B13 is valid in F if and only if x < x -y for all z,y € M,

14. B14 is valid in F if and only if x - (x - y) <z -y for all x,y € M.

Proof. Here we show (1), (2), (3), (11), and (14).

(1). Suppose that (z-y)N(x-2) < z-(yNz) foral z,y,z € M, and let
= be a valuation on F. Let x,y € M be such that x = (pDr) A (¢Dr) and
y E pV q. Then there exist u,v € M such that uNv <y, u = por u = ¢, and
viEporv g, and hence z -u =r and z -v = r. Thus (z-u)N(z-v) | r,
and so z - (uNw) | r. Hence z -y = 7. Therefore x = pV ¢Dr, and so
el= (pD>r)A(gDr) DpVgDr. Conversely suppose that (p Dr)A(gDr) DpVgDr
is valid in F, and let |= be a valuation on F such that = (p) =t vy, E (¢) =1 2,
and = (r) =t (z-yNz-2z). ThenyNz EpVg o EpDr,and ¢ E gDr
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by Lemma 13, and hence z |= p V ¢Dr. Therefore = - (y N z) = r, and so
(-y)N(z-2)<z-(ynNz).

(2). Suppose that for all z,y,z € M with z £ z, y £ z and z Ny < z, there
exist u,v € M such that < wu, y < v and uNwv = z, and let = be a valuation
on F. Let z,w € M be such that ¢-z <w and z Ep A (¢Vr). Then z |= p and
there exist z,y € M such that zNy < z,zEqorzfEr,andy =Eqory E=r.
frx<zory<zthenzEpAgorzEpAr, and hencew = (pAqg)V (pAr).
Assume that z £ z and y £ z. Then there exist u,v € M such that z < u, y <w
and uNv =z, and hence uNv < z<w,u EpAqorul=pAr,andv EpAqor
viEpPAr. Thusw = (pAq)V(pAr). Thereforee EpA(gVr)D (pAq)V (pAT).
Conversely suppose that pA (gVr) D (pAq)V (pAr) is valid in F. Let z,y,z € M
be such that z € z, y £ z and z Ny < z, and let = be a valuation on F such
that |= (p) =1 z, E (¢) =t 2 and = (r) =t y. Then z |=p A (¢ V r), and hence
zE (AqQ) V (pAq). Thus there exist u,v € M such that uNv <z, uEpAgq
orulEpAr,andvEpAgorv=pAr,andso z <uNu,z <wory < u,and
z <wory <wv. Therefore u Nv = z, and either z < u and y < v, or z < v and
y <u.

(3). Suppose that = - (y - z) < (z-y) -z for all z,y,z € M, and let |= be a
valuation on F. Let ,y, z,u,v,w € M be such that e-x < u,xz EqDr,u-y < v,
yEpPDgv-z<w,and z|=p. Then (z-y) -2 < (u-y) -z <wv-z < w. Since
z-(y-2)<(r-y)-yand z-(y-2z) Er, we have w Er. Thus v = pDr, and so
ulE (pDq) DpDr. Therefore e = (D7) D (pDq) DpDr. Conversely suppose
that (¢Dr)D(pDg)DpDris valid in F, and let z,y,z € M, and let | be a
valuation on F such that = (p) =1 z, E (¢) =t y-2z,and | (r) =t z-(y-z). Then
y EpDgand z = ¢Dr by Lemma 13, and hece = = (p D q) D pDr. Therefore
(z-y)-zEr,andsoz-(y-2) < (z-y)-=z.

(11). Suppose that (z-y) -z < z-(y-z) for all z,y,z € M, and let |= be a
valuation on F. Let z,y,u,v € M besuch that -z <w,zEpDgDr,u-y <w
and y = p*q. Then there exist u’,v" € M such that u'-v' <y, v Epand v’ =g,
and hence (z-u')-v' < z-(u'v') <z-y <u-y<wvand (z-u) v Er. Thusv |=r,
and so u = pxqDr. Therefore ¢ = (pDgDr)DpxqgDr. Conversely suppose
that (pD>¢Dr)Dp*gDr is valid in F, and let |= be a valuation such that
E ) =ty, E(¢) =tzand = (r) =t (z-y) - 2. Then z |E pDgDr by Lemma
13, and hence z = pxg D r. Therefore z- (y-2z) Er,and so (z-y) -z < z-(y-z).

