Disjunctive !-Words and Real Numbers

Peter Hertling (Theoretische Informatik I, FernUniversität Hagen, Germany peter.hertling@fernuni-hagen.de)

Abstract: An ω-word p over a finite alphabet Σ is called disjunctive if every finite word over Σ occurs as a subword in p. A real number is called disjunctive to base a if it has a disjunctive a-adic expansion. For every pair of integers a, b ˘ 2 such that there exist numbers disjunctive to base a but not to base b we explicitly construct very simple examples of such numbers. General versions of the following results are proved. If (ni)i2ω is a strictly increasing sequence of positive integers with ni+1 ˘ 3^{ni} for infinitely many i then ∑ 3�ni_{is disjunctive to base 2. The number} ∑_2�i!�i_{is}

disjunctive to base a if a is even and not a power of 2. The sum ∑ 2�c^i_{is disjunctive}

to base 6 if c ˘ 3 is odd.

Key Words: ω-words, number representations, invariant properties, disjunctiveness, normality, periods of rational numbers Category: F.m

1 Introduction

Let Σ be a finite alphabet. By Σ^∗ we denote the set of all finite words over Σ, and by Σ^ω := {p : ω −→ Σ} the set of ω-words over Σ where ω = {0, 1, 2, . . .}.

Definition 1.1 An ω-word p ∈ Σ^ω is disjunctive if every finite string in Σ^∗ occurs as a subword in p.

We are interested in disjunctive ω-words for two reasons. The first is that “disjunctiveness” is a natural and simple weakening of “normality”and of “randomness” [see Section 2]. The second is that disjunctive ω-words appear as special cases of disjunctive ω-languages in automata-theoretic investigations. These languages are defined to be subsets of Σ^ω whose principal congruence relation is the equality [Jürgensen, Shyr, Thierrin 1983]. Since any ω-word over a finite alphabet can be considered as an expansion of a real number it is natural to consider the corresponding real numbers too if one wants to investigate ω-words with certain properties. First results concerning the connection between disjunctive ω-languages and real numbers can be found in [Jürgensen and Thierrin 1988].

Let b ≥ 2 be an integer. The b-adic expansion ν_b(x) of a real number x in the interval [0; 1) is the unique ω-word p = p_0p_1p_2 . . . ∈ Σ^ω_b over the alphabet Σ_b := {0, . . . , b − 1} containing infinitely many digits ≠ b − 1 such that x = ∑_∞ i=0 p_i · b^{−(i+1)}.

Definition 1.2 A real number x ∈ [0; 1) is said to be disjunctive (normal, random) to base b if ν_b(x) ∈ Σ^ω_b is disjunctive (normal, random).

We excluded the — not very interesting — ω-words ending on (b − 1)^ω . They are neither disjunctive nor normal nor random.

For any property of ω-words the question arises whether it is an invariant property of real numbers. For randomness the positive answer has been given quite recently [Calude and Jürgensen 1994], see also [Calude 1994]. For another proof see [Weihrauch 1995]. For normality and disjunctiveness the negative answer is part of famous result of Cassels [Cassels 1959] and of Schmidt [Schmidt 1960]. For these two properties two more problems pose themselves: the question for which pairs of integers a, b ≥ 2 disjunctiveness (normality) to base a implies disjunctiveness (normality) to base b, and the problem to give explicitly simple counterexamples of real numbers for the other pairs of bases. It turns out that the answer to the first question is the same in both cases.

Two real numbers a, b > 1 are said to be equivalent if there are positive integers n, m such that a^n = b^m. Then we write a ∼ b, else a ≁ b.

Theorem 1 A Assume a ∼ b for integers a, b ≥ 2. Then any real number disjunctive to base a is disjunctive to base b too.

B Assume a ≁ b for integers a, b ≥ 2. Then the set of real numbers which are disjunctive to base a but not disjunctive to base b has the cardinality of the continuum.

This theorem is contained in [El-Zanati and Transue 1990]. Part B is already contained in [Schmidt 1960]. Furthermore Schmidt has proved that Theorem 1 is true too if one replaces “disjunctive” by “normal”. In both papers counterexamples of real numbers for nonequivalent bases are constructed by limit processes. But still there are missing simple and natural counterexamples.

We shall give a new proof of Theorem 1 and show that for any nonequivalent pair of bases a, b ≥ 2 there are simple and even quite prominent examples of real numbers which are disjunctive to base a but not to base b.

Before we do that we formulate a few more related results in [Section 2]. For completeness sake we give the simple proof of Theorem 1 A in [Section 3]. Then, for the construction of counterexamples we have to investigate the periods of rational numbers in [Section 4]. The following result may be of independent interest.

Theorem 4 Let a, b ≥ 2 be integers and let Q be the maximal divisor of b that is prime to a. There is a constant K_{a,b} such that for any n ≥ 1 and any integer c prime to b all words in Σ^∗_a of length ≤ log_a(Q) · n − K_{a,b} occur in the periodic part of ν_a(^c_{bn} mod 1).

A constant K_{a,b} will be given in the proof. For special cases more precise versions of this result have been obtained by Stoneham, cf. [Stoneham 1964], [Stoneham 1973] and the references there.

In the last two sections we construct numbers that are disjunctive to a base a and not disjunctive to a base b, giving a new proof of Theorem 1 B. It turns out that there are two different cases for a ≁ b in which one can use different methods for the construction:

I. not all prime divisors of b divide a, II. all prime divisors of b divide a (but still a ≁ b).

In [Section 5] we consider Case I, i.e. the case that ν_a(^1_b ) has nonzero periodic part. From the results in [Section 4] on the periods of rational numbers we deduce the following theorem.

Theorem 5 Let a, b ≥ 2 be integers such that the maximal divisor Q of b that is prime to a is greater than 1. If (n_i)_{i∈ω} is a strictly increasing sequence of positive integers satisfying n_{i+1} ≥ log_b(a) · Q^{ni} for infinitely many i then the real number ∑_∞ i=0 b^{−ni} is disjunctive to base a.

If e.g. (n_i)_{i∈ω} is a strictly increasing sequence of positive integers with n_{i+1} ≥ 3^{ni} for infinitely many i then the number Σ^∞_{i=0}3^{−ni} is disjunctive to base 2.

In [Section 6] we consider Case II. We show how one can obtain strictly increasing sequences (n_i)_{i∈ω} such that ∑ b^{−ni} is disjunctive to base a. By combining this method with the basic idea of [Section 4] we obtain the following two examples.

Theorem 6 Let b ≥ 2 be an integer. Then the number ∑_∞ i=0 b^{−i!−i} is disjunctive to all bases a with a ≁ b that are divisible by all prime divisors of b.

Obviously ∑ b^{−i!−i} is not disjunctive to base b.

Theorem 7 Let a = ∏ p prime p d_p ≥ 2 and b = ∏ p prime p e_p ≥ 2 be integers with

a ≁ b and (e_p ≠ 0 =⇒ d_p ≠ 0). Let ϑ := max{^{ep}_{dp} | e_p ≠ 0} and let c > ϑ · log_b(a) be an integer which is not divisible by any prime p with^{ep}_{dp} = ϑ.

