
Dq Lqwurgxfwlrq Wr Sro|srglf Vwuxfwxuhv

V|phrq Er}dsdolglv

Ghsduwphqw ri Pdwkhpdwlfv

Dulvwrwoh Xqlyhuvlw| ri Wkhvvdorqlnl

87339 Wkhvvdorqlnl/ Juhhfh1

Devwudfw= Sroo|srghv lv dq dojheudlf vwuxfwxuh lq ehwzhhq prqrlgv dqg I 3@ *} eKo@r
kdylqj wkh dgydqwdjhv ri erwk ri wkhp1Pdq| remhfwv ri gl�huhqw qdwxuh vxfk dv zrugv/
wuhhv/ judskv/ ixqfwlrqv/ hwf/ fdq eh vwxglhg lq frpprq lqwr wkh iudphzrun ri sro|0
srghv1

4 Lqwurgxfwlrq

Vxevwlwxwlrq lv d edvlf rshudwlrq lq Frpsxwhu Vflhqfh frqvlvwlqj ri surgxflqj

qhz remhfwv e| lqvhuwlqj remhfwv ri d fhuwdlq nlqg lqwr dqrwkhu remhfw1 Irupdoo|/

lw fdq eh ghvfulehg e| d ixqfwlrq ri wkh w|sh

P �Pq
$P > +p>p4> ===>pq, :$p^p4> ===>pq`

fdoohg sro|srglf rshudwlrq ehfdxvh lw frpelqhv hohphqwv zlwk q� wxsohv

ri hohphqwv wr jhw hohphqwv=

Sro|srghv duh vhwv hqgrzhg zlwk vxfk dq rshudwlrq ixo�oolqj dvvfrfldwlylw|

dqg xqlw d{lrp1 Wkhuh duh dw ohdvw irxu uhdvrqv prwlydwlqj wkh lqwurgxfwlrq dqg

vwxg| ri wkhvh qhz vwuxfwxuhv1

4,Sro|srghv surylgh dq lghdo vhw xs wr vwxg| lq frpprq remhfwv ri gl�huhqw

qdwxuh vxfk dv zrugv / wuhhv/ judskv/ ixqfwlrqv/ hwf1Sro|srghv ri ixqfwlrqv zhuh

lqwurgxfhg lq S1Frkq xqghu wkh qdph ri forqhv +fi1 ^Frkq 98`,1
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5,Sro|srghv vhhpv wr eh wkh uljkw vwuxfwxuh qhhghg wr hvwdeolvk Hlohpehuj*v

idprxv wkhruhp rq ydulhwlhv lqwr wkh iudphzrun ri wuhhv1+fi ^Er}dsdolglv5 <<`,1Wkh

uhdvrq lv wkdw lq sro|srghv wkh rshudwlrq grpdlq lv phujhg zlwk wkh fduulhu vhw

zklfk lv qrw wkh fdvh ri � � d oj heudv xvhg e| rwkhu dxwkruv dv grplqdwlqj

dojheudlf vwuxfwxuh1

6, Sro|srghv duh forvh uhodwhg wr uhfxuvlyh surjudp vfkhphv1Dfwxdoo| / dggl0

wlyh sro|srghv duh xvhg wr vroyh v|vwhpv ri htxdwlrqv +zkhuh uljkw kdqg vlgh

phpehuv duh sro|qrpldov zlwk frh!flhqwv lq d vhplulqj, lqwr wkh vsdfh ri

$ � frqwlqxrxv ixqfwlrqv ryhu dgglwlyh vhplprgxohv +fi ^Er}dsdolglv4 <<`,

7,Sro|srglf fdofxoxv lv d pdq| yduldeoh fdofxoxv dqg vr uhfrjql}delolw| dqg

udwlrqdolw| skhqrphqd dsshdu lq d zlgh glyhuvlw| qdpho| joredo uhfrjql}delo0

lw| +zklfk lq prqrlgv dqg wuhhv frlqflghv zlwk ruglqdu| uhfrjql}delolw|, / orfdo

uhfrjql}delolw| +zklfk fruuhvsrqgv wr udwlrqdolw| lq prqrlgv dqg htxdwlrqdolw|

lq � � d oj heudv ,/ sduwldo uhfrjql}delolw| +zklfk lv uhihuuhg wr vxevwlwxwlrq ryhu

vshfl�hg yduldeohv,/ wrs uhfrjql}delolw| +vdwxudwlrq xqghu htxlydohqfhv uhvshfwlqj

