
G�#2H *Hmbi2`BM; 7Q` � LQp2H S`Q#H2K h`�Mb7Q`K�iBQM BM

JmHiB@H�#2H *H�bbB}+�iBQM

aK�BH a2HH�?

U*A�. lJ_ d8jj lMBpX "Qm`;Q;M2 6`�M+?2@*QKi2- lh"J- "2H7Q`i- 6`�M+2

�M/

>hA �miQKQ#BH2 ;`QmT2 �SaA.1- 6`�M+2

bK�BHXb2HH�?!mi#KX7`V

oBM+2Mi >BH�B`2

U*A�. lJ_ d8jj lMBpX "Qm`;Q;M2 6`�M+?2@*QKi2- lh"J- "2H7Q`i- 6`�M+2

pBM+2MiX?BH�B`2!mi#KX7`V

�#bi`�+i, .Q+mK2Mi +H�bbB}+�iBQM Bb � H�`;2 #Q/v Q7 b2�`+?- K�Mv �TT`Q�+?2b r2`2
T`QTQb2/ 7Q` bBM;H2 H�#2H �M/ KmHiB@H�#2H +H�bbB}+�iBQMX q2 7Q+mb QM i?2 KmHiB@H�#2H +H�b@
bB}+�iBQM KQ`2 T`2+Bb2Hv i?Qb2 K2i?Q/b i?�i i`�Mb7Q`K�iBQM KmHiB@H�#2H +H�bbB}+�iBQM
BMiQ bBM;H2 H�#2H +H�bbB}+�iBQMX AM i?Bb T�T2`- r2 T`QTQb2 � MQp2H T`Q#H2K i`�Mb7Q`K�iBQM
i?�i H2p2`�;2 H�#2H /2T2M/2M+vX q2 mb2/ _2mi2`b@kR8d3 +Q`Tmb i?�i Bb �KQM; i?2 KQbi
mb2/ 7Q` i2ti +�i2;Q`Bx�iBQM �M/ +H�bbB}+�iBQM `2b2�`+?X _2bmHib b?Qr i?�i Qm` �TT`Q�+?
BKT`Qp2b i?2 /Q+mK2Mi +H�bbB}+�iBQM �i H2�bi #v 3W `2;�`/BM; QM2@pb@�HH +H�bbB}+�iBQMX

E2v qQ`/b, *H�bbB}+�iBQM- *Hmbi2`BM;- 62�im`2 2ti`�+iBQM- PMiQHQ;v

*�i2;Q`v, AX8- AXkXe

R AMi`Q/m+iBQM

LQr�/�vb- +QKT�MB2b �`2 /2�HBM; rBi? � H�`;2 �KQmMi Q7 /�i� �M/ i?2b2 /�i�

F22Tb ;`QrBM; BM bBx2- A.*- BM Bib r?Bi2 T�T2` M�K2/ .�i� �;2 kyk8- 7Q`2+�bib

i?�i- #v kyk8- �HKQbi eyW Q7 h?2 ;HQ#�H .�i�bT?2`2 rBHH #2 T`Q/m+2/ #v +QKT�@

MB2b (:�Mix �M/ _v/MBM;- kyRd)X 1tTHQBiBM; i?Bb �KQmMi Q7 /�i� Bb � +?�HH2M;BM;

i�bF BM K�Mv /QK�BMb HBF2 BM7Q`K�iBQM `2i`B2p�H- /�i� KBMBM; �M/ K�+?BM2 H2�`M@

BM;X h2tim�H /�i� �`2 i?2 KQbi T`2/QKBM�Mi ivT2 Q7 /�i� BM +QKT�MB2b- i?mb- r2

7Q+mb QM BiX

Pm` ;HQ#�H rQ`F �BKb iQ #mBH/ � b2K�MiB+ `2T`2b2Mi�iBQM Q7 /Q+mK2Mib #v mb@

BM; � b2K�MiB+ bi`m+im`2 �miQK�iB+�HHv +QMbi`m+i2/ 7`QK � +Q`Tmb Q7 /Q+mK2MibX

"�b2/ QM i?Bb `2T`2b2Mi�iBQM- r2 �BK iQ /2}M2 � K2+?�MBbK i?�i �miQK�iB+�HHv

Q`;�MBx2 /Q+mK2Mib BMiQ +Hmbi2`b Q7 b2K�MiB+�HHv `2H�i2/ /Q+mK2MibX q2 #2HB2p2

i?Bb Q`;�MBx�iBQM rBHH 2�b2 i?2 /2bB;M Q7 �M BM7Q`K�iBQM `2i`B2p�H bvbi2K r?B+?

rBHH �HHQr mb iQ 2tTHQBi /Q+mK2Mi b2K�MiB+ /m`BM; `2[m2bib �M/ /Q+mK2Mib KBM@

BM;X

� +H�bbB+�H `2T`2b2Mi�iBQM Q7 � /Q+mK2Mi Bb � p2+iQ`- r?2`2 2�+? 2H2K2Mi Q7 i?2

p2+iQ` `2T`2b2Mib i?2 r2B;?i Q7 � i2`K `2bT2+iBp2Hv iQ i?2 /Q+mK2MiX h?2 bBx2 Q7
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i?2 p2+iQ` /2T2M/b QM i?2 bBx2 Q7 i?2 /B+iBQM�`v mb2/ iQ /2b+`B#2 /Q+mK2MibX h?2

/B+iBQM�`v +�M #2 i?2 b2i Q` � bm#b2i Q7 �HH rQ`/b T`2b2Mi BM i?2 +Q`TmbX h?2 r2B;?i

Q7 � rQ`/ +�M #2 /2}M2/ �b 2Bi?2` Bib 7`2[m2M+v BM i?2 /Q+mK2Mi Q` h6@A.6 Ui2`K

7`2[m2M+v BMp2`b2 /Q+mK2Mi 7`2[m2M+vVX h?2 H�ii2` /2}MBiBQM Bb KQ`2 TQTmH�`-

Bi ;Bp2b KQ`2 BKTQ`i�M+2 7Q` rQ`/b Q++m``BM; b2p2`�H iBK2 BM i?2 /Q+mK2Mi �M/

H2bb BKTQ`i�M+2 iQ rQ`/b Q++m``BM; BM K�Mv /Q+mK2MibX h?Bb �TT`Q�+? ?�b K�Mv

HBKBi�iBQMb- QM2 Q7 i?2b2 HBKBi�iBQMb Bb i?�i irQ /Q+mK2Mib /2b+`B#BM; � b�K2 B/2�

rBi? /Bz2`2Mi rQ`/b UbvMQMvKbV �`2 MQi +QMbB/2`2/ bBKBH�`bX

AM Q`/2` iQ i�+FH2 i?2b2 HBKBi�iBQMb- K�Mv rQ`Fb r2`2 T`QTQb2/X h?2v +�M

#2 /BpB/2/ BMiQ irQ +�i2;Q`B2b- bmT2`pBb2/ �M/ mMbmT2`pBb2/ H2�`MBM;X AM mMbm@

T2`pBb2/ H2�`MBM;- bQK2 �mi?Q`b T`QTQb2/ � M2r /Q+mK2Mi `2T`2b2Mi�iBQM r?B+?