Then the real number ∑_∞ i=0 b^{−ci} is disjunctive to base a but not to base b.

For example ν_6( ∑_∞ i=0 2^{−ci} ) is disjunctive if c ≥ 3 is odd.

All numbers of the form as in Theorem 5 or in Theorem 6 are Liouville numbers and hence transcendental. The numbers described in the last theorem are not Liouville numbers. But their transcendence is a consequence of a variant of the Thue-Siegel-Roth approximation theorem.

Finally let us introduce a few notations. For a real number x and a positive integer n we denote the unique real number y ∈ [0; n) with x − y ∈ n · ZZ by (x mod n). The number ⌊x⌋ is the largest integer not greater than x, and ⌈x⌉ is the smallest integer not smaller than x.

2 Known Results

We define simply normal, normal, random, and computable ω-words. For these properties and for disjunctiveness several results related to Theorem 1 are formulated.

Let Σ be a finite alphabet. For two words v, w ∈ Σ^∗, w = w_0 . . . w_{|w|−1} with w_i ∈ Σ N_v (w) := #{i ∈ {0, . . ., |w| − 1} | v = w_i . . . w_{i+|v|−1}} is the number of occurrences of v in w. For p = p_0p_1 . . . ∈ Σ^nΣ^∗ ∪ Σ^ω p[n] := p_0 . . . p_{n−1} ∈ Σ^n is the prefix of p of length n. If for a finite string v and an ω-word p the limit l := lim_{n→∞}(N_v(p[n])/n) exists then we say that v occurs in p with the asymptotic frequency l. A randomness test on Σ^ω is a recursively enumerable subset V ⊆ Σ^∗ ×ω with μ(V_n) ≤ |Σ|^{−n} for all n ∈ ω where V_n := {q ∈ Σ^ω | (∃i) (q[i], n) ∈ V } and the measure μ on Σ^ω is defined by μ(wΣ^ω ) := |Σ|^{−|w|} for all w ∈ Σ^∗.

Definition 2.1 An ω-word p ∈ Σ^ω is called

1. simply normal if every digit in Σ occurs with the asymptotic frequency 1/|Σ| in p, 2. normal if every finite word w ∈ Σ^∗ occurs with the asymptotic frequency |Σ|^{−|w|} in p, 3. non-random if there is a randomness test V ⊆ Σ^∗ × ω with p ∈ ⋂ V_i, random it p is not non-random, 4. computable if the set {p[i] | i ∈ ω} ⊂ Σ^∗ is recursive (or recursively enumerable).

It is well known that computability is stronger than non-randomness, that randomness is stronger than normality, and that normality is stronger than simple normality and stronger than disjunctiveness. For all these properties and for any pair of integers a, b ≥ 2 one may ask whether for reals x ∈ [0; 1) the expansion ν_b(x) has to have this property if ν_a(x) has it.

It is easy to see that computability is invariant. We already mentioned that the invariance of randomness has been proved by Calude & Jürgensen [Calude and Jürgensen 1994], [Calude 1994], see also [Weihrauch 1995]. By independent results of Cassels [Cassels 1959] and of Schmidt [Schmidt 1960] the other properties are not invariant.

For normality we mentioned that Theorem 1 remains true is one replaces “disjunctive” by “random”. This was proved by Schmidt [Schmidt 1960]. A result which immediately implies the negative answer for the special case a = 2 and all non-equivalent b ≥ 2 had been published by Cassels a few months earlier [Cassels 1959]. Later Schmidt proved a stronger result [Schmidt 1962]:

Let A, B be two disjoint classes of possible bases with {2, 3, . . .} = A ∪ B such that equivalent bases lie in the same class. Then the set of real numbers that are normal to all bases in A and not normal to all bases in B has the cardinality of the continuum.

The present author does not know whether a similar result is true for disjunctive numbers.

For simply normal numbers the situation is slightly different. A proof of the following theorem can be found in [Hertling 1995].

Theorem 2 A Let b ≥ 2 and n ≥ 1 be integers. Then any real number simply normal to base b^n is simply normal to base b too.

B Let a, b ≥ 2 be integers with a ≠ b^n for all integers n. Then the set of real numbers which are simply normal to base a but not simply normal to base b has the cardinality of the continuum.

For disjunctiveness the following strengthening of Theorem 1 is proved in [El-Zanati and Transue 1990]:

Let a, b ≥ 2 be integers, E ⊆ Σ^∗_b be a finite nonempty set, and C_E := {x ∈ [0; 1) | ν_b(x) does not contain a word from E}.

Then C_E contains a number disjunctive to base a if and only if C_E contains a Cantor set and a ≁ b.

In the following sections we show for quite simple numbers that they are disjunctive to a chosen base but not to another chosen base. But it seems to be unknown whether numbers like e or π or ln(2) or algebraic irrational numbers are disjunctive, simply normal or even normal with respect to any base. An extensive bibliography of older papers on normal and simply normal numbers can be found in [Kuipers and Niederreiter 1974], pp. 69 – 78.

3 Equivalent Bases

In this section we prove part A of Theorem 1.

Proof of Theorem 1.A. Fix integers b ≥ 2 and n ≥ 1. It is sufficient to prove that a real number x is disjunctive to base b^n if and only x is disjunctive to base b. We define a bijection h : Σ^n_b −→ Σ_bn by h(b_0 . . . b_{n−1}) := ∑_{n−1} i=0 b^i · b_{n−1−i}. It is easy to see that for a real number x ∈ [0; 1) with ν_b(x) = b_0b_1b_2 . . . and ν_bn (x) = a_0a_1a_2 . . . one has a_k = h(b_{k·n} . . . b_{k·n+n−1}) for any k. If we denote by h also the induced bijective homomorphism h : (Σ^n_b )^∗ −→ Σ^∗_bn we have a_k . . . a_{k+l−1} = h(b_{k·n} . . . b_{(k+l)·n−1}) for any k and l. First, assume x ∈ [0; 1) is disjunctive to base b^n. Any word w ∈ Σ^∗_b can be extended to a word w^′ ∈ Σ^∗_b whose length is a multiple of n. The image h(w^′) is a subword of ν_bn (x) since ν_bn (x) is assumed to be disjunctive. Since h is bijective the word w^′ and its subword w must be contained in ν_b(x).

Next, assume x is disjunctive to base b. Fix an arbitrary word v ∈ Σ^∗_bn . For i = 0, . . ., n − 1 we define w_i := h^{−1}(v)0^i and w := w_0 . . . w_{n−1}. The word w is a subword of ν_b(x) since ν_b(x) is assumed to be disjunctive. In ν_b(x) = b_0b_1b_2 . . . one of the subwords w_i of w starts with an index divisible by n, i.e. there exist i ∈ {0, . . ., n − 1} and k ∈ ω with b_{k·n} . . . b_{k·n+|v|·n+i−1} = w_i. Hence h(b_{k·n} . . . b_{k·n+|v|·n−1}) = v is a subword of ν_bn (x). ⊓⊔ 4 Periods of Rational Numbers

It is well known that the decimal expansion of a rational number is periodic. We shall determine a bound L_{a,b} such that all words of length ≤ L_{a,b} occur in the periodic part of the a-adic expansion of a rational number with denominator b in lowest terms. It is remarkable that for denominators b^n with fixed b the bound L_{a,b}n grows (not slower than) linearly with n if not all prime divisors of b divide a. The basic idea is already contained in the proof of Proposition 4.6 which gives a variant of our main result for a special case.