wkh wrs dujxphqw, / hwf1

Wkh suhvhqw sdshu lv d vkruw yhuvlrq ri d sduw ri ^Er}dsdolglv4 <<`1Lw lv frp0

srvhg ri �yh vhfwlrqv1

Wkh fdwhjru| ri q� sro|srghv lv lqwurgxfhg lq vhfwlrq 41Wkh vhw W� +[q, ri

wuhhv ryhu wkh q�udqnhg doskdehw � dqg wkh vhw ri yduldeohv [q @ i{4> ===> {qj lv

wkh iuhh q�sro|srgh jhqhudwhg e| � 1Wkuhh glvwlqfw qrwlrqv ri frqjuxhqfh dsshdu

dffruglqj wkh dujxphqwv zh xvh wr gh�qh wkhp =sro|srglf +uhvs1 erwwrp/wrs,

frqjuxhqflhv duh htxlydohqw uhodwlrqv frpsdwleoh zlwk wkh sro|srglf rshudwlrq

dw doo+uhvs1 erwwrp /wrs, dujxphqwv1Fkdudfwhul}dwlrqv yld prqrlg dfwlrqv ri wkh

deryh nlqgv ri frqjuxhqflhv duh jlyhq1

Lq vhfwlrq 5 /rqh h{klelwv uhpdundeoh h{dpsohv ri sro|srghv = zrugv/ wuhhv/

judskv/ ixqfwlrqv hwf1V|qwd{ lq sro|srghv lv h{dplqhg lq vhfwlrq 61Wr hdfk vxe0

vhw O ri d sro|srgh P lwv v|qwdfwlfdo sro|srglf frqjuxhqfh �O dqg sro|srgh

PO duh dvvrfldwhg 1 Wkh �qlwh fkdudfwhu ri wkh deryh lqyduldqwv ohdgv wr d qrwlrq

ri uhfrjql}delolw| fdoohg joredo 1 Fkdudfwhul}dwlrq wkurxjk ghulydwlyhv lv dovr re0

wdlqhg1 Vhfwlrq 7 lv ghyrwhg wr orfdoo| uhfrjql}deoh vxevhwv zklfk duh surmhfwlrqv

ri uhfrjql}deoh iruhvwv rq sro|srghv 1 Wkhvh vxevhwv kdyh doo wkh qlfh surshuwlhv ri

wkh udwlrqdo vxevhwv lq prqrlgv dqg htxdwlrqdo vxevhwv lq � �d oj heudv 1Ilqdoo|

lq wkh odvw vhfwlrq zh glvfxvv wrs sduwldo dqg surmhfwlyh uhfrjql}delolw|

5 Sro|srghv

Sro|srghv duh dojheudlf vwuxfwxuhv lq ehwzhhq prqrlgv dqg � � d oj heudv dqg

wkh| kdyh wkh dgydqwdjhv ri erwk ri wkhp1

Suhflvho| / dq q� sro|srgh +q� 4, lv d vhw P htxlsshg zlwk dq rshudwlrq

P �Pq $P +p>p4> ===>pq, :$p^p4> ===>pq`
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zklfk lv dvvrfldwlyh / l1h1 iru doo p>pl> >pm�5P lw krogv

p^p4> ===>pq`^p4�> ===>pq�̀ @ p^p4^p4�> ===>pq�̀> ===>pq^p4�> ===>pq�̀`

dqg kdv d xqlw / wkdw lv dq q0wxsoh h @ +h4> ===> hq, ixo�oolqj wkh d{lrp

p^h4> ===> hq` @ p > hl^p4> ===>pq` @ pl iru doo p>pl 5P=

D xqlw zkhqhyhu h{lvwv lw lv xqltxh1 Prqrlgv duh 4 � sro|srghv dqg hdfk

q� sro|srgh P fdq eh ylhzhg dv d � � d oj heud zlwk � @ P

Sro|srgh prusklvp dqg vxesro|srghv duh gh�qhg fodvvlfdoo| 1Mxvw d zrug

iru wkh vxesro|srgh sro+O, jhqhudwhg e| d vxevhw O � P > lw lv gh�qhg e| wkh

qh{w lwhpv =

�ih4> ===> hqj ^ O � sro+O,

�li p 5 O dqg p4> ===>pq 5 sro+O,> wkhq p^p4> ===>pq` 5 sro+O,

Iuhh Remhfw Frqvlghu dq q � udqnhg doskdehw � dqg d vhw ri yduldeohv

[q @ i{4> ===> {qj= W� +[q, dv xvxdo ghqrwhv wkh vhw ri doo wuhhv frqvwuxfwhg e| �

dqg lqgh{hg e| [q=Iru w> w4> ===> wq 5 W� +[q,

> w^w4@{4> ===> wq@{q` ru vkruwo| w^w4> ===> wq` lv wkh wuhh rewdlqhg e| vxevwlwxwlqj

wl dw doo rffxuuhqfhv ri {l lqvlgh w +4 � l � q,

Wkhruhp41 W� +[q, zlwk wkh deryh rshudwlrq lv wkh iuhh q�sro|srgh jhqhudwhg

e| �=

Uhpdun1 Zh vkrxog qrwlfh wkdw wkh vdph vhw W� +[q, lv wkh iuhh � � d oj heud

jhqhudwhg e| [q =

Lq sro|srghv wkhuh duh wkuhh glvwlqfw qrwlrqv ri frqjuxhqfh1

Dq htxlydohqfh � rq d sro|srgh P lv vdlg wr eh d sro|srglf frqjuxhqfh

li

p �p� > pl � pl� > l @ 4> ===> q ,p^p4> ===>pq` �p�̂p4�> ===>pq�̀

l1h1 zh kdyh frpsdwlelolw| dw doo wkh dujxphqwv1

Erwwrp dqg Wrs frqjuxhqfh frph e| uhtxlulqj frpsdwlelolw| dw wkh erwwrp

dqg wrs dujxphqwv uhvshfwlyho|1 Wkxv � lv d erwwrp +uhvs1wrs, frqjuxhqfh

li

pl � pl� > l @ 4> ===> q ,p^p4> ===>pq` �p^pl�> ===>pq�̀ ;p

+uhvs= p �p� ,p^p4> ===>pq` � p�̂p4> ===>pq` ;pl,

Ruglqdu| frqjuxhqfh rq wuhhv frlqflgh zlwk rxu erwwrp frqjuxhqfhv1Wkxv

jlyhq wkdw d uhfrjql}deoh iruhvw lv d vhw ri wuhhv vdwxudwhg e| d �qlwh lqgh{

ruglqdu| frqjuxhqfh /lw lv txlwh qdwxudo wr dvn derxw wkh uhfrjqlwlrq srzhu ri

sro|srglf frqjuxhqflhv1WkhWkh dqvzhu zloo eh jlyhq odwhu1

Wkh deryh w|sh ri frqjuxhqfh fdq eh fkdudfwhul}hg yld prqrlg dfwlrpv1Ohw

P eh dq q � sro|srgh= Zh xvh wkh qrwdwlrq �
+q,
P

iru wkh vhw ri doo wuhhv ri wkh

irup
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zkhuh ! lv d v|pero ri udqn q dqg pl>p
+m,
l > el ehorqj wr P=

Vxevwlwxwlrq dw ! lv lqghhg d pxowlsolfdwlrq lq �
+q,
P frqyhuwlqj wklv vhw lqwr

d prqrlg zklfk fdqrqlfdoo| dfwv rq P =

�
+q,
P �P $P +�>p, :$ �p

Wzr vxeprqrlgv ri �
+q,
P duh ri lqwhuhvw=

S
+q,
P dqg U

+q,
P = Wkh hohphqwv ri wkh �uvw rqh duh doo wuhhv ri wkh irup

dqg wkh hohphqwv ri wkh vhfrqg duh doo wuhhv ri wkh irup
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Wkhruhp51 �
+q,
P lv wkh gluhfw surgxfw ri S