+QMbBbib BM, `2/m+BM; i?2 bBx2 Q7 72�im`2b (_QmH- kyR3) Q` i�FBM; �/p�Mi�;2 Q7 b2@

K�MiB+ BM /Q+mK2Mib (>Qi?Q 2i �HX- kyyj-q�M; �M/ EQQTK�M- kyRd-_QK2Q 2i �HX-

kyR9) Q` #Qi? (ai��# �M/ >Qi?Q- kyyj-a2HH�? �M/ >BH�B`2- kyR3#)X AM bmT2`pBb2/

H2�`MBM;- K�Mv rQ`Fb i`v iQ `2/m+2 i?2 /BK2MbBQM�HBiv Q7 i?2 /Q+mK2Miöb 72�@

im`2b- i?2b2 rQ`Fb +�M #2 Q`;�MBx2/ BMiQ irQ +�i2;Q`B2b- 72�im`2b 2ti`�+iBQM �M/

72�im`2b b2H2+iBQMX 62�im`2b 2ti`�+iBQM i`�Mb7Q`Kb i?2 BMBiB�H ?B;? /BK2MbBQM�H

/Q+mK2Mi p2+iQ` BMiQ � HQr2` /BK2MbBQM�H /Q+mK2Mi p2+iQ`- r?BH2 72�im`2b b2@

H2+iBQM b2H2+ib � bm#b2i Q7 BMBiB�H 72�im`2b b2iX

AM (a2HH�? �M/ >BH�B`2- kyR3�)- r2 T`QTQb2/ �M �TT`Q�+? 7Q` #mBH/BM; �M QM@

iQHQ;v �miQK�iB+�HHv 7`QK � +Q`Tmb Q7 /Q+mK2Mib- r2 +QMbi`m+i rQ`/ +Hmbi2`b Q7

b2K�MiB+�HHv +HQb2 rQ`/b- r2 #2HB2p2 i?�i i?2b2 rQ`/ +Hmbi2`b rBHH ?2HT mb iQ +�T@

im`2 +QM+2Tib Q` pQ+�#mH�`v `2H�i2/ iQ +QM+2TibX AM Qm` T`2pBQmb rQ`F (a2HH�? �M/

>BH�B`2- kyR3#) r?B+? +�M #2 +�i2;Q`Bx2/ �b mMbmT2`pBb2/ H2�`MBM;- r2 T`QTQb2/

� M2r /Q+mK2Mi `2T`2b2Mi�iBQM- Biöb #�b2/ mTQM rQ`/ +Hmbi2`b 2ti`�+i2/ 7`QK

/Q+mK2Mib #v mbBM; Qm` K2i?Q/ T`2b2Mi2/ BM (a2HH�? �M/ >BH�B`2- kyR3�)- 2�+?

rQ`/ +Hmbi2` Bb +QMbB/2`2/ �b � 72�im`2X lbBM; rQ`/ +Hmbi2`b �b /Q+mK2Mi 72�@

im`2b ?�b b2p2`�H �/p�Mi�;2b- }`bi Bi `2/m+2b i?2 /B+iBQM�`v bBx2 #v F22TBM; QMHv

rQ`/b r?B+? ?�p2 � bi`QM; b2K�MiB+ `2H�iBQMb?BT #2ir22M i?2KX �M/ #v +Hmbi2`@

BM; rQ`/b BMiQ +Hmbi2`b Q7 b2K�MiB+ +HQb2 rQ`/b- Bi `2/m+2b i?2 72�im`2b bBx2 Q7

/Q+mK2Mib �M/ i?2 rQ`/ +Hmbi2`b ?2HT iQ H2p2`�;2 b2K�MiB+ Q7 i?2 /Q+mK2MibX

qQ`Fb HBF2 (_�iiBM;2` 2i �HX- kyR3-aK�/B �M/ Z�r�bK2?- kyR3-*`mx 2i �HX- kyR3)

�`2 +HQb2 BM bTB`Bi iQ Qm` ;HQ#�H rQ`FX

AM i?Bb T�T2`- r?B+? Bb �M 2ti2M/2/ p2`bBQM Q7 (a2HH�? �M/ >BH�B`2- kyR3#)- r2

�`2 BMi2`2bi2/ BM /Q+mK2Mi +H�bbB}+�iBQM- r?BH2 BM (a2HH�? �M/ >BH�B`2- kyR3#)- r2

r2`2 BMi2`2bi2/ BM /Q+mK2Mi +Hmbi2`BM;X q2 �`2 T�`iB+mH�`Hv BMi2`2bi2/ iQ +H�bbB7v

/Q+mK2Mi H�#2H2/ rBi? KmHiBTH2 H�#2HbX Pm` �TT`Q�+? +QMbBbib iQ i`�Mb7Q`K i?2

BMBiB�H H�#2H b2i BMiQ � M2r H�#2H b2i- i?2 �BK Q7 i?Bb i`�Mb7Q`K�iBQM Bb iQ T`Q/m+2

/Q+mK2Mib H�#2H2/ QMHv rBi? � bBM;H2 H�#2HX Pm` i`�Mb7Q`K�iBQM K2�bm`2b i?2

b2K�MiB+ bBKBH�`Biv Q7 H�#2Hb- i?2M- +Hmbi2`b i?2K BMiQ +Hmbi2`b Q7 b2K�MiB+ H�#2Hb

r?2`2 2�+? +Hmbi2` Q7 H�#2Hb `2T`2b2Mib � M2r H�#2HX
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Pm` K�BM +QMi`B#miBQMb- BM i?Bb T�T2`- �`2 �b 7QHHQrb ,

� q2 T`QTQb2 � MQp2H i`�Mb7Q`K�iBQM K2i?Q/- r?B+? H2p2`�;2 b2K�MiB+ Q7 H�#2Hb

iQ +`2�i2 � M2r b2i Q7 H�#2HbX

� q2 +QKT�`2 rQ`/ +Hmbi2`b �b 72�im`2 bT�+2 iQ G.� iQTB+b �b 72�im`2 bT�+2X

q2 mb2 i?2 TQTmH�` _2mi2`b@kR8d3 +Q`Tmb (G2rBb- RNNd)- r?B+? T`QpB/2b /Q+@

mK2Mib �MMQi�i2/ K�Mm�HHv #v ?mK�MX q2 +?QQb2 i?Bb +Q`Tmb #2+�mb2 Bi Bb i?2

KQbi TQTmH�` +Q`Tmb 7Q` /Q+mK2Mib +H�bbB}+�iBQM �M/ K�Mv `2bmHib �`2 �p�BH�#H2X

h?mb- r2 +�M +QKT�`2 Qm` K2i?Q/ iQ i?2 Qi?2` QM i?2 b�K2 #�bBbX

h?2 `2KBM/2` Q7 i?Bb T�T2` Bb �b 7QHHQrb , BM b2+iBQM k- r2 rBHH /Bb+mbb i?2

`2H�i2/ rQ`FX BM b2+iBQM j- r2 BMi`Q/m+2 �M Qp2`pB2r Q7 Qm` 7`�K2rQ`FX AM b2+iBQM