For prime powers b = p^n Stoneham [Stoneham 1964] has given precise formulas for the number of occurrences of any finite word in the periodic part of^1_{pn} . Later he extended his result and used it in order to construct normal numbers, cf. [Stoneham 1973] and the references there.

The following proposition gives the length of the preperiodic part and the period length of the expansion of an arbitrary rational number to an arbitrary base. Its proof can be found e.g. in [Bundschuh 1992].

Proposition 4.1 Let a, b ≥ 2 be integers. Set Q := the maximal divisor of b which is prime to a ,

d := b Q , κ := min{n | d|a^n} , λ := order of a in (ZZ/QZZ)^∗ .

Let c be an integer prime to b. Then there are words u ∈ Σ^κ_a and v ∈ Σ^λ_a such that ν_a(^c_b mod 1) = uv^ω.

For any integer c prime to b the numbers κ and λ are the minimal numbers with this property.

Note that κ and λ do not depend on c. κ is the length of the preperiodic part of ν(^c_b mod 1) and λ is called the period length of ν_a(^c_b mod 1) or of^c_b in base a. If Q = 1 then the periodic part is just 0^ω. If Q > 1 then the period is nontrivial.

For the rest of this section let a, b ≥ 2 be integers and define Q, d, κ, and λ as in the last proposition. Write Q = ∏ p prime p^{ep} . For p ∈ P_Q := {prime divisors of Q} = {p ∈ ω | p prime and e_p ≠ 0} we define

μ_p := { order of a in (ZZ/pZZ)^∗ if p is odd order of a in (ZZ/4ZZ)^∗ if p = 2 , μ := l.c.m.{μ_p | p ∈ P_Q} , l_p := max{l | p^l|(a^μ − 1)} where l.c.m. means “ least common multiple”. The announced bound is L_{a,b} := ∑ p∈P_Q log_a(p) · max{e_p − l_p, 0} .

With μ^′ := { l.c.m.{μ_p | p ∈ P_Q odd} if e_2 = 1 μ else we can formulate the main result of this section.

Theorem 3 Let a, b ≥ 2 be integers and let c be an integer prime to b. Set r := ν_a(^c_b mod 1). For any w ∈ Σ^{⌊La,b⌋}_a and any i ∈ {0, . . . , μ^′ − 1} there is an index n ∈ {κ, . . . , κ + λ − 1} with n ≡ κ + i mod μ^′ and r(n) . . . r(n + ⌊L_{a,b}⌋ − 1) = w. Note that this result is almost optimal since the period length λ is equal to μ^′ · a^{La,b} (see Corollary 4.5 below) and there are a^{⌊La,b⌋} words in Σ^{⌊La,b ⌋}_a .

For the proof we have to show that the residues (^c_b · a^n mod 1) for n ≥ κ are “sufficiently uniformly” distributed in the unit interval [0; 1). Fundamental is the following well known number-theoretical fact. It is closely connected with the fact that the unit groups (ZZ/p^nZZ)^∗ are cyclic for odd primes p and cyclic up to a factor of order 2 for p = 2.

Lemma 4.2 a) Let p be an odd prime, n ≥ 1. Then for m ≥ 1 and h prime to p the cyclic subgroup of (ZZ/p^nZZ)^∗ generated by 1 + hp^m is equal to {x ∈ ZZ/p^nZZ | x ≡ 1 mod p^{min{n,m}}}. b) For n ≥ 1, m ≥ 2 and odd h the cyclic subgroup of (ZZ/2^nZZ)^∗ generated by 1 + h2^m is equal to {x ∈ ZZ/2^nZZ | x ≡ 1 mod 2^{min{n,m}}}.

For completeness sake we give the proof.

Proof. Assume x = 1 + hp^m with p^m > 2 and h prime to p. Then all powers of x are ≡ 1 mod p^{min{n,m}}. By Lemma P in [Knuth 1981], p. 16 the order of x in (ZZ/p^nZZ)^∗ is equal to p^{max{n−m,0}}. As the set {x ∈ ZZ/p^nZZ | x ≡ 1 mod p^{min{n,m}}} contains exactly p^{max{n−m,0}} elements the assertion follows. ⊓⊔

Proposition 4.3 The cyclic subgroup of (ZZ/QZZ)^∗ generated by a^μ is equal to {x ∈ ZZ/QZZ | x ≡ 1 mod ∏ p∈P_Q p min{e_p,l_p }}. Proof. Use the last lemma and the Chinese remainder theorem.

Or observe that for any power x = a^{μn} of a^μ the number x − 1 is divisible by p^{lp} and hence divisible by the product ∏ p∈P_Q p min{e_p,l_p }. This product is a

divisor of Q. This implies ⊆. On the other hand the order of a^μ in (ZZ/QZZ)^∗ must be a multiple of the order p^{max{ep−lp ,0}} of a^μ in (ZZ/p^{ep} ZZ)^∗ for p ∈ P_Q, since the natural map ZZ/QZZ −→ ZZ/p^{ep} ZZ is a ring homomorphism. Since the set {x ∈ ZZ/QZZ | x ≡ 1 mod ∏ p∈P_Q p min{e_p,l_p}} contains ∏ p∈P_Q p max{e_p−l_p ,0} elements we obtain equality. ⊓⊔

Corollary 4.4 Let c be an integer prime to b, i ∈ {0, . . . , μ − 1}. Then {c · a^{κ+i+μ·j} mod b | j ∈ ω} = {x mod b | x ≡ c · a^{κ+i} mod d · ∏ p∈P_Q p^{min{ep ,lp}}} .

Proof. Since c · a^{κ+i}/d is a unit in ZZ/QZZ Proposition 4.3 implies {c · a^{κ+i} d · a^{μ·j} mod Q | j ∈ ω} = {x mod Q | x ≡ c · a^{κ+i} d mod ∏ p∈P_Q p^{min{ep,lp }}} . Multiplying both sides with d gives the assertion. ⊓⊔

Corollary 4.5 λ = μ^′ · ∏ p∈P_Q p max{e_p −l_p,0} = μ′ · aL_{a,b} . Proof. We know λ = order of a in (ZZ/QZZ)^∗. Hence μ^′ divides λ. Whenever μ^′ = μ the assertion follows since by Proposition 4.3 the order of a^μ in (ZZ/QZZ)^∗ is ∏ p∈P_Q p max{e_p−l_p ,0}. Let us assume μ^′ ≠ μ. Then e_2 = 1 and μ = 2 · μ^′. Fix a prime p ∈ P_Q. By Lemma 4.2 the order of a^μ in (ZZ/p^{ep} ZZ)^∗ is equal to p^{max{ep−lp ,0}}. The order of a^{μ′} in (ZZ/p^{ep} ZZ)^∗ must be the same or twice this number. But since p divides a^{μ′} − 1 by Lemma 4.2 the order of a^{μ′} in (ZZ/p^{ep} ZZ)^∗ must be a power of p. Hence it is p^{max{ep−lp ,0}} if p is odd. This is true for p = 2 too because e_2 = 1 implies

(ZZ/2^{e2}ZZ)^∗ = {1} and l2 ≥ 1 and hence 2^{max{e2−l2,0}} = 1 We obtain

order of a^{μ′} in (ZZ/QZZ)^∗ = ∏ p∈P_Q order of a^{μ′} in (ZZ/p^{ep} ZZ)^∗ = ∏ p∈P_Q p^{max{ep−lp ,0}} . This finishes the proof in the case μ^′ ≠ μ too. ⊓⊔

Proof of Theorem 3. Let c be an integer prime to b and set r := ν_a(^c_b mod 1). Let w ∈ Σ^{⌊La,b⌋}_a be an arbitrary word. Then for m ∈ ω we have r(m) . . . r(m + ⌊L_{a,b}⌋ − 1) = w if and only if (c · a^m mod b) lies in the interval b · I_w ⊆ [0; b) where I_w := {x ∈ [0; 1) | ν_a(x) begins with w} .