+q,
P dqg U

+q,
P = Ixuwkhu dq htxlydohqfh

uhodwlrq � rq P lv d sro|srglf +uhvs1erwwrp/wrs, frqjuxhqfh li dqg rqo| li lw lv

frpsdwleoh zlwk �
+q,
P +uhvs= S

+q,
P > U

+q,
P , dfwlrq=

p �p�, �p � �p� ;� 5 �
+q,
P +uhvs=� 5 S

+q,
P > U

+q,
P ,

Wkh deryh uhvxow doorzv xv wr frqvwuxfw wkh ohdvw sro|srglf +uhvs1 erwwrp /

wrs, frqjuxhqfh lqfoxglqj d uhodwlrq1 Suhflvho|

Wkhruhp61 Ohw P eh d sro|srgh dqg U �P �P 1Wkhq wkh sro|srglf frqjux0

hqfh jhqhudwhg e| U lv jlyhq e|

kUlsro @ i+�d> �e,@+d> e, 5
b

U > � 5 �
+q,
P

j

Dffruglqjo|/ wkh erwwrp +uhvs1 wrs, frqjuxhqfh jhqhudwhg e| U lv jlyhq e|

kUlerwwrp @ i+�d> �e,@+d> e, 5
b

U > � 5 S
+q,
P j

+uhvs1 kUlwrs @ i+�d> �e,@+d> e, 5
b

U > � 5 U
+q,
P j ,

Zkhuh
b

U vwdqgv iru wkh htxlydohqfh jhqhudwhg e| U=

6 H{dpsohv ri Sro|srghv

Zh duh jrlqj wr h{klelw vrph uhpdundeoh h{dpsohv ri sro|srghv1

H{dpsoh 41 Ohw 	 eh dq ruglqdu| doskdehw dqg [q @ i{4> ===> {qj rxu vhw ri

yduldeohv1 Zrug vxevwlwxwlrq lv d sro|srglf rshudwlrq frqyhuwlqj +	 ^[q,
� lqwr

dq q � sro|srgh1 Ixuwkhu wkh vhw S ++	 ^ [q,
�,zlwk RL odqjxdjh vxevwlwxwlrq

ehfrphv dq q� sro|srgh dvzhoo=

H{dpsoh 51 Wdnh wkh iuhh sro|srgh W� +[q,=Wkhq wkh vhw S +W� +[q,, zlwk RL

iruhvw vxevwlwxwlrq ehfrphv dq q� sro|srgh

Wkh ixqgdphqwdo ixqfwlrqv rq wuhhv =

|lhog = W� +[q,$ [�

q

eudqfk = W� +[q,$ S +We+� ,+[q,,

duh prusklvpv ri sro|srghv dqg ruglqdu| wuhh krprprusklvpv lv qrwklqj

exw prusklvpv ehwzhhq iuhh sro|srghv1

H{dpsoh 61 Ohw H eh dq ruglqdu| doskdehw dqg [q @ i{4> ===> {qj= Judsk+H[q,

vwdqgv iru wkh vhw ri doo �qlwh / gluhfwhg judskv zkrvh hgjhv duh odehoohg ryhu wkh

vhw H ^[q dqg zh dvvxph wkh| kdyh d glvwlqjxlvkhg hgjh +zlwk glvwlqfw hqgv,

dv d urrw=
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Iljxuh 4=

�

Hgjh vxevwlwxwlrq vwuxfwxuhv Judsk+H[q, lqwr d sro|srgh zkrvh xqlw lv wkh

q0wxsoh=

H{dpsoh Sro|srghv ri ixqfwlrqv Ohw D eh d qrq hpsw| vhw dqg ^Dq> D` wkh

vhw ri doo ixqfwlrqv iurp Dq wr D= Iru i> j4> ===> jq 5 ^Dq> D` > wkh frpsrvlwlrq

i � +j4> ===> jq, = Dq $ D

lv jlyhq e|

i � +j4> ===> jq,+t4> ===> tq, @ i+j4+t4> ===> tq,> ===> jq+t4> ===> tq,,

iru doo +t4> ===> tq, 5 Dq=

Dq hdv| dujxphqw vkrzv wkdw ^Dq> Dj zlwk wkh deryh rshudwlrq lv dq q �

sro|srgh> lwv xqlw lv frpsrvhg e| wkh q surmhfwlrqv =

sul = D
q $ D > sul+t4> ===> tq, @ tl +4 � l � q,

Vxesro|srghv ri ^Dq> D` duh uhihuuhg e| Frkq dv forqhv +fi1^Frkq 98`,1

Wkh iroorzlqj duh vxesro|srghv ri ^Qq> Q ` > Q wkh vhw ri qdwxudo qxpehuv =

d1 Wkh vhw ri sro|qrpldo ixqfwlrqv/ wkdw lv ixqfwlrqv i = Qq $ Q jlyhq e|

uxohv ri wkh irup

i+{4> ===> {q, @ 	
l4>===>lq

dl4===lq{
l4
4
==={lq

q +�qlwh vxp,1

e1 Wkh vhw ri D!qh ixqfwlrqv wkdw lv ixqfwlrqv i = Qq $ Q jlyhq e| uxohv ri

wkh irup

i+{4> ===> {q, @ d4{4 . � � �. dq{q . e= dl> e 5 Q
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7 Sro|srglf Lqyduldqwv