9- r2 /Bb+mbb Qm` 2tT2`BK2Mi�H `2bmHib �M/ BM b2+iBQM 8- r2 +QM+Hm/2X _2bmHib b?Qr

i?�i Qm` �TT`Q�+? BKT`Qp2b i?2 /Q+mK2Mi +H�bbB}+�iBQM �i H2�bi #v 3W `2;�`/BM;

QM2@pb@�HH +H�bbB}+�iBQMX

k _2H�i2/ qQ`F

"27Q`2 BMi`Q/m+BM; i?2 `2H�i2/ rQ`F- r2 rBHH T`2b2Mi � /2}MBiBQM KmHiB@H�#2H

+H�bbB}+�iBQM- i?Bb /2}MBiBQM Bb #�b2/ QM /2}MBiBQMb 7QmM/ BM (hbQmK�F�b 2i �HX-

kyRy-"Qmi2HH 2i �HX- kyy9-hbQmK�F�b �M/ oH�?�p�b- kyyd)X :Bp2M � }MBi2 b2i Q7

H�#2Hb G4 li- B4RXXL r?2`2 L Bb i?2 MmK#2` Q7 H�#2Hb- KmHiB@H�#2H +H�bbB}+�iBQM

Bb � T`Q#H2K Q7 +H�bbB7vBM; � /Q+mK2Mi rBi? � b2i H�#2H u- r?2`2 u Bb � bm#b2i

Q7 i?2 H�#2H b2i G- i?2 /Q+mK2Mi b2i .4 Udi-YiV- B4RXXJ r?2`2 J Bb i?2 MmK#2`

Q7 /Q+mK2MibX AM bBM;H2@H�#2H +H�bbB}+�iBQM � /Q+mK2Mi Bb H�#2H2/ QMHv rBi? QM2

H�#2H- r?B+? K2�Mb i?2 bm#b2i H�#2H u ?�b � +�`/BM�HBiv ‖Y ‖ = 1.

hbQmK�F�b �M/ E�i�FBb (hbQmK�F�b �M/ E�i�FBb- kyyd) +�i2;Q`Bx2/ KmHiB@

H�#2H +H�bbB}+�iBQM BM irQ K�BM +�i2;Q`B2b , T`Q#H2K i`�Mb7Q`K�iBQM K2i?Q/b

�M/ �H;Q`Bi?K �/�Ti�iBQM K2i?Q/bX h?2v /2}M2 i`�Mb7Q`K�iBQM K2i?Q/b �b �T@

T`Q�+?2b i?�i i`�Mb7Q`K KmHiB@H�#2H +H�bbB}+�iBQM BMiQ QM2 Q` KQ`2 bBM;H2@H�#2H

+H�bbB}+�iBQMX �mi?Q`b /2}M2 �H;Q`Bi?K �/�Ti�iBQM K2i?Q/b �b �TT`Q�+?2b i?�i

2ti2M/b bT2+B}+ H2�`MBM; �H;Q`Bi?Kb iQ ?�M/H2 KmHiB@H�#2H /�i� /B`2+iHvX AM i?Bb

rQ`F- r2 rBHH 7Q+mb QM i?2 }`bi +�i2;Q`vX

"BM�`v `2H2p�M+2 (hbQmK�F�b �M/ E�i�FBb- kyyd)- �HbQ FMQrM �b QM2@pb@�HH

(_B7FBM �M/ EH�mi�m- kyy9)- /2}M2b � +H�bbB}2` 7Q` 2�+? H�#2HX 1�+? +H�bbB}2` B Bb

i`�BM2/ iQ `2+Q;MBx2 � H�#2H B QM � bT2+B}+ /�i� b2i- i?2 /�i� b2i Bb +QMbi`m+i2/

7`QK i?2 i`�Mb7Q`K�iBQM Q7 i?2 BMBiB�H /�i� b2i- r?2`2 /Q+mK2Mi H�#2H2/ rBi?

i?2 Bi? H�#2H �`2 H�#2H2/ �b TQbBiBp2 2t�KTH2b r?2`2 i?2 Qi?2` �`2 H�#2H2/ �b

M2;�iBp2 2t�KTH2bX :Bp2M � M2r BMbi�M+2- QM2@pb@�HH `2im`M � b2i Q7 H�#2Hb r?B+?

�`2 T`2/B+i2/ TQbBiBp2Hv #v i?2B` +H�bbB}2`X

*?2M 2i �HX (*?2M 2i �HX- kyyd) T`QTQb2 �M 1Mi`QTv@#�b2/ G�#2H �bbB;MK2Mi

i`�Mb7Q`K�iBQMX Ai i`�Mb7Q`Kb i?2 KmHiB@H�#2H +H�bbB}+�iBQM BMiQ � bBM;H2@H�#2H
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+H�bbB}+�iBQM #v `2r2B;?iBM; i?2 72�im`2b p2+iQ`X Ai Bb #�b2/ QM i?2 BMimBiBQM i?�i

i?2 KQ`2 � /Q+mK2Mi Bb i�;;2/ rBi? � H�#2H- i?2 H2bb Bi ?�b i?2 T`Q#�#BHBiv iQ

#2HQM; iQ i?2b2 H�#2HbX h?2 �mi?Q`b T`QTQb2/ i?�i i?2 T`Q#�#BHBiv � /Q+mK2Mi

#2HQM;BM; iQ � H�#2H /2+`2�b2b KQMQiQMB+�HHv #v Bib 2Mi`QTvX h?mb- i?2v `2r2B;?i

i?2 /Q+mK2Mi 72�im`2b #v /BpB/BM; i?2B` r2B;?i #v 1
N

r?2`2 L Bb i?2 MmK#2` Q7

/Q+mK2Miöb H�#2HbX

�MQi?2` T`Q#H2K i`�Mb7Q`K�iBQM- M�K2/ H�#2H TQr2`b2i UGSV BM (hbQmK�F�b

2i �HX- kyRy) �M/ Shj BM (_2�/- kyy3)- +QMbBbib BM +QMbB/2`BM; �HH mMB[m2 +QK#B@

M�iBQMb Q7 H�#2Hb BM i?2 /�i� b2i �b � bBM;H2 H�#2HX h?mb- i?2 KmHiB@H�#2H Bb i`�Mb@

7Q`K2/ BM � M2r b2i Q7 � bBM;H2 H�#2H- r?2`2 2�+? bBM;H2 H�#2H `272`b iQ � bm#b2i Q7

i?2 BMBiB�H H�#2H b2iX h?2 T`mM2/ T`Q#H2K i`�Mb7Q`K�iBQM USShV K2i?Q/ (_2�/-

kyy3) Bb bBKBH�` iQ H�#2H TQr2`b2i- #mi SSh /Q2b MQi +QMbB/2` � +QK#BM�iBQM

r?B+? Q++m`b H2bb i?�M � +2`i�BM i?`2b?QH/X

h?2 `�M/QK F@H�#2Hb2ib U_�F1GV K2i?Q/ (hbQmK�F�b �M/ oH�?�p�b- kyyd)