This interval has a left closed end and a right open end. The interval b · I_w has length b · a^{−⌊La,b⌋} ≥ b · a^{−La,b} = d · ∏ p∈P_Q p^{min{ep,lp }} . Hence by Corollary 4.4 for any i ∈ {0, . . ., μ^′ − 1} ⊆ {0, . . ., μ − 1} there is a j ∈ ω such that (c · a^{κ+i+μj} mod b) lies in this interval. Since r is periodic with period length λ, i.e. c · a^{κ+m} ≡ c · a^{κ+m+λ} mod b for all m ∈ ω , the number n := κ + (i + μj mod λ) ∈ {κ, . . . , κ + λ − 1} is the desired index. It satisfies n ≡ κ + i mod μ^′ because μ^′ divides μ and λ. ⊓⊔ Theorem 4 Let a, b ≥ 2 be integers and let Q be the maximal divisor of b that is prime to a. There is a constant K_{a,b} such that for any n ≥ 1 and any integer c prime to b all words in Σ^∗_a of length ≤ log_a(Q) · n − K_{a,b} occur in the periodic part of ν_a(^c_{bn} mod 1). Proof. Because of L_{a,b}n = ∑ p∈P_Q log_a(p) · max{ne_p − l_p, 0} ≥ ∑ p∈P_Q log_a(p) · (ne_p − l_p)

= log_a(Q) · n − ∑ p∈P_Q log_a(p) · l_p

Theorem 3 gives the assertion with K_{a,b} := ∑ p∈P_Q log_a(p) · l_p . ⊓⊔

Note that K_{a,b} < μ because a^{Ka,b} = ∏ p∈P_Q p l_p divides aμ − 1. The multi-

plicative constant log_a(Q) in Theorem 4 is optimal because for sufficiently large n the period length of ν_a(^c_{bn} mod 1) is Q^n times a constant while Σ^l_a contains a^l elements. But the additive constant K_{a,b} given in the proof can be improved in special cases.

Proposition 4.6 Let p be an odd prime and a ≥ 2 be a primitive root modulo p with a^{p−1} ≢ 1 mod p^2. For any n ≥ 1 and any integer c prime to p set r := ν_a(^c_{pn} mod 1) and

L^′_n := log_a(p) · n − log_a(2) .

Then for any w ∈ Σ^{⌊L′n ⌋}_a there is an index m < (p − 1)p^{n−1} with r(m) . . . r(m + ⌊L^′_n⌋ − 1) = w. Note that in this case κ = 0, i.e. r is purely periodic, λ = (p − 1)p^{n−1}, L_{a,p}n = log_a(p) · (n − 1) and the constant of Corollary 4 is equal to K_{a,b} = log_a(p) > log_a(2).

Proof. The group (ZZ/p^nZZ)^∗ has order (p − 1)p^{n−1}. Thus for a primitive root a modulo p the condition a^{p−1} ≢ 1 mod p^2 implies by Lemma 4.2 a) that a generates (ZZ/p^nZZ)^∗. Hence for c prime to p we have

{c · a^j mod p^n | j ∈ ω} = (ZZ/p^nZZ)^∗ = {x mod p^n | p ≢ 0 mod p} . This is an improvement of Corollary 4.4 for this special case. Since for any w ∈ Σ^{⌊L′n ⌋}_a the interval

p^n · I_w = p^n · {x ∈ [0; 1) | ν_a(x) begins with w}

has length p^n · a^{−⌊L′n⌋} ≥ 2 it contains a number (c·a^j mod p^n). For this integer j we have r(j) . . . r(j+⌊L^′_n⌋− 1) = w. Since (p − 1)p^{n−1} is the period length, the number m := j mod (p − 1)p^{n−1} is the desired index. ⊓⊔

An example is given by a = 2 and p = 3. For c not divisible by 3 the 2-adic expansion of c/3^n is purely periodic and has period length 2 · 3^{n−1}. By the last proposition it contains all words over {0, 1} of length ≤ log_2(3) · n − 1.

5 Nonequivalent Bases: Case I

The following result gives a constructive proof of Theorem 1.B in the case that b has a prime divisor not dividing a.

Theorem 5 Let a, b ≥ 2 be integers such that the maximal divisor Q of b that is prime to a is greater than 1. If (n_i)_{i∈ω} is a strictly increasing sequence of positive integers satisfying

n_{i+1} ≥ log_b(a) · Q^{ni} (1)

for infinitely many i then the real number ∑_∞ i=0 b^{−ni} is disjunctive to base a.

If the sequence (n_i)_{i∈ω} satisfies (1) for almost all i the number ∑_∞ i=0 b^{−ni} is certainly not disjunctive to base b. Or one could add the condition

n_{i+1} ≥ n_i + 2 for all i .

Then the b-adic expansion does not contain the word 11. If for example n_0 ≥ 1 and n_{i+1} ≥ 3^{ni} for infinitely many i then ∑_∞ i=0 3^{−ni} is disjunctive to base 2 but not to base 3.

We explain the basic idea for the example a = 2 and b = 3. Let us assume that (n_i)_{i∈ω} is a strictly increasing sequence. By the results in the last section, for this example especially by Proposition 4.6, we know that the periodic part plus a few more digits of ν_2( ∑_k i=0 3^{−ni} ) = ν_2( ∑_k i=0 3^{nk−ni} )/3^{nk} ) contains all words over {0, 1} of length ≤ log_2(3) · k − 1. Adding a very small term like ∑_∞ i=k+1 3

−n_i for an n

k+1 ≥ 3^{nk} does not change the first period and some more digits of ν_2( ∑_k i=0 3^{−ni} ). Hence also the 2-adic expansion of ∑_∞ i=0 3^{−ni} contains all words of length ≤ log_2(3) · k − 1. If this is true for infinitely many k then ν_2( ∑_∞ i=0 3^{−ni} ) must be disjunctive.

Remarks. 1. The growth condition (1) can be weakened to: ∃C > log_b(a) · (Q − 1)/Q with n_{i+1} ≥ C · Q^{ni} (2) for infinitely many i. In the proof we will give an even weaker more complicated condition. In special cases one can obtain still weaker growth conditions — with exponent approximately n_i/2 instead of n_i — by using the results in [Stoneham 1973].