(14). Suppose that z - (z-y) < z-y for all z,y € M, and let = be a valuation
on F. Let z,y,u,v € M besuch that e -z <w,z = (pD¢) A(¢gDr),u-y <v
and y Ep. Thenz-(z-y) Erandz-(z-y) <z-y <u-y < v, and hence
v |= r. Therefore u = pDr, and so ¢ = (pDgq) A (¢gDr) DpDr. Conversely
suppose that (pDq) A(gDr)DpDris valid in F, let z,y € M, and let |= be
a valuation such that = (p) =1y, E (¢) =t z-y and | (r) =t z - (z - y).
Then z =pDq and z = ¢ Dr by Lemma 13. Thus z = pDr, and so z -y = r.
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Therefore z - (x - y) < x - y. a

4 A canonical model construction

Definition 15. Let L be a normal substructural logic. An L-pretheory x is a
subset of the set @ of all formulas such that

1. TEux,

2. ifaexand adf € L, then § € z,

3. if o, € z, then a A 5 € .
Lemma 16. Let L be a normal substructural logic. Then

1. if x and y are L-pretheories, then so is x Ny,

if x and y are L-pretheories, then so is -y := {f|Fa € y(a D S € )},
L -{a} is an L-pretheory,

if x is an L-pretheory, then L -© = x,

if v, y and z are L-pretheories, then (xNy) -z = (z-2)N(y-2).

Proof. (1). Straightforward.

(2). Let z and y be L-pretheories. Then since TDOT DT € L by Lemma 5
(3), TDOT € x, and hence T € x-y. Suppose that § € -y and 8 D~ € L. Then
there exists a € y such that a D € z. Since L is closed under the prefixing
rule, (a¢DpB)DaDvy € L, and hence a Dy € x. Therefore v € z - y. Suppose
that 8,7 € z -y. Then there exist a,a’ € y such that aD 8,0’ Dy € z, and
hence a Ao/ € y and (a Ao’ DB) A(aANa'Dvy) € z by Lemma 5 (5). Since
(anNa'DB)A(anNad' Dy)DaAd DBAvyE L, aha' DAy €z, and therefore
BAyET- y.

(3). Since aDT € L, T € L-{a}. Suppose that § € L-{a} and D~ € L.
Then a D> € L, and hence a Dy € L. Therefore v € L - {a}. Suppose that
B,y € L-{a}. Then (aDB) A(aD7v) € L, and hence a D3 Ay € L. Thus
BAyeL-{a}.

(4). Straightforward.

(5). Let z, y and z be L-pretheories. Then trivially, (xNy)-z C (z-2)N(y-2).
Suppose that v € (z - z) N (y - z). Then there exist a, € z such that a Dy € z
and D7 € y, and hence a A S € z and a A Dy € xNy by Lemma 5 (5).
Therefore v € (z Ny) - 2.

Proposition17. Let L be a normal substructural logic, and let My, be the set
of all L-pretheories. Then Fy, := (My,N,-, L, ®) is a Kripke frame.
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Proof. Straightforward. O

Proposition 18. Let L be a normal substructural logic. Then
1. if BLe L, then (x-y)N(x-2) Cx-(yNz) foral x,y,z € My,

2. if B2 € L, then for all x,y,z € My, withx € z, y € z and x Ny C z, there
exist u,v € My, such that xt Cu, y Cv and uNv = z,

3. if B3e L, thenxz-(y-2)C (x-y) z forall x,y,z € My,
4. if BA€ L, theny-(x-2) C(z-y) -z for all x,y,z € My,
5. if Bbe L, then (v-y)-y Cx-y for all x,y € My,

6. if B6 € L, thenx-L Cx forallz € My,

7. if BT € L, then L C x for oll x € My,

8 if BRe L, theny-x Cx-y forall z,y € My,

9. if B9€ L, then ® Cx - for all x € My,

10. if BI0 € L, then x Cx - L for all x € My,

11. if BIL€ L, then (z-y)-2 Cx-(y-2) for all z,y,2 € My,
12. if BI2€ L, then (z-2) -y C(x-y) -z for all z,y,2 € My,
153. if BI3 € L, thenx Cx -y for all x,y € My,

14. ifBlAe L, thenx-(x-y) Cx-y for all x,y € My,.

Proof. Here we show (1), (2), (5), and (11).

(1). Let z,y,z € Mg, and let v € (z-y) N (x - z). Then there exist a € y and
B € z such that «a Dvy,8D>~v € z, and hence oV 3D+ € x by Bl. Therefore,
since aV S € yNz, we have vy € z - (y N 2).