T`QTQb2b �M 2Mb2K#H2 Q7 +H�bbB}2`b- r?2`2 2�+? +H�bbB}2` Bb i`�BM2/ iQ `2+Q;MBx2

� bK�HH bm#b2i Q7 i?2 H�#2H b2iX Ai �BKb iQ i�F2 BMiQ �++QmMi i?2 H�#2H +Q``2H�iBQM

�M/ i`v iQ �pQB/ i?2 H�+F Q7 2t�KTH2b T`2b2Mi BM H�#2H TQr2`b2iX h?2 �mi?Q`b

/2}M2 F@H�#2Hb2i �b �HH TQbbB#H2 bm#b2ib 7`QK i?2 BMBiB�H H�#2H b2i Q7 bBx2 F- i?2

K2i?Q/ +QMbi`m+ib K +H�bbB}2`b- r?2`2 2�+? +H�bbB}2` H2�`M iQ `2+Q;MBx2 � bT2+B}+

F@H2#2Hb2i- i?2 K F@H�#2Hb2i �`2 b2H2+i2/ `�M/QKHv- i?2 MmK#2` Q7 +H�bbB}2`b K

�M/ i?2 bBx2 Q7 F@H�#H2b2i F �`2 mb2` /2}M2/X

>CHH2`K2B2` 2i �H (>CHH2`K2B2` 2i �HX- kyy3) T`QTQb2 �M �TT`Q�+? Q7 H�#2H `�MF@

BM; #v T�B`rBb2 +QKT�`BbQMb U_S*VX h?2 �mi?Q`b mb2 � i`�Mb7Q`K�iBQM +�HH2/

T�B`rBb2 H2�`MBM;X Ai +QMbBbib BM H2�`MBM; #2ir22M 2�+? T�B` Q7 H�#2Hb r?B+? QM2 Bb

r2HH bmBi2/ 7Q` � /Q+mK2MiX � +H�bbB}2` Bb +QMbi`m+i2/ 7Q` 2�+? T�B` Q7 H�#2Hb �M/

i`�BM2/ QM � /�i�b2i +QMbi`m+i2/ 7`QK i?2 BMBiB�H /�i�b2iX h?2 M2r /�i�b2i 7Q`

2�+? T�B` +QMi�BMb /Q+mK2Mi H�#2H2/ rBi? �i H2�bi QM2 Q7 i?2 H�#2H Q7 i?2 T�B`-

#mi MQi H�#2H2/ rBi? #Qi?X h?2 i`�Mb7Q`K�iBQM H2�`Mb m(m−1)
2 +H�bbB}2` r?2`2 K

Bb i?2 iQi�H MmK#2` Q7 H�#2HbX 1�+? +H�bbB}2` T`2/B+iBQM Bb +QMbB/2`2/ �b � pQi2

7Q` i?2 H�#2H T`2/B+i2/X h?2 H�#2H r?B+? `2+2Bp2 i?2 ;`2�i2bi MmK#2` Q7 pQi2b Bb

`�MF2/ rBi? i?2 }`bi TQbBiBQM- i?2 b2+QM/ rBi? i?2 ;`2�i2bi MmK#2` Q7 pQi2b Bb

`�MF2/ rBi? i?2 b2+QM/ TQbBiBQM- �M/ bQ QMX

h?2 72�im`2b bBx2 Bb �MQi?2` HBKBi�iBQM 7Q` bBM;H2@H�#2H Q` KmHiB@H�#2H +H�b@

bB}+�iBQM- iQ �//`2bb i?Bb HBKBi�iBQM- K�Mv �TT`Q�+?2b r2`2 T`QTQb2/ iQ `2@

/m+2 i?2 72�im`2b bBx2 7Q` bBM;H2@H�#2H +H�bbB}+�iBQM �M/ bQK2 +�M #2 mb2/ 7Q`

KmHiB@H�#2H +H�bbB}+�iBQM (hbQmK�F�b 2i �HX- kyRy- *?2M 2i �HX- kyyd)X h?2b2 �T@

T`Q�+?2b +�M #2 Q`;�MBx2/ BM irQ +�i2;Q`B2b , 72�im`2b b2H2+iBQM �M/ 72�im`2b

2ti`�+iBQM (hbQmK�F�b 2i �HX- kyRy)X

AM i?Bb T�T2`- r2 7Q+mb QM i?2 72�im`2b 2ti`�+iBQM �TT`Q�+? G�i2Mi .B`B+?H2i

�HHQ+�iBQM UG.�V ("H2B 2i �HX- kyyR)- G.� �bbmK2b i?�i /Q+mK2Mib �`2 +QKTQb2/

#v � KBtim`2 Q7 H�i2Mi iQTB+b r?2`2 2�+? iQTB+ +QMi`B#mi2b BM +2`i�BM T2`+2Mi�;2

74 Sellah S., Hilaire V.: Label Clustering ...



Q7 i?2 K2�MBM; Q7 � /Q+mK2MiX h?2`27Q`2- G.� i`�Mb7Q`Kb i?2 #�; Q7 rQ`/b

/Q+mK2Mi `2T`2b2Mi�iBQM BMiQ H�i2Mi iQTB+ `2T`2b2Mi�iBQM- i?2 MmK#2` Q7 iQTB+b

Bb �bbmK2/ iQ #2 FMQrMX h?2 H�i2Mi iQTB+ `2T`2b2Mi�iBQM Bb � p2+iQ` r?2`2 2�+?

2H2K2Mi B Q7 i?2 p2+iQ` `2T`2b2Mib i?2 T`Q#�#BHBiv /Bbi`B#miBQM Q7 i?2 Bi? iQTB+X

j Pp2`pB2r

Pm` 7`�K2rQ`F �BKb iQ +Hmbi2` /Q+mK2Mib BMiQ +Hmbi2`b Q7 b2K�MiB+�HHv `2H�i2/

/Q+mK2Mib- Biöb +QKTQb2/ #v i?`22 +QKTQM2Mib FMQrH2/;2 2ti`�+iBQM- b2K�MiB+

/Q+mK2Mi `2T`2b2Mi�iBQM �M/ /Q+mK2Mi Q`;�MBx�iBQMX Pm` 7`�K2rQ`F `2HB2b QM

i?2b2 +QKTQM2Mib �M/ � b2i Q7 /Q+mK2Mib iQ Q`;�MBx2 i?2K BMiQ +Hmbi2`b- 2�+?