2. We know more about ν_a( ∑_∞ i=0 b^{−ni} ) than that it is disjunctive. If n_i satisfies (1) or (2) and is sufficiently large then all words over Σ_a of length ≤ log_a(Q) · n_i − K_{a,b} appear in its prefix of length Q^{ni} .

In the following we prove Theorem 5. We assume that a, b ≥ 2 are integers and that a is not divisible by all prime divisors of b. We use the terminology of [Section 4].

Lemma 5.1 Let (n_i)_{i∈ω} be a strictly increasing sequence of integers. If for some m and some i n_{i+1} ≥ log_b(a) · m + n_i + log_b( ab b − 1 ) (3)

then the prefixes of length m of ν_a( ∑_i j=0 b^{−nj} ) and of ν_a( ∑_∞ j=0 b^{−nj} ) are identical.

Proof. Fix an m and an i satisfying (3). Let v be the prefix of length m of ν_a( ∑_i j=0 b^{−nj} ). We have to show that the difference between the infinite sum and the finite sum is so small that adding it to the finite sum does not change the prefix v of the a-adic expansion of the finite sum. We compute ∞∑ j=i+1 b^{−nj} ≤ b b − 1 · b^{−ni+1} ≤ b b − 1 · b^{− logb (a)·m−ni−logb ( abb−1 )} = a^{−m−1} · b^{−ni}

This term is so small that only a carry could change the first m digits of the finite sum when we add it. We show that such a carry does not occurr. Let w := (a − 1)^{⌊loga(b)·ni⌋+1} ∈ Σ^{⌊loga(b)·ni⌋+1} a . The interval b^{ni} · I_w = b^{ni} · {x ∈ [0; 1) | ν_a(x) begins with w} contains no integer because its (open !) right end is the integer b^{ni} and its length is b^{ni} · a^{−⌊loga(b)·ni⌋−1} < 1 . Hence for any integer c prime to b the a-adic expansion of (^c_{bni} mod 1) does not contain the word w. Especially

ν_a( i∑ j=0 b^{−nj} )(m) . . . ν_a( i∑ j=0 b^{−nj} )(m + |w| − 1) ≠ w . We conclude i∑ j=0 b^{−nj} ≤ ν^{−1}_a (v0^ω ) + a^{−m} − a^{−m−⌊loga (b)·ni⌋−1} < ν^{−1}_a (v0^ω ) + a^{−m} − a^{−m−1} · b^{−ni} Combining this with the estimation for the rest from above we obtain ∞∑ j=0 b^{−nj} < ν^{−1}_a (v0^ω ) + a^{−m} .

This implies that v is the prefix of length m of ν_a( ∑_∞ j=0 b^{−nj} ). ⊓⊔ In the following we assume that b has a prime divisor not dividing a. Q, d, P_Q, and μ are defined as in [Section 4]. For a positive integer n we define G(n) := min{m | d^n|a^m} + μ ∏ p∈P_Q p l_p · Q n + ⌊L_{a,b}n ⌋ − μ . Corollary 5.2 Let (n_i)_{i∈ω} be a strictly increasing sequence of positive integers. If for some sufficiently large n_i

n_{i+1} ≥ log_b(a) · G(n_i) + n_i + log_b( ab b − 1 ) (4)

holds true then the prefix of length G(n_i) of ν_a( ∑_∞ j=0 b^{−nj} ) contains all words over Σ_a of length ⌊L_{a,b}ni ⌋.

Proof. This is an immediate consequence of the last lemma (with m := G(n_i)) and of Theorem 3.

The first summand min{m | d^{ni} |a^m} in G(n_i) is the length of the preperiodic part of ν_a( ∑_i j=0 b^{−nj} ). The second summand^μ∏_{p∈P} Q p^{lp} · Q n_i is its period length

if n_i is sufficiently large. Namely, then one has n_i · e_p ≥ l_p for all prime divisors of Q, and one can replace μ^′ by μ because n_i · e_2 ≠ 1. Theorem 3 states that the subword of length period length + ⌊L_{a,b}ni ⌋ − μ starting at index min{m | d^{ni} |a^m} in ν_a( ∑_i j=0 b^{−nj} ) contains all words over Σ_a of length ⌊L_{a,b}ni ⌋. ⊓⊔ Corollary 5.3 Let (n_i)_{i∈ω} be a strictly increasing sequence of positive integers satisfying (4) for infinitely many i. Then the real number ∑_∞ i=0 b^{−ni} is disjunctive to base a.

Proof. Immediate by the last corollary because L_{a,b}ni ≥ log_a(Q) · n_i − K_{a,b} (see the proof of Theorem 4). ⊓⊔

Proof of Theorem 5. In order to finish the proof of Theorem 5 we only have to show that for sufficiently large n_i Condition (2) for a fixed constant C > log_b(a) · (Q − 1)/Q implies (4). Of course (1) implies (2) with C = log_b(a).

All summands in G(n_i) and hence in the right side of (4) are constant or grow linearly with n_i except for^μ∏_{p∈P} Q p^{lp} · Q n_i . This grows exponentially with

n_i. The constant factor can be estimated: μ ∏ p∈P_Q p l_p ≤ l.c.m.{p − 1 | p ∈ P_Q odd} ∏ p∈P_Q p ≤ Q − 1 Q . (Note that l_p ≥ 1 for all p ∈ P_Q and l_2 ≥ 2 if 2 ∈ P_Q.) Hence for sufficiently large n_i Condition (2) implies (4). This finishes the proof of Theorem 5. Finally the last estimation also gives the assertion of Remark 2. ⊓⊔

A real number x is called a Liouville number if it is not rational and for each n ∈ ω there are integers p_n and q_n > 0 such that |x − p_n q_n | < 1 q^n . Liouville numbers are transcendental (cf. e.g. [Bundschuh 1992]).

Lemma 5.4 Let (n_i)_{i∈ω} be a strictly increasing sequence of positive integers satisfying n_{i+1} ≥ i · n_i + 1 (5)

for infinitely many i. Then ∑_∞ i=0 b^{−ni} is a Liouville number.

Proof. For any i satisfying (5) we have | | | | | ∞∑ i=0 b^{−ni} − ∑_i j=0 b^{ni−nj} b^{ni} | | | | | = | | | | | ∞∑ j=i+1 b^{−nj} | | | | | ≤ b^{−ni+1} · b b − 1 ≤ b^{−ni+1+1} ≤ 1 (b^{ni} )^i .

Since this is true for infinitely large i the sum ∑_∞ i=0 b^{−ni} is a Liouville number. ⊓⊔ Hence the numbers ∑_∞ i=0 b^{−ni} considered in Theorem 5 are Liouville numbers.

6 Nonequivalent Bases: Case II

In this section we assume that a, b ≥ 2 are integers with a ≁ b but that each prime divisor of b divides a. We shall show how one can construct sequences (n_i)_{i∈ω} such that the sum ∑_∞ i=0 b^{−ni} is disjunctive to base a but not to base b.