V|qwd{ fdq eh gh�qhg lq dq| sro|srgh e| phdqv ri �
+q,
Q

0dfwlrq1Suhflvho|/ ohw

O � P dqg p 5 P= Wkh frqwh{w ri p dffruglqj O lv wkh vhw ri doo wuhhv

� 5 �
+q,
P

vxfk wkdw �p 5 O =

frqwO+p, @ i� 5 �
+q,
P
@�p 5 Oj

Phujlqj hohphqwv zlwk wkh vdph frqwh{w zh gh�qh d sro|srglf frqjuxhqfh

�O rq P fdoohg v|qwdfwlfdo1 Wkh txrwlhqw

PO @ P! �O
lv wkh v|qwdfwlfdo q0sro|srgh ri O1

O � P lv vdlg wr eh joredoo| uhfrjql}deoh li wkhuh h{lvwv d sro|srgh

prusklvp k = P $ Q >

Q �qlwh/ vr wkdw

O @ k�4+S , / iru vrph S � Q

Wkhruhp71 Qh{w frqglwlrqv duh htxlydohqw=

l,O �P lv joredoo| uhfrjql}deoh

ll,O lv vdwxudwhg e| d �qlwh lqgh{ sro|srglf frqjuxhqfh

lll,Wkh v|qwdfwlfdo sro|srglf frqjuxhqfh �O kdv �qlwh lqgh{

ly,Wkh v|qwdfwlfdo sro|srgh PO lv �qlwh

y,Fdugi��4O@� 5 �
+q,
P
j ?4 zkhuh ��4O @ ip 5P@�p 5 Oj

Uhpdun1 Lq wkh fdvh ri prqrlgv +4�sro|srghv, wkh deryh wkhruhp lv wudqvodwhg

lqwr nqrzq idfwv +fi ^Hlohqehuj :7`,

Uhpdun1 Lq wkh fdvh P @ W� +[q, rqh fdq dgg rqh pruh htxlydohqw frqglwlrq

lq wkh vwulqj l,0y, ri wkh suhylrxv wkhruhp=

yl,O � W� +[q, lv uhfrjql}deoh lq wkh xvxdo vhqvh1

Wkhuhiruh lwhpv l,0y, deryh jlyh qhz iruhvw uhfrjql}delolw| fkdudfwhul}dwlrqv1

Uhpdun1 Judsk uhfrjql}delolw| suhvhqwv d vshfldo lqwhuhvw dqg zloo eh wkh vxemhfw

ri d iruwk frplqj zrun1

Uljkw ghulydwlyhv duh gh�qhg zlwk uhvshfw wr S
+q,
P

0dfwlrq 1Pruh suhflvho|

iru O �P dqg p 5P zh sxw

Op�4
@ i� 5 S

+q,
P

@�p 5 Oj

Rqfh djdlq / phujlqj hohphqwv zlwk wkh vdph uljkw ghulydwlyh zh gh�qh d

erwwrp frqjuxhqfh �O zklfk vdwxudwhv O dqg dfwxdoo| lw lv wkh �qhvw erwwrp

frqjuxhqfh zlwk wklv surshuw|1

Wkhruhp81 Qh{w frqglwlrqv duh htxlydohqw=

l,O �P lv joredoo| uhfrjql}deoh1

ll,O lv vdwxudwhg e| d �qlwh lqgh{ erwwrp frqjuxhqfh

lll,Wkh erwwrp frqjuxhqfh �O kdv �qlwh lqgh{

ly,fdugiOp�4@p 5Pj ?4
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Sro|srglf lqyduldqwv duh xvhg wr hvwdeolvk Hlohqehuj*v wkhruhp rq ydulhwlhv

lqwr wkh iudphzrun ri wuhhv +fi1^Er}dsdolglv5 <<`,1

8 Orfdo Uhfrjql}delolw|

Orfdoo| uhfrjql}deoh vxevhwv lq sro|srghv zh duh jrlqj wr lqwurgxfh / sod| d uroh