(2). Let z,y,z € My, be such that x € z, y € z and z Ny C z, and define u
and v by

u:={0ePFacriyezianyDdbec L)},
v:={0eP|Fecyadyecz(BAyDHec L)}

Then it is straightforward to see that v and v are L-pretheories with x C u,y C v
and z C uNwv. Suppose that § € uNv. Then there exist a € z, 8 € y and 4,7’ € z
such that a AyD0,8A~" D0 € L, and hence a AyAy' D0,8AYyAY D6 € L.
Thus (a AYAY )V (BAYAY)DO € L,and so (aV B)AyAvy D € L by B2.
Therefore, since a VS €z Ny C z, we have 6 € z.
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(5). Let z,y,z € My, and let v € (z - y) - y. Then there exist o, € y such
that a D 8Dy € z. Since (aDBDy)DaAfDaA Dy € L by Lemma 5 (5),
wesee a ABDaAf Dy €z, and hence « A 3D+ € x by B5. Therefore, since
aAp €y, wehave y €z y.

(11). Let @, y,x € My, and let v € (x-y)-z. Then there exist a € y and 8 € 2
suchthat « D 8D € z,and hence ax 3 Dy € x by B11.SinceaD 8 Dax*xf € L,
we see B Dax*f €y, and hence a* 3 € y - z. Therefore vy € z - (y - 2). O

Lemma19. Let L be a normal substructural logic, and let x € My. Then
1. a€xifand only if L - {a} C z,

2. L-{a}NL-{} CL-{aVp},

3. (L-{a}) - (L-{B}) € L-{axp}.

Proof. (1).If 8 € L-{a},then a D3 € L, and hence 8 € z. Since a € L-{a} C z,
the converse is trivial.

(2). Suppose that v € L-{a}NL-{8}. Then aD~,8Dv € L, and hence
aV Dy € L by the V-elimination rule. Therefore v € L - {a V §}.

(3). Suppose that 8 € (L - {a}) - (L - {A}). Then there exists v such that
aDyD6,8Dv € L, and also

BDy
adyDl (y20)DBDH
aD>pBD0
axBD6

(suff.)
(cut)

(residuation)

Therefore a*x 356 € L, and so § € L - {axS}.

Theorem 20. Let L be a normal substructural logic, and let |=1, be a mapping
from the set of all propositional variables to the set of all subsets of My, defined

by
Fr (p) :={z € Mr|p € z}.

Then My, := (Mp,N,-,L,®,[=r) is a Kripke model such that o € L if and only
if a is true in My,

Proof. Tt is easy to see that =y, is a valuation on Fp,, and hence M, is a Kripke
model. It remains to show that

L= asac L
To this end, we will show that

rlELasa€r
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for all @ € & and = € M, by induction on the complexity of a.

Basis: Straightforward.

Induction step:

Case 1. o = o V 7: Suppose that x =1, o V 7. Then there exist u,v € My, such
that uNv Cz, u =L o oru | 7, and v | 0 or v |, 7. By the induction
hypothesis 0 € wor 7 € u,and 0 € vor 7 € v. Since s DoV1,TDo VT € L, we
have o V17 € uw and o V 7 € v. Therefore 0 VT € uNwv C z. Conversely suppose
that o VT € 2. Then L-{o} NL-{r} C 2 by Lemma 19 (1) and (2), and since
L-{o} Er 0 and L-{7} = 7 by the induction hypothesis, we have z =1, oV 1.
Case 2. a = o A 1: Straightforward.

Case 8. a = o *7: Suppose that z =1, o 7. Then there exist u,v € My, such
that u-v C z, u |Ep, 0, and v =1, 7. By the induction hypothesis ¢ € w or 7 € v,
and since c D7 Do xT € L, we have 7 Do x7 € u. Therefore o x7 € u-v, and so
ox1 € x. Conversely suppose that ox7 € . Then (L -{o})-(L-{r}) C = by
Lemma 19 (1) and (3), and hence z =1, o % T.

Case 4. o = o D 7: Suppose that x |=r o0 D7. Then since L - {¢} =L o by
the induction hypothesis, z - (L - {o}) =1 7, and hence 7 € = - (L - {o}) by the
induction hypothesis. Therefore there exists # such that 8 D7 € zandoc D6 € L,
and hence (# D7) Do D7 € L by the suffixing rule. Thus ¢ D 7 € z. The converse
is straightforward. O
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