We write a = ∏ p prime p d_p , b = ∏ p prime p e_p . Our assumption is (e p ≠ 0 =⇒ d_p ≠ 0). Hence

ϑ := max{ e_p d_p | e_p ≠ 0} exists. Note that a ≁ b implies log_a(b) < ϑ. By the next lemma for any n ∈ ω only a finite block of digits in ν_a(b^{−n}) can be nonzero.

Lemma 6.1 For any n ∈ ω ν_a(b^{−n})(j) ≠ 0 =⇒ ⌈n · log_a(b)⌉ − 1 ≤ j ≤ ⌈n · ϑ⌉ − 1 . Proof. If ν_a(b^{−n})(j) ≠ 0 then a^{−(j+1)} ≤ b^{−n} and b^n does not divide a^j. Because of min{k | b^n divides a^k} = ⌈n · ϑ⌉ (6)

the assertion follows. ⊓⊔

Hence, if a sequence (n_i)_{i∈ω} grows sufficiently fast then the blocks of possibly nonzero digits of the summands b^{−ni} do not overlap in ν_a( ∑_∞ i=0 b^{−ni} ). This can be used for the construction of disjunctive numbers.

Proposition 6.2 Let (n_i)_{i∈ω} be a strictly increasing sequence of positive integers satisfying ⌈n_{i+1} · log_a(b)⌉ − 1 ≥ ⌈n_i · ϑ⌉ (7)

for almost all i. Furthermore assume that the topological closure of the set M := { ( a^j b^{ni} mod 1 ) | i ∈ ω, ⌈n_i · log_a(b)⌉ − 1 ≤ j ≤ ⌈n_i · ϑ⌉ − 1} contains an interval of positive length. Then the real number ∑_∞ i=0 b^{−ni} is disjunctive to base a but not to base b.

Proof. The b-adic expansion ν_b( ∑_∞ i=0 b^{−ni} ) cannot be disjunctive because (7) and log_a(b) < ϑ imply that the sequence (n_i) grows exponentially fast.

Let i_0 be a constant such that (7) holds true for all i ≥ i_0. Because of (6) nonzero digits in ν_a( ∑_{i0} j=0 b^{−nj} ) appear only in the prefix of length ⌈n_{i0} · ϑ⌉. By Lemma 6.1 for i > i_0 the blocks of possibly nonzero digits in ν_a(b^{−ni} ) do not overlap with this prefix or with each other. Hence for i > i_0 we obtain

ν_a( ∞∑ l=0 b^{−nl} )(j) = ν_a(b^{−ni} )(j) for ⌈n_i · log_a(b)⌉ − 1 ≤ j ≤ ⌈n_i · ϑ⌉ − 1, i.e. the block of possibly nonzero digits in ν_a(b^{−ni} ) is a subword of ν_a( ∑_∞ j=0 b^{−nj} ). Let w ∈ Σ^∗_a be an arbitrary word. By our second assumption there is an i > i_0 and a j ∈ {⌈n_i · log_a(b)⌉ − 1, . . . , ⌈n_i · ϑ⌉ − 1} such that ν_a(^{aj}_{bni} mod 1) contains the word w1. Then w1 is a subword of the block of possibly nonzero digits in ν_a(b^{−ni} ) and hence a subword of ν_a( ∑_∞ l=0 b^{−nl} ). So this must be disjunctive. ⊓⊔

Remark. It is easy to see that the closure of the set M in Proposition 6.2 automatically contains the unit interval [0; 1] if it contains an interval of positive length. Namely, if the closure of M contains an interval of positive length then it contains an interval I_v := {x ∈ [0; 1) | ν_a(x) begins with v} for some v ∈ Σ^∗_a . Then for any w ∈ Σ^∗ there are a number n_i and a j ≥ ⌈n_i · log_a(b)⌉ − 1 such that ν_a(^{aj}_bn_i mod 1) begins with vw1. Hence ν_a(^{aj+|v|}_bn_i mod 1) begins with w1. By

Lemma 6.1 we see j + |v| + |w| ≤ ⌈n_i · ϑ⌉ − 1. Hence also (^{aj+|v|}_bn_i mod 1) lies in M . Since this is true for all w ∈ Σ^∗ the set M is dense in [0; 1].

By the next proposition there are indeed uncountably many sequences (n_i)_{i∈ω} satisfying the assumptions of Proposition 6.2. One can even choose them to grow arbitrarily fast or to fulfill further conditions like n_{i+1} ≥ i · n_i + 1 for infinitely many i (then ∑_∞ j=0 b^{−nj} is a Liouville number by Lemma 5.4) or n_{i+1} ≥ n_i + 2 for all i (then ν_b( ∑_∞ j=0 b^{−nj} ) does not contain the word 11). The next proposition states that for any word w with

I_w ∩ ( 1 a ; 1) ≠ ∅

where I_w := {x ∈ [0; 1) | ν_a(x) begins with w} there are arbitrarily large integers n such that ν_a(^1_{bn} ) begins with 0^{⌈n·loga(b)⌉−1}w.

Proposition 6.3 Let a, b > 1 be real numbers with a ≁ b. Then the set { a^{⌈n·loga(b)⌉−1} b^n | n ≥ 1} is a dense subset of the interval (^1_a ; 1).

Proof. It is easy to see that for an irrational number x > 0 the sequence (m · x)_{m∈ω} is dense modulo 1, i.e. the set {(m · x mod 1) | m ∈ ω} is a dense subset of [0; 1) (in fact the sequence (m · x)_{m∈ω} is uniformly distributed modulo 1, see

[Kuipers and Niederreiter 1974]). Hence for irrational x > 0 the set {m · x − n | m, n ∈ ω} is a dense subset of IR.

Our assumption a ≁ b is equivalent to “log_b(a) is irrational”. Thus, by setting x := log_b(a) and multiplying with ln(b) we conclude that {m · ln(a) − n · ln(b) | m, n ∈ ω} is dense in IR. Exponentiating we see that {^{am}_{bn} | m, n ∈ ω} is a dense subset of the positive real numbers. The number^{am}_{bn} is in (^1_a ; 1) if and only if n ≠ 0 and m = ⌈n · log_a(b)⌉ − 1. Hence the assertion follows. ⊓⊔

The last proposition could be used for the construction of numbers disjunctive to a base a but not to b also in the case that not all prime divisors of b divide a, which was considered in the last section. In that case one cannot use Proposition 6.2. Instead one has to use the fact that ν_a(^c_{bn} ) is periodic. But this idea will probably not lead to a better construction than the one in Theorem 5. Hence we do not pursue this idea.

The next results are obtained by combining Proposition 6.2 and Lemma 4.2 resp. Proposition 4.3.

Theorem 6 Let b ≥ 2 be an integer. Then the number ∑_∞ i=0 b^{−i!−i} is disjunctive to all bases a with a ≁ b that are divisible by all prime divisors of b.

Obviously ν_b( ∑ b^{−i!−i}) is not disjunctive. The numbers of the form as in this theorem are Liouville numbers by Lemma 5.4. Before we give the proof we formulate a result which is obtained by a similar method.