fruuhvsrqglqj wr udwlrqdo vxevhwv lq � �d oj heudv 1Ohw P eh dq q�sro|srgh1 D

vxevhw O �P lv whuphg orfdoo| uhfrjql}deoh li wkhuh h{lvw d �qlwh q� udqnhg

doskdehw � dqg d sro|srgh prusklvp

d = W� +[q, $P

vr wkdw O @ d+U, iru vrph uhfrjql}deoh iruhvw U � W� +[q,=

Lq wkh fdvh P lv d �qlwho| jhqhudwhg sro|srgh wkh fodvv ri lwv joredoo| uhfrj0

ql}deoh vxevhwv lv lqfoxghg lqwr wkdw ri orfdoo| uhfrjql}deoh vxevhwv1

JUHF+P, � OUHF+P,

Wklv lqfoxvlrq lv surshu zkhq zh duh ghdolqj zlwk wuhhv/ P @ W� +[q,=

Krz derxw pdfklqhv frpsxwlqj orfdoo| uhfrjql}deoh vxevhwvB

D orfdo dxwrpdwrq lv d 70wxsoh

D @ +�>T> +g4> ===> gq,> I ,

iruphg e| d �qlwh vxevhw � ri dq q � sro|srgh P d �qlwh vhw T ri vwdwhv /

+g4> ===> gq, ri �qdo vwdwhv1 Wkh pryhv ri D duh ghvfulehg e| d ��lqgh{hg idplo|

ri ixqfwlrqv

d� = Tq $ T > � 5 �

Wkhvh ixqfwlrqv froohfwlyho| gh�qh d vlqjoh ixqfwlrq

d = � $ ^Tq> T`

zklfk lv xqltxho| h{whqghg lqwr d sro|srgh prusklvp

�d = W�+[q, $ ^Tq> T`

Qrz / wkh ehkdylru ri D lv rewdlqhg lqwr wkh iroorzlqj wkuhh vwhsv= zh �uvw

frqvlghu wkh vhw
y

I ri doo ixqfwlrqv i = Tq $ T vhqglqj wkh lqlwldo q � wxsoh

+g4> ===> gq, lqwr d �qdo vwdwh
y

I@ ii 5 ^Tq>T`@i+g4> ===> gq, 5 Ij

zh wkhq jhw doo wuhhv w 5 W�+[q, wkdw duh lqwhusuhwhg e|
a

d lqwr vxfk d ixqfwlrq
a

d
�4

+
y

I , @ iw 5 W�+[q,@
a

d +w, 5
y

Ij

dqg �qdoo| zh frpsohwh doo vxfk wuhhv lqwr P =

mDm @ ydo+
a

d
�4

+
y

I ,,

zkhuh ydo = W�+[q, $P lv wkh fdqrqlfdo sro|srgh prusklvp h{whqglqj wkh

lqfoxvlrq � �P

Sursrvlwlrq 91 O � P lv orfdoo| uhfrjql}deoh li dqg rqo| li O @ mDm iru vrph

orfdo dxwrpdwrq D

H{dpsoh 71 Wdnh P @ [
�

q
dqg frqvlghu wkh orfdo dxwrpdwrq
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D @ +i{54j> it3> t.j> +t3> ===> tq,> it.j,

zlwk pryh ixqfwlrq

d{5
4

= Tq $ T

jlyhq e|

d{5
4

+t3> ===> t3, @ t. @ d{5
4

+t4> ===> t.,

Lw lv hdvlo| vhhq wkdw

mDm @ i{5
q

4 @q � 3j

zklfk lv d qrq uhfrjql}deoh odqjxdjh

Wkhruhp:1 Li I � W� +[q, lv d orfdoo| uhfrjql}deoh iruhvw wkhq |lhog+I , � [�

q

lv d orfdoo| uhfrjql}deoh odqjxdjh dqg eudqfk+I , lv d uhfrjql}deoh prqdglf iruhvw

Qh{w wkhruhp jlyhv xv lqirupdwlrq derxw vwdelolw| ri orfdoo| uhfrjql}deoh vhwv

xqghu wkh dfwlrq ri sro|srgh prusklvpv dqg lwv lqyhuvh

Wkhruhp;1 Ohw k = P $P�d sro|srgh prusklvp

l,Li O �P lv orfdoo| uhfrjql}deoh wkhq vr lv k+P, �P�=

ll,Li O�� P� lv orfdoo| uhfrjql}deoh dqg k kdv �qlwh �ehuv +l1h1 iru hdfk p�5

P�> k�4+p�, lv �qlwh,/ wkhq k�4+O�, lv orfdoo| uhfrjql}deoh dv zhoo1

Zh lpphgldwho| ghgxfh

Fruroodu| <1 Iruhvw orfdo uhfrjql}delolw| lv suhvhuyhg e| lqyhuvh qrq ghohwlqj wuhh