+QKTQM2Mi ?�b Bib Q#D2+iBp2X

EMQrH2/;2 2ti`�+iBQM �BKb iQ #mBH/ � b2K�MiB+ bi`m+im`2 HBF2 �M QMiQHQ;v-

i?Bb +QKTQM2Mi i�F2b i?2 b2i Q7 /Q+mK2Mib �M/ #mBH/b rQ`/ +Hmbi2`b r?2`2 2�+?

rQ`/ +Hmbi2` Bb +QKTQb2/ #v b2K�MiB+�HHv `2H�i2/ rQ`/b- rQ`/ bBKBH�`Biv Bb #�b2/

QM 6B`i?öb �bbmKTiBQM ,õuQm b?�HH FMQr � rQ`/ #v Bib +QKT�Mv Bi F22TbXö (6B`i?-

RN8d)X Pm` �bbmKTiBQM Bb i?�i +Hmbi2`BM; rQ`/b BMiQ +Hmbi2`b rBi? b2K�MiB+�HHv

+HQb2 rQ`/b +�M H2�/ iQ /2i2+i +QM+2Tib Q` � pQ+�#mH�`v `2H�i2/ iQ +QM+2TibX h?Bb

+QKTQM2Mi 7QHHQrb i?`22 bi2Tb iQF2MBx�iBQM- rQ`/ bBKBH�`Biv �M/ rQ`/b +Hmbi2`BM;-

i?Bb +QKTQM2Mi r�b T`2b2Mi2/ BM Qm` T`2pBQmb rQ`F (a2HH�? �M/ >BH�B`2- kyR3�)-

r2 rBHH `2bmK2 Bi BM bm#b2+iBQM jXRX

.Q+mK2Mi `2T`2b2Mi�iBQM (a2HH�? �M/ >BH�B`2- kyR3#) +QKTQM2Mi i�F2b rQ`/

+Hmbi2`b T`Q/m+2/ #v EMQrH2/;2 2ti`�+iBQM �M/ i?2 b2i Q7 /Q+mK2Mib- Bi �BKb iQ

#mBH/ � /Q+mK2Mi `2T`2b2Mi�iBQM r?B+? +�Tim`2b /Q+mK2Miöb b2K�MiB+- i?Bb rBHH

?2HT mb iQ Q`;�MBx2 /Q+mK2Mib BMiQ +Hmbi2`b Q7 `2H�i2/ /Q+mK2MibX Pm` /Q+mK2Mi

`2T`2b2Mi�iBQM `2HB2b QM rQ`/ +Hmbi2`b iQ `2T`2b2Mi /Q+mK2Mi- BMbi2�/ � #�; Q7

rQ`/b `2T`2b2Mi�iBQM- Qm` /Q+mK2Mi `2T`2b2Mi�iBQM irQ �/p�Mi�;2b- /Q+mK2Mib

2tT`2bbBM; i?2 b�K2 B/2� #mi rBi? /Bz2`2Mib rQ`/b rBHH #2 /2b+`B#2/ rBi? i?2

b�K2 +QM+2Tib U+Hmbi2`bV- #2+�mb2 i?2v mb2 bBKBH�` rQ`/b r?B+? �`2 +Hmbi2`2/ BM

b�K2 +Hmbi2`bX h?mb- i?2 /Q+mK2Mib rBHH #2 +QMbB/2`2/ �b bBKBH�`X q?BH2 BM i?2

#�; Q7 rQ`/b `2T`2b2Mi�iBQM- i?2b2 /Q+mK2Mib rBHH MQi #2 +QMbB/2`2/ �b bBKBH�`X

.Q+mK2Mi Q`;�MBx�iBQM +QKTQM2Mi �BKb iQ Q`;�MBx2 /Q+mK2Mib BMiQ +Hmbi2`b

Q7 `2H�i2/ /Q+mK2Mib- Bi i�F2b i?2 /Q+mK2Mi `2T`2b2Mi�iBQM #mBHi 7Q` 2�+? /Q+m@

K2Mi #v i?2 T`2pBQmb +QKTQM2MiX "�b2/ QM i?Bb `2T`2b2Mi�iBQM- i?Bb +QKTQM2Mi

mb2b irQ �TT`Q�+?2b iQ Q`;�MBx2 /Q+mK2Mib BMiQ +Hmbi2`b- bmT2`pBb2/ K2i?Q/ �M/

mMbmT2`pBb2/ K2i?Q/X h?2 mMbmT2`pBb2/ K2i?Q/ r�b /2b+`B#2/ BM Qm` T`2pBQmb

rQ`F (a2HH�? �M/ >BH�B`2- kyR3#) �M/ rBHH #2 /Bb+mbb2/ BM i?2 bm#b2+iBQM jXjX h?2

bmT2`pBb2/ �TT`Q�+? Bb BMi`Q/m+2/ BM i?Bb T�T2` �M/ Bi rBHH #2 /2b+`B#2/ BM KQ`2

/2i�BHb BM i?2 bm#b2+iBQM jX9X Pm` 7`�K2rQ`F Bb BHHmbi`�i2/ BM };m`2 RX
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6B;m`2 R, �M �TT`Q�+? Q7 /Q+mK2Mi +Hmbi2`BM; �M/ /Q+mK2Mi +H�bbB}+�iBQM

jXR EMQrH2/;2 2ti`�+iBQM +QKTQM2Mi

h?Bb T?�b2 �BKb iQ #mBH/ rQ`/ +Hmbi2`b r?2`2 rQ`/b #2HQM;BM; iQ � b�K2 +Hmbi2`

�`2 b2K�MiB+�HHv +HQb2X hQ #mBH/ i?2b2 +Hmbi2`b- Qm` 7`�K2rQ`Fb (a2HH�? �M/ >B@

H�B`2- kyR3�) bi�`ib #v i`�Mb7Q`KBM; �HH /Q+mK2Mib BMiQ � b2i Q7 rQ`/bX h?Bb bi2T

Bb FMQrM �b iQF2MBx�iBQM bi2TX h?Bb bi2T Bb �M BKTQ`i�Mi QM2- Bi 2ti`�+ib rQ`/b

i?�i �`2 +QMbB/2`2/ K2�MBM;7mH iQ i?2 +Q`TmbX h?2 +?QB+2 Q7 i?2 `2H2p�Mi rQ`/b

/2T2M/b QM i?2 +Q`Tmb- BM Qm` +�b2- r2 7Q+mb QMHv QM �HT?� iQF2MbX aiQT rQ`/b

�M/ BM7`2[m2Mi rQ`/b �`2 }Hi2`2/X

AM i?2 b2+QM/ bi2T- rQ`/ bBKBH�`Biv Bb +QKTmi2/ 7Q` �HH T�B`b Q7 rQ`/b mbBM;

SJA USQBMirBb2 Jmim�H AM7Q`K�iBQMV (h2``� �M/ *H�`F2- kyyj) K2�bm`2 iQ /2i2+i

b2K�MiB+ `2H�iBQMb?BT #2ir22M rQ`/bX Ai Bb +QKTmi2/ �b 7QHHQrb ,

PMI(w1, w2) =
log2(

D(w1,w2)
N

)
D(w1)

N
+ D(w2)

N

URV

q?2`2 .UrV Bb i?2 MmK#2` Q7 /Q+mK2Mib r?2`2 i?2 rQ`/ r Q++m`b- .Uw1-w2V Bb

i?2 MmK#2` Q7 /Q+mK2Mib r?2`2 rQ`/b w1 �M/ w2 +Q@Q++m` �M/ L Bb i?2 bBx2 Q7

/Q+mK2Mib BM i?2 +Q`TmbX

hQ +Hmbi2` rQ`/b- r2 #mBH/ � ;`�T?- r?2`2 MQ/2b `2T`2b2Mi i?2 rQ`/b �M/

2/;2b `2T`2b2Mi SJA /Bbi�M+2 #2ir22M rQ`/bX q2 mb2 GQmp�BM �H;Q`Bi?K iQ 2t@

i`�+i +Hmbi2`b U+QKKmMBiB2bV BM i?2 ;`�T?X Ai bi�`ib rBi? L +Hmbi2`b- r?2`2 L

Bb i?2 MmK#2` Q7 MQ/2b BM i?2 ;`�T?X *Hmbi2`b �`2 K2`;2/ mMiBH i?2`2 Bb MQ BK@

T`Qp2K2Mi Q7 i?2 KQ/mH�`BivX � b2+QM/ bi2T +QMbBbib BM i`�Mb7Q`KBM; i?2 +Hmbi2`b
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/2i2+i2/ BM i?2 }`bi bi2T BMiQ � M2r ;`�T? �M/ i?2M �TTHB2b �;�BM i?2 }`bi bi2TX

GQmp�BM �H;Q`Bi?K �Hi2`M�i2b i?2b2 bi2Tb mMiBH i?2`2 Bb MQ BKT`Qp2K2Mi `2H�i2/

iQ i?2 KQ/mH�`BivX

h?2 KQ/mH�`Biv K2�bm`2b i?2 [m�HBiv Q7 � ;`�T?@#�b2/ +Hmbi2`BM;X 1[m�iBQM

k (L2rK�M �M/ :B`p�M- kyy9) b?Qrb ?Qr Bi Bb +�H+mH�i2/- r?2`2 eij Bb i?2 7`�+iBQM

Q7 �HH 2/;2b Q7 i?2 M2irQ`F i?�i +QMM2+i +Hmbi2` B iQ +Hmbi2` D �M/ ai 4
∑

j eij X

JQ/mH�`Biv `�M;2b #2ir22M @R �M/ R- r?2`2 +Hmbi2`b rBi? � KQ/mH�`Biv ?B;?2`

i?�M yXj �`2 +QMbB/2`2/ �b � ;QQ/ +Hmbi2`bX

Q =
∑

i

(eii − a2i ) UkV

jXk .Q+mK2Mi `2T`2b2Mi�iBQM +QKTQM2Mi

AM i?Bb T?�b2- r2 �BK iQ #mBH/ � `2T`2b2Mi�iBQM Q7 /Q+mK2Mib r?B+? +QMbBbib Q7

i?`22 bi2TbX h?2 }`bi bi2T +QMbBbib BM r2B;?iBM; /Q+mK2Mibö rQ`/b- � /Q+mK2Mi

Bb `2T`2b2Mi2/ #v � p2+iQ` o r?2`2 2�+? 2H2K2Mi Vi `2T`2b2Mib i?2 r2B;?i Q7 Bi?

rQ`/- i?2 p2+iQ` bBx2 Bb i?2 MmK#2` Q7 �HH mMB[m2 rQ`/b T`2b2Mi BM i?2 +Q`Tmb Q`

� bm#b2i Q7 i?2b2 rQ`/bX

q2 mb2 h6@A.6 iQ r2B;?i rQ`/b- r2 +�M mb2 � i?`2b?QH/ iQ }Hi2` rQ`/b r?2`2

rQ`/b rBi? � r2B;?i mM/2` � +2`i�BM i?`2b?QH/ rBHH #2 b2i iQ x2`Q- i?2b2 rQ`/b �`2

+QMbB/2`2/ �b MQBb2 7Q` i?2 /Q+mK2Mi- i?2v /QMöi T�`iB+BT�i2 iQ i?2 K2�MBM; Q7

i?2 /Q+mK2MiX h6@A.6 Q7 i?2 Bi? rQ`/ BM Di? /Q+mK2Mi Bb +�H+mH�i2/ �b 7QHHQrb ,

TF − IDFij =
nij∑
k nkj

∗ log(
‖D‖

di
) UjV

r?2`2 nij Bb i?2 MmK#2` Q++m``2M+2b Q7 Bi? rQ`/ BM i?2 Di? /Q+mK2Mi- ‖D‖ Bb

i?2 MmK#2` Q7 /Q+mK2Mib BM i?2 +Q`Tmb �M/ /B Bb i?2 MmK#2` Q7 i?2 /Q+mK2Mib

r?2`2 Bi? rQ`/ Q++m`bX h?mb- rQ`/b rBi? � ?B;? h6@A.6 �`2 KQ`2 BKTQ`i�Mi 7Q`

� /Q+mK2MiX

h?2 b2+QM/ bi2T +QMbBbib iQ K�T rQ`/ +Hmbi2`b- r?B+? r2 +QMbB/2` �b +QM+2Tib-

iQ i?2 /Q+mK2MibX AM i?Bb K�TTBM; bi2T- r2 �bbB;M � rQ`/ +Hmbi2` iQ i?2 /Q+mK2Mi

B7 �i H2�bi QM2 rQ`/ Q7 i?2 rQ`/ +Hmbi2` Q++m`b BM i?2 /Q+mK2MiX

h?2 }M�H bi2T r?B+? +QMbBbib iQ #mBH/ � +QM+2Ti p2+iQ` `2T`2b2Mi�iBQM Q7 �

/Q+mK2Mi- i?2 bBx2 Q7 i?2 +QM+2Ti p2+iQ` Bb i?2 MmK#2` Q7 rQ`/ +Hmbi2`b �M/

2�+? 2H2K2Mi Q7 i?2 p2+iQ` `2T`2b2Mib i?2 r2B;?i Q7 � +QM+2Ti- r2 mb2 h6@A.6

iQ r2B;?i +QM+2Ti UrQ`/ +Hmbi2`bV- r?2`2 h6 Q7 � +QM+2Ti Bb i?2 MmK#2` Q7 rQ`/

Q7 rQ`/ +Hmbi2` i?�i Q++m` BM i?2 /Q+mK2Mi �M/ .6 Bb i?2 MmK#2` Q7 /Q+mK2Mi

r?2`2 i?2 +QM+2Ti UrQ`/ +Hmbi2`V ?�b �i H2�bi QM2 rQ`/ i?�i Q++m`b BM BiX h?2

7QHHQrBM; 2t�KTH2 BHHmbi`�i2 i?Bb +QM+2Ti r2B;?iBM;X

G2i #2 C14&�- "- *'- C24&1- 6'- C34&s- u- w' i?`22 rQ`/ +Hmbi2`b �M/

.4( D1- D2- D3- D4) � +Q`Tmb Q7 /Q+mK2Mib- r?2`2 i?2 /Q+mK2Mib �`2 +QKTQb2/

�b 7QHHQrb ,
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� D14(�-�-1-"-w)

� D24(1-6-6-u-w)

� D34(u-w-s-�-6)

� D44(1-6-*-")

h?2 +QM+2Tib K�TT2/ iQ 2�+? /Q+mK2Mi �`2 �b 7QHHQrb ,

� .R4(C1-C1-C1-C2-C3)

� .k4(C2-C2-C2-C3)

� .j4(C1-C2-C3-C3-C3)

� .94(C1-C2-C2-C2)

h?2 r2B;?i Q7 C1 BM D1 Bb +QKTmi2/ �b 7QHHQr , i?2 7`2[m2M+v Q7 C1 BM D1 Bb
3
5 - i?2 /Q+mK2Mi 7`2[m2M+v Q7 C1 4 j- r?B+? ;Bp2b h6@A.6 Q7 C1 4 3

5  HQ; U 43 VX

jXj .Q+mK2Mi +Hmbi2`BM;

.Q+mK2Mi +Hmbi2`BM; r�b i?2 bm#D2+i Q7 Qm` T`2pBQmb T�T2` (a2HH�? �M/ >BH�B`2-

kyR3#) r?B+? Bb 2ti2M/2/ #v i?Bb T�T2`X AM i?Bb T?�b2- r2 �BK iQ Q`;�MBx2 �HH

/Q+mK2Mib BM ;`QmTb Q7 `2H�i2/ /Q+mK2Mib- K�BMHv i?2`2 Bb irQ �TT`Q�+?2b iQ

Q`;�MBx2 /Q+mK2Mib- +H�bbB}+�iBQM �M/ +Hmbi2`BM;X AM T`2pBQmb rQ`F (a2HH�? �M/

>BH�B`2- kyR3#)- r2 7Q+mb2/ QM /Q+mK2Mi +Hmbi2`BM; r?B+? Bb �M mMbmT2`pBb2/

Kûi?Q/- BM i?Bb T�T2`- r2 rBHH 7Q+mb QM i?2 +H�bbB}+�iBQM Kûi?Q/ r?B+? Bb �

bmT2`pBb2/ K2i?Q/X PM2 �BKb Q7 Qm` rQ`F U (a2HH�? �M/ >BH�B`2- kyR3#) �M/

i?Bb T�T2`V Bb iQ b22 B7 Qm` b2K�MiB+ /Q+mK2Mi `2T`2b2Mi�iBQM rQ`Fb r2HH 7Q`

#Qi? �TT`Q�+?2bX q2 r�Mi iQ +Qp2` i?2b2 irQ �bT2+ib Q7 Q`;�MBbBM; /Q+mK2Mib

U+Hmbi2`BM; �M/ +H�bbB}+�iBQMV iQ #mBH/ � `Q#mbi 7`�K2rQ`F- #2+�mb2 Bi rBHH #2 �

+QKTQM2Mi Q7 �M BM7Q`K�iBQM `2i`B2p�H bvbi2K r?B+? r2 b22F iQ #mBH/X

AM (a2HH�? �M/ >BH�B`2- kyR3#)- r2 mb2/ irQ �TT`Q�+?2b iQ +Hmbi2` /Q+mK2Mib-

;`�T? #�b2/ �M/ p2+iQ`@#�b2/X AM p2+iQ`@#�b2/ �TT`Q�+?- � /Q+mK2Mi Bb /2b+`B#2/

#v � p2+iQ` Q7 +QM+2Tib- r?2`2 i?2 bBx2 Q7 i?2 p2+iQ` Bb i?2 MmK#2` Q7 rQ`/

+Hmbi2`b �M/ 2�+? 2H2K2Mi Q7 i?2 p2+iQ` Vi Bb i?2 r2B;?i Q7 i?2 i
th +QM+2TiX "�b2/

QM i?2 +QM+2Ti@p2+iQ`b- r2 �TTHv ?B2`�`+?B+�H +Hmbi2`BM; #v mbBM; i?2 1m+HB/2�M

/Bbi�M+2 �b K2i`B+X h?2M r2 mb2 i?2 bBH?Qm2ii2 K2i?Q/ iQ /2i2`KBM2 i?2 MmK#2`

Q7 +Hmbi2`bX

AM ;`�T?@#�b2/ �TT`Q�+?- r2 #mBH/ � ;`�T? r?2`2 MQ/2b �`2 /Q+mK2Mib �M/

2/;2b �`2 i?2 1m+HB/2�M /Bbi�M+2 #2ir22M irQ /Q+mK2MibX q2 }`bi +QKTmi2 i?2

1m+HB/2�M /Bbi�M+2 7Q` 2�+? +QmTH2 Q7 /Q+mK2Mib- i?2M 7Q` 2�+? /Q+mK2Mi Di- r2

+QKTmi2 i?2 �p2`�;2 /Bbi�M+2 Mi Q7 Bib /Bbi�M+2b iQ Qi?2` /Q+mK2MibX L2ti- r2
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+`2�i2 �M 2/;2 #2ir22M i?2 /Q+mK2Mi .B �M/ �HH Qi?2` /Q+mK2Mi r?2`2 /Bbi�M+2

#2ir22MDi �M/Dj Bb H2bb i?�M
Mi

2 X AM i?2 +�b2 i?2`2 Bb MQ 2/;2 +`2�i2/- r2 +`2�i2

�M 2/;2 #2ir22M i?2 /Q+mK2Mi Di �M/ Bib iQT }p2 bBKBH�` /Q+mK2MibX �7i2` i?2

#mBH/BM; Q7 i?2 ;`�T?- r2 �TTHv GQmp�BM �H;Q`Bi?K iQ +Hmbi2` i?2 /Q+mK2MibX q2

mb2 i?2 KQ/mH�`Biv iQ K2�bm`2 i?2 [m�HBiv Q7 i?2 T`Q/m+2/ +Hmbi2`bX

.Q+mK2Mi +Hmbi2`b Q#i�BM2/ 7Q` 2�+? �TT`Q�+? r2`2 2p�Hm�i2/ #v � [m�HBiv

K2�bm`2 �/�Ti2/ iQ 2�+? QM2X 6Q` p2+iQ`@#�b2/ �TT`Q�+?- r2 mb2/ aBH?Qm2ii2

K2�bm`2 (_Qmbb22mr- RN3d)- Bi K2�bm`2b ?Qr +HQb2 �`2 2H2K2Mib Q7 � +Hmbi2`b �M/

?Qr 7�` i?2v �`2 7`QK Qi?2` 2H2K2Mi QmibB/2 i?2 +Hmbi2`- Bi `�M;2b #2ir22M (@RXXR)-

M2;�iBp2 p�Hm2b BM/B+�i2 i?�i i?2 2H2K2Mib �`2 MQi BM i?2 �TT`QT`B�i2 +Hmbi2`-

r?BH2 p�Hm2b �`QmM/ y BM/B+�i2 Qp2`H�TTBM; +Hmbi2`b �M/ p�Hm2b Qp2` yXd BM/B+�i2

r2HH b2T�`�i2/ +Hmbi2`b (E�m7K�M �M/ _Qmbb22mr- RNNy)X AM i?Bb �TT`Q�+?- r2

Q#i�BM2/ +Hmbi2`b rBi? aBH?Qm2ii2 p�Hm2 �`QmM/ x2`Q r?B+? BM/B+�i2b Qp2`H�TTBM;

+Hmbi2`bX 6Q` ;`�T?@#�b2/ �TT`Q�+?- r2 mb2/ � [m�HBiv K2�bm`2 M�K2/ KQ/m@

H�`Biv- Biöb mb2/ iQ K2�bm`2 i?2 [m�HBiv Q7 +Hmbi2`b 2ti`�+i2/ 7`QK � ;`�T?- Bi

`�M;2b #2ir22M (@RXXR)X � ;QQ/ +Hmbi2`BM; BM ;`�T? Bb +?�`�+i2`Bx2/ #v � ?B;? BM@

i2`+QMM2+iBQM #2ir22M 2H2K2Mib rBi?BM � +Hmbi2` �M/ � 72r +QMM2+iBQM #2ir22M

2H2K2Mib Q7 /Bz2`2Mi +Hmbi2`bX *Hmbi2`b rBi? � KQ/mH�`Biv Qp2` yXj +QMbB/2`2/

�b ;QQ/ +Hmbi2`b (L2rK�M �M/ :B`p�M- kyy9)X AM Qm` 2tT2`BK2Mi- r2 +QMM2+i2/

/Q+mK2Mib QMHv iQ i?2B` b2K�MiB+�HHv `2H�i2/ /Q+mK2Mib- rBi? i?Bb bi`�i2;v- r2

Q#i�BM2/ +Hmbi2`b rBi? � KQ/mH�`Biv Qp2` yXe- r?B+? BM/B+�i2b � ;QQ/ [m�HBiv Q7

i?2 +Hmbi2`bX

jX9 .Q+mK2Mi +H�bbB}+�iBQM

AM i?Bb rQ`F- r2 T`QTQb2 � M2r T`Q#H2K i`�Mb7Q`K�iBQM 7Q` KmHiB@H�#2H +H�bbB}+�@

iBQMX Pm` T`Q#H2K i`�Mb7Q`K�iBQM +QMbB/2`b /2T2M/�Mi H�#2Hb �b � #`Q�/2` bBM;H2

H�#2H- Biöb #�b2/ QM i?2 �bbmKTiBQM i?�i /2T2M/�Mi H�#2Hb b?�`2 bQK2 +QKKQM

pQ+�#mH�`v- i?2 #B;;2` i?2 pQ+�#mH�`v Bb- i?2 #B;;2` Bb i?2 /2T2M/2M+v #2ir22M

i?2b2 H�#2HbX h?mb- H2�`MBM; iQ +H�bbB7v /Q+mK2Mib BMiQ i?2b2 H�#2Hb b2T�`�i2Hv Bb

iQm;? #2+�mb2 Q7 i?Bb +QKKQM b?�`2/ pQ+�#mH�`vX

J2i?Q/b HBF2 _�F1G- H�#2H TQr2`b2i �M/ T`mM2/ T`Q#H2K i`�Mb7Q`K�iBQM

i`v iQ Qp2`+QK2 i?2 H�#2Hb /2T2M/2M+v #v i`�Mb7Q`KBM; �HH H�#2H +QK#BM�iBQMb

Q++m``BM; BM +Q`Tmb BMiQ � M2r bBM;H2 H�#2H T`Q#H2K- r?BH2 T�B`rBb2 +QKT�`BbQM

i`v iQ Qp2`+QK2 i?Bb /2T2M/2M+v #v H2�`MBM; iQ /BbiBM;mBb? #2ir22M 2�+? +QmTH2

Q7 H�#2HbX

Pm` T`Q#H2K i`�Mb7Q`K�iBQM T`QTQb2b � MQp2H �TT`Q�+? iQ ?�M/H2 H�#2Hb /2@

T2M/2M+vX Pm` �bbmKTiBQM Bb i?�i irQ H�#2Hb 7`2[m2MiHv mb2/ iQ;2i?2` iQ �MMQ@

i�i2 /Q+mK2Mib �`2 /2T2M/2MiX h?2b2 H�#2Hb b22Kb iQ b?�`2 � +QKKQM pQ+�#mH�`v

r?B+? K2�Mb i?�i /Q+mK2Mib �MMQi�i2/ QMHv rBi? QM2 Q7 i?2 irQ H�#2Hb +�M #2

+QMbB/2`2/ iQ #2 �MMQi�i2/ rBi? i?2 Qi?2` H�#2HX Ai bi�`ib iQ 2ti`�+i H�#2Hb /2@

T2M/2M+v Q7 2�+? +QmTH2 Q7 H�#2HbX AM Q`/2` iQ K2�bm`2 i?2 H�#2H /2T2M/2M+v- r2
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mb2 2[m�iBQM R- r?2`2 .UrV Bb i?2 MmK#2` Q7 /Q+mK2Mib �MMQi�i2/ rBi? H�#2H r-

.Uw1-w2V Bb i?2 MmK#2` Q7 /Q+mK2Mib �MMQi�i2/ rBi? #Qi? H�#2Hb Uw1-w2V �M/

L `2T`2b2Mib i?2 MmK#2` Q7 /Q+mK2Mib BM i?2 +Q`TmbX h?2M Bi #mBH/b � ;`�T?

r?2`2 MQ/2b `2T`2b2Mi H�#2Hb �M/ 2/;2b `2T`2b2Mi SJA /Bbi�M+2 #2ir22M H�#2Hb

�M/ }M�HHv r2 mb2 GQmp�BM �H;Q`Bi?K iQ +Hmbi2` H�#2Hb BMiQ b2ib Q7 /2T2M/2Mi H�@

#2HbX PM+2 i?2 H�#2Hb /2T2M/2M+v +QKTmi2/- Bi i`�Mb7Q`Kb i?2 BMBiB�H KmHiB@H�#2H

+H�bbB}+�iBQM BMiQ bBM;H2 H�#2H +H�bbB}+�iBQM r?2`2 2�+? b2i Q7 /2T2M/2Mi H�#2Hb

Bb +QMbB/2`2/ �b � M2r bBM;H2 H�#2H �M/ /Q+mK2Mib �`2 �MMQi�i2/ #v � M2r H�#2H

QMHv B7 QM2 Q7 i?2 QH/ H�#2Hb #2HQM; iQ � b2i Q7 /2T2M/2Mi H�#2HbX Pm` T`Q#H2K

i`�Mb7Q`K�iBQM �TT`Q�+? Bb /2TB+i2/ };m`2 kX

6B;m`2 k, Pm` T`Q#H2K i`�Mb7Q`K�iBQM �TT`Q�+?

hQ #2bi Q7 Qm` FMQrH2/;2 Qm` T`Q#H2K i`�Mb7Q`K�iBQM Bi i?2 }`bi �ii2KTi i?�i

T`QTQb2b iQ H2p2`�;2 H�#2Hb /2T2M/2M+v iQ i`�Mb7Q`K KmHiB H�#2H +H�bbB}+�iBQM

T`Q#H2K BMiQ � bBM;H2 H�#2H +H�bbB}+�iBQMX

9 _2bmHib �M/ /Bb+mbbBQM

9XR .�i�b2i

q2 mb2 /�i� 7`QK _2mi2`b@kR8d3- .Bbi`B