Theorem 7 Let a = ∏ p prime p d_p ≥ 2 and b = ∏ p prime p e_p ≥ 2 be integers with

a ≁ b and (e_p ≠ 0 =⇒ d_p ≠ 0). Let ϑ := max{^{ep}_{dp} | e_p ≠ 0} and let c > ϑ · log_b(a) be an integer which is not divisible by any prime p with^{ep}_{dp} = ϑ.

Then the real number ∑_∞ i=0 b^{−ci} is disjunctive to base a but not to base b.

For example ν_6( ∑_∞ i=0 2^{−ci} ) is disjunctive if c ≥ 3 is odd, and the ω-word ν_{2100}( ∑_∞ i=0 60^{−ci} ) is disjunctive if c ≥ 2 is odd and not divisible by 3.

For the proof of the last two theorems we need a lemma which is a special and technical application of Proposition 4.3. The basic idea is that for two integers r, s ≥ 2 prime to each other the finite set {^{ri}_{sn} mod 1 | i ∈ ω} is tending to be a dense subset of [0; 1] for n tending to infinity. We write ord_y(x) for the order of x in (ZZ/yZZ)^∗.

Lemma 6.4 Let r, s_1 ≥ 2, t_1 ≥ 1 be integers with (r, s_1) = 1, (r, t_1) = 1. Let m_b ≥ 1 be an integer and N ⊆ ω be a set such that for each m ≥ m_b and for each j ∈ ω the set {k ∈ N | k ≡ j mod ord_sm_{1 ·t1} (r)} is infinite. Furthermore let q ≥ 1 be any integer and s_2, t_2 ≥ 1 be products of the prime divisors of r.

Then there is an m_e ≥ m_b such that for any m ≥ m_e there exists an integer q_m such that for each j ∈ ω the set

{k ∈ N | q · r^k ≡ q · q_m · s^m_2 t_2 + j · s^{me}_1 s^m_2 t_1t_2 mod s^m_1 s^m_2 t_1t_2}

is infinite. If s_2 = 1 then q_m = q_0 for all m ≥ m_e.

Proof. Proposition 4.3 implies that there is an integer m_1 ≥ m_b such that for all m ≥ m_1 and all j ∈ ω the set {k ∈ N | r^k ≡ 1 + j · s^{m1}_1 t_1 mod s^m_1 t_1} is infinite. If k is sufficiently large then s^m_2 t_2 divides r^k. Hence for any j ∈ ω the set N_j := {k ∈ N | r^k ≡ 0 mod s^m_2 t_2 and r^k ≡ 1 + j · s^{m1}_1 t_1 mod s^m_1 t_1} is infinite. With

q_m := the smallest positive integer x with x · s^m_2 t_2 ≡ 1 mod s^{m1}_1 t_1 we define

Ñ_j := {k ∈ N | r^k ≡ q_m · s^m_2 t_2 + j · s^m1_1 s^m_2 t_1t_2 mod s^m_1 s^m_2 t_1t_2} . We claim that {N_j | j ∈ ω} = {Ñ_j | j ∈ ω} . (8) By the Chinese remainder theorem for any j ∈ ω there is a unique y_j ∈ {0, . . ., s^m_1 s^m_2 t_1t_2 − 1} with N_j = {k ∈ N | r^k ≡ y_j mod s^m_1 s^m_2 t_1t_2} .

These numbers y_j are exactly the s^{m−m1} numbers

y ∈ {0, . . ., s^m_1 s^m_2 t_1t_2 − 1} with y ≡ 0 mod s^m_2 t_2 and y ≡ 1 mod s^{m1}_1 t_1 . (9) On the other hand the s^{m−m1} numbers ỹ_j := q_m · s^m_2 t_2 + j · s^{m1}_1 s^m_2 t_1t_2 mod s^m_1 s^m_2 t_1t_2 for j ∈ {0, . . ., s^{m−m1} − 1} are pairwise different and fulfill (9). Hence Claim (8) is proved.

Multiplying the congruence equation in the definition of Ñ_j with q can only enlarge the set:

Ñ_j ⊆ {k ∈ N | q · r^k ≡ q · q_m · s^m_2 t_2 + j · qs^m1_1 s^m_2 t_1t_2 mod s^m_1 s^m_2 t_1t_2} . So this set must be infinite for each j ∈ ω. Finally there is an m_e ≥ m_1 such that for m ≥ m_e {j · s^{me}_1 s^m_2 t_1t_2 mod s^m_1 s^m_2 t_1t_2 | j ∈ ω} ⊆ {j · qs^{m1}_1 s^m_2 t_1t_2 mod s^m_1 s^m_2 t_1t_2 | j ∈ ω} . This proves the assertion. Note that q_m does not depend on m if s_2 = 1. ⊓⊔ Proof of Theorem 6. Let a = ∏ p prime

p^{dp} ≥ 2 and b = ∏ p prime p^{ep} ≥ 2 be integers with a ≁ b and (e_p ≠ 0 =⇒ d_p ≠ 0). We write ϑ = max{^{ep}_{dp} | e_p ≠ 0} in lowest terms: ϑ = ϑ_n ϑ_d with (ϑ_n, ϑ_d) = 1 . Let P := {p | p prime and e_p d_p = ϑ}, P := ∏ p∈P p^{dp} , Q := a P . Then b^{ϑd} divides a^{ϑn} , and the integer^{aϑn}_{bϑd} is prime to P but divisible by all prime divisors of Q. We apply Lemma 6.4 to

r := a^{ϑn} b^{ϑd} , s_1 := P, t_1 := 1, m_b := 1, N := { (i · ϑ_d)! ϑ_d + i | i ∈ ω} . s_2 := Q, t_2 := 1, q := 1 .

This gives us an integer m_e and for each m ≥ m_e an integer q_m such that the set {i ∈ ω | ( a^{ϑn} b^{ϑd} )^{(i·ϑd)!}_{ϑd +i} ≡ q_m · Q^m + j · P^{me} Q^m mod a^m}

is infinite for each j ∈ ω. For the i in this set we compute a^{((iϑd )!+iϑd )·ϑ−m} b^{((iϑd)!+iϑd )} = ( a^{ϑn} b^{ϑd} )^{(i·ϑ}d^{)!}_{ϑd +i} · 1 a^m ≡ q_m · Q^m · 1 a^m + j · 1 P^{m−me} mod 1 .

For any fixed m ≥ m_e and for sufficiently large i these last numbers are contained in the set M defined in Proposition 6.2 (for n_k := k! + k) because for sufficiently large i we have

((iϑ_d)! + iϑ_d) · ϑ − m ≥ ⌈((iϑ_d)! + iϑ_d) · log_a(b)⌉ − 1 .

Hence for any m ≥ m_e each closed interval I ⊆ [0; 1] of length ≥^1_{P m−me} contains at least one element of M . Thus, the closure of M contains [0; 1]. By Proposition 6.2 the number ∑_∞ i=0 b^{−i!−i} is disjunctive to base a and not disjunctive to base b. ⊓⊔

Proof of Theorem 7. We wish to apply Lemma 6.4 and Proposition 6.2 in the same manner as in the last proof. In fact we apply Lemma 6.4 two times.

Again we write ϑ = max{^{ep}_{dp} | e_p ≠ 0} in lowest terms: ϑ = ϑ_n ϑ_d with (ϑ_n, ϑ_d) = 1 .