krprprusklvpv

Ixuwkhupruh

Wkhruhp431 Dvvxph wkdw O/O4> ===> Oq duh orfdoo| uhfrjql}deoh vxevhwv ri dq

q� sro|srghP=Wkhq

O^O4> ===> Oq` dqg sro+O, duh orfdoo| uhfrjql}deoh wrr

Ohw xv ghqrwh e| SUDW +P, wkh ohdvw fodvv frqwdlqlqj wkh �qlwh vxevhwv ri

wkh sro|srgh P dqg forvhg xqghu wkh rshudwlrqv ri �sro|srglf surgxfw�

+O>O4> ===> Oq, :$ O^O4> ===> Oq`

dqg �sro|srglf vwdu�

O :$ sro+O,

Wkhq

OUHF+P, � SUDW +P,

D odvw forvxuh uhvxow

Sursrvlwlrq 441 Lq dq| sro|srgh P wkh lqwhuvhfwlrq ri d joredoo| uhfrjql}deoh

vxevhw zlwk d orfdoo| uhfrjql}deoh vxevhw lv d orfdoo| uhfrjql}deoh vxevhw1
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Orfdo uhfrjql}delolw| lq sro|srghv ri ixqfwlrqv suhvhqwv juhdw lqwhuhvw1

Ohw D eh d qrq hpsw| vhw dqg wdnhP @ ^Dq> D` 1Wr hyhu| ixqfwlrq i = Dq $

Dzh dvvrfldwh dq q� udqnhg v|pero
y

i =

Dffruglqj wr sursrvlwlrq 814 d vhw ri ixqfwlrqv O � ^Dq> D` lv orfdoo| uhfrj0

ql}deoh li wkhuh h{lvw d �qlwh vhw ri ixqfwlrqv � � ^Dq> D` dqg d uhfrjql}deoh

iruhvw U � W
a

�
+[q,>zkhuh

a

�@ i
a
� @� 5 �j vr wkdw

O @ d+U,

d = W
a

�
+[q,$ ^Dq> D` ghqrwlqj wkh fdqrqlfdo sro|srgh prusklvp h{whqglqj

wkh lqwhusuhwdwlrq ri hdfk v|pero
a
� e| wkh ixqfwlrq �=

H{dpsoh 81 Zh duh jrlqj wr vkrz wkdw wkh vhw ri doo sro|qrpldo ixqfwlrqv zlwk

q yduldeohv lv d orfdoo| uhfrjql}deoh vxevhw ri ^LQq> LQ ` LQ wkh vhw ri qdwxudo

qxpehuv1 Iru vlpsolflw| vdnh zh wuhdw wkh fdvh q @ 5= Uhfdoo wkdw d ixqfwlrq

i = LQ5 $ LQ lv vdlg sro|qrpldo li lw fdq eh zulwwhq dv d �qlwh vxp dv iroorzv=

i+{> |, @	
�>�

d�>�{
�|�

zlwk wkh frh!flhqwv d�>� 5 LQ

Lqwurgxfh wkh iroorzlqj ixqfwlrqv iurp LQ5 wr LQ =

i3+{> |, @ 3 i4+{> |, @ 4

i{+{> |, @ { i|+{> |, @ |

i{.4+{> |, @ {. 4 i|.4+{> |, @ | . 4

i{.|+{> |, @ {. | i{|+{> |, @ {|

dqg wkh 5� udqnhg doskdehw

� @ i
a

i3>
a

i{>
a

i|>
a

i{.4>
a

i|.4>
a

i{.|>
a

i{|j=

Wkh wuhhv
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duh lqwhusuhwhg e| wkh ixqfwlrqv

i{n+{> |, @ {n i|�+{> |, @ |�

Wkxv

lv lqwhusuhwhg e| wkh ixqfwlrqv

i{�|�+{> |, @ {�|� �> � � 5=

Rq wkh rwkhu kdqg wkh wuhh

uhsuhvhqwv wkh frqvwdqw dw p ixqfwlrq ip+{> |, @ p iru doo {> | 5 LQ=

Wkhuhiruh
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uhsuhvhqwv wkh prqrpldo ixqfwlrqv ip{�|�+{> |, @ p{�|�

Ilqdoo| d �qlwh vxp ri vxfk whupv lv rewdlqhg xvlqj wkh v|pero
a

i{.| =

Wkh zkroh iruhvw W� +[q, lv frqvhtxhqwo| surmhfwhg rqwr Sqrp^LQ5> LQ `=

Uhprylqj wkh ixqfwlrq i{| iurp wkh suhylrxv olvw zh jhw d 5�udqnhg doskdehw

W�doo wuhhv ryhu zklfk uhdol}h wkh vhw ri d!qh ixqfwlrqv

Dii ^LQ5> LQ ` @ ii+{> |, @ �{. �| . �@�> �> � 5 LQj

Frqfoxvlrq=Wkhuh lv d �qlwh pdfklqh frpsxwlqj doo sro|qrpldo ixqfwlrqv dq0

rwkhu frpsxwlqj doo d!qh ixqfwlrqv hwf1

9 Rwkhu uhfrjql}delolw| qrwlrq

d1 Wrs uhfrjql}delolw|1

Ohw P eh dq q�sro|srgh= Wkh vhw Pq fdq eh vwuxfwxuhg lqwr d prqrlg zlwk

pxowlsolfdwlrq=

+p4> ===>pq,+p4�> ===>pq�, @ +p4^p4�> ===>pq�̀> ===>pq^p4�> ===>pq�̀,

dqg xqlw +h4> ===> hq,

Qrz ohw O �P=

Wkhruhp451 Qh{w frqglwlrqv duh htxlydohqw=

l,O lv vdwxudwhg e| d �qlwh lqgh{ wrs frqjuxhqfh

ll,O� � � �O lv d uhfrjql}deoh vxevhw ri wkh prqrlg Pq

lll,fdugi��4O@� 5 U
+q,
P
j ?4

ly,fdugiOp�@p 5Pj ?4

zkhuh Op� @ i� 5 U
+q,
P

@�p 5 Oj=

O lv vdlg wr eh wrs uhfrjql}deoh zkhqhyhu lw vdwlv�hv dq| ri wkh deryh

htxlydohqw frqglwlrqv1

Fdoo O � P surmhfwlyho| uhfrjql}deoh +uhvs1 udwlrqdo, li wkhuh h{lvwv d

uhfrjql}deoh +uhvs1 udwlrqdo, vxevhw D � Pq vxfk wkdw O @ sul+D, iru vrph

lqgh{ l +4 � l � q,=

Zh kdyh qh{w vwulqj ri lqfoxvlrqv=

JUHF+P, � WUHF+P, � SuUHF+P,

zkhuh WUHF+P, dqg SuUHF+P, vwdqg iru wkh fodvvhv ri doo wrs dqg sur0

mhfwlyho| uhfrjql}deoh vxevhwv ri P=

e1 Sduwldo uhfrjql}delolw|

Wr hdfk q� sro|srgh P zlwk xqlw h @ +h4> ===> hq, q pxowlsolfdwlrqv duh dvvr0

fldwhg dv iroorzv=

pnp�@ p^h4> ===> hn�4>p> hn.4> ===> hq` +4 � n � q, =

iru doo p>p� 5 P= Wkh| duh dvvrfldwlyh dqg dgplw wkh hohphqwv h4> ===> hq
uhvshfwlyho| dv xqlwv1

Wkhvh pxowlsolfdwlrqv fruuhvsrqg wr vxevwlwxwlrq wr d vshfl�hg yduldeoh {n
+4 � n � q,
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Wkhuhiruh wkh sro|srgh P ehfrphv d prqrlg lqwr q gl�huhqw zd|v1

Zh fdoo vxfk vwuxfwxuhv pxowlprqrlgv1 Suhflvho| dq q0prqrlg lv qrwklqj exw

d vhw D zlwk q vwuxfwxuhv ri prqrlg1

D vxevhw O ri dq q � sro|srgh P lv vdlg wr eh sduwldoo| uhfrjql}deoh li

wkhuh h{lvw d �qlwh q�prqrlg D dqg dq q�prqrlg prusklvp j = P $ D vr

wkdw O @ j�4+S , / iru vrph S � D=

Lw lv hdvlo| vhhq wkdw dq| joredoo| uhfrjql}deoh vxevhw ri P lv sduwldoo| uhfrj0

ql}deoh dqg wkh idplo|

SduUHF+P, ri vxfk vxevhwv lv forvhg xqghu errohdq rshudwlrqv dqg lqyhuvh

sro|srgh prusklvp1 Ghulydwlyh fkdudfwhul}dwlrqv ri wklv nlqg ri uhfrjqlwlrq fdq

dovr eh rewdlqhg

Uhihuhqfhv

^Frkq 98` S1Frkq / Xqlyhuvdo Dojheud Kdushu dqg Urz / Qhz \run 4<98
^Er}dsdolglv4 << ` V1Er}dsdolglv Frqwh{w iuhh vhulhv rq wuhhv / Lqirupdwlrq dqg Frp0

sxwdwlrq1 +wr dsshdu,
^Er}dsdolglv5 <<` V1Er}dsdolglv1 Wkhru| ri sro|srghv L= Uhfrjql}delolw| / Vhplqdu rq

Wkhrulwlfdo1 Lqirupdwlrq1 +4<<<,
^Hlohqehuj :7` V1Hlohqehuj1 Dxwrpdwd / Odqjxdjhv dqg Pdfklqhv / Dfdghplf Suhvv

+4<:7,1
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