We write the denominator ϑ_d as a product ϑ_d = α · β where α is the maximal divisor of ϑ_d that is prime to c. Furthermore

j_0 := min{j | β|c^j }, i_0 := ord_α(c) .

Then ϑ_d divides c^{j0} · (c^{i·i0} − 1) for any i ∈ ω. We define P, P , and Q as in the last proof:

P := {p | p prime and e_p d_p = ϑ}, P := ∏ p∈P p^{dp} , Q := a P .

Note that our assumption about c implies (P, c) = 1. Again^{aϑn}_{bϑd} is an integer which is prime to P and divisible by all prime divisors of Q. By Proposition 4.3 we know that there are integers m_1 and K such that for m ≥ m_1

order of a^{ϑn} b^{ϑd} in (ZZ/P^mZZ)^∗ = K · P^{m−m1} .

We write K = K_1 · K_2 where K_1 is the maximal divisor of K that is prime to c (and K_2 is a product of prime divisors of c).

At first we apply Lemma 6.4 to

r := c^{i0} , s_1 := P, t_1 := α · K_1, m_b := 1, N := ω, s_2 := 1, t_2 := K_2,

q := c^{j0} β . We obtain m^′_e and a q^′_0 (note that s_2 = 1) such that for each m ≥ m^′_e and for any j ∈ ω the set N^{(m)}_j := {i ∈ ω | c^{j0} β · c^{i·i0} ≡ c^{j0} β · q^′_0 · K_2 + j · αKP^{m′e} mod αKP^m} is infinite. As α divides c^{i·i0} − 1 it must divide q^′_0 · K_2 − 1 too. Hence this set is equal to N^{(m)}_j = {i ∈ ω | c^{j0} · (c^{i·i0} − 1) ϑ_d ≡ c^{j0} · (q^′_0 · K_2 − 1) ϑ_d + j · KP^{m′e} mod KP^m} .

This means that we can apply Lemma 6.4 a second time, now to:

r := ( a^{ϑn} b^{ϑd} )_{KP}^{m′}e , s_1 := P, t_1 := 1, m_b := m^′_e + m_1, N := { c^{j0} · (c^{i·i0} − q^′_0 · K_2) ϑ_dKP^{m′e} | i ∈ ω and ϑ_dKP^{m′e} divides c^{j0} · (c^{i·i0} − q^′_0 · K_2)} , s_2 := Q, t_2 := 1,

q := a^{⌈cj0 ·ϑ⌉} b^{cj0} · ( a^{ϑn} b^{ϑd} )^{cj0 ·(q′}0^{·K2−1)} ϑd . Note that for m ≥ m^′_e + m_1 the order of r in (ZZ/P^mZZ)^∗ is P^{m−m′e−m1} . This second application of Lemma 6.4 gives us an m_e and for each m ≥ m_e a q_m such that for any j ∈ ω the set {i ∈ ω | a^{⌈cj0 ·ϑ⌉} b^{cj0} · ( a^{ϑn} b^{ϑd} )^{cj0 ·(ci·i0 −1)} ϑd

≡ a^{⌈cj0 ·ϑ⌉} b^{cj0} · ( a^{ϑn} b^{ϑd} )^{cj0 ·(q′}0^{·K2−1)} ϑd · q_m · Q^m + j · P^{me} Q^m mod a^m}

is infinite. For the i in this set we compute a^{⌈ci·i0+j0 ·ϑ⌉−m} b^{ci·i0+j0} = a^{⌈cj0 ·ϑ⌉} b^{cj0} · ( a^{ϑn} b^{ϑd} )^{cj0 ·(ci·i0 −1)} ϑd · 1 a^m ≡ T_m · 1 a^m + j · 1 P^{m−me} mod 1

where the term T_m does not depend on j. For any fixed m ≥ m_e and for sufficiently large i the numbers a^{⌈ci·i0+j0 ·ϑ⌉−m} b^{ci·i0+j0} mod 1

are contained in the set M defined in Proposition 6.2 (for n_k := c^k) because for sufficiently large i we have ⌈c^{i·i0+j0} · ϑ⌉ − m ≥ ⌈c^{i·i0+j0} · log_a(b)⌉ − 1 . Hence for any m ≥ m_e each closed interval I ⊆ [0; 1] of length ≥^1_{P m−me} contains at least one element of M . Thus, the closure of M contains [0; 1]. By Proposition 6.2 (here we use the assumption c > ϑ · log_b(a)) the number ∑_∞ i=0 b^{−ci} is disjunctive to base a and not disjunctive to base b. ⊓⊔

7 References

References

[Bundschuh 1992] P. Bundschuh: “Zahlentheorie”; Springer, Berlin (1992). [Calude 1994] C. Calude: “Information and randomness”; Springer, Berlin (1994). [Calude and Jürgensen 1994] C. Calude, H. Jürgensen: “Randomness as an invariant for number representations”; in H. Maurer, J. Karhumäki, G. Rozenberg (eds.): Results and Trends in Theoretical Computer Science, Springer, Berlin (1994), 44– 66. [Cassels 1959] J. W. S. Cassels: “On a problem of Steinhaus about normal numbers”;

Colloquium Math., 7 (1959), 95–101.

[El-Zanati and Transue 1990] S. I. El-Zanati, W. R. R. Transue: “On dynamics of certain Cantor sets”; J. of Number Theory, 36 (1990), 246–253.

[Hertling 1995] P. Hertling: “Disjunctive ω-words and real numbers”; Informatik Berichte 180, Fernuniversität Hagen (1995).

[Jürgensen and Thierrin 1988] H. Jürgensen, G. Thierrin: “Some structural properties of ω-languages”; Proceedings, 13th National School with International Participation: Applications of Mathematics in Technology, Sofia (1988), 56–63.

[Jürgensen, Shyr, Thierrin 1983] H. Jürgensen, H.-J. Shyr, G. Thierrin: “Disjunctive ω–languages”; EIK – Journal of Information Processing and Cybernetics, 19 (1983), 267–278.

[Knuth 1981] D. E. Knuth: “The art of computer programming, Vol. 2, Seminumerical algorithms”; 2nd ed., Addison-Wesley, Reading Massachusetts (1981).

[Kuipers and Niederreiter 1974] L. Kuipers, H. Niederreiter: “Uniform distribution of sequences”; Wiley, New York (1974).

[Schmidt 1960] W. M. Schmidt: “On normal numbers”; Pac. J. Math., 10 (1960), 661– 672.

[Schmidt 1962] W. M. Schmidt: “Über die Normalität von Zahlen zu verschiedenen Basen”; Acta Arithmetica, 7 (1962), 299–309.

[Stoneham 1964] R. G. Stoneham: “The reciprocals of integral powers of primes and normal numbers”; Proc. Amer. Math. Soc., 15 (1964), 200–208.

[Stoneham 1973] R. G. Stoneham: “On the uniform ε–distribution of residues within the periods of rational fractions with applications to normal numbers”; Acta Arithmetica, 22 (1973), 371–389.

[Weihrauch 1995] K. Weihrauch: “Random real numbers”; unpublished manuscript, Fernuniversität Hagen (January 1995), 11 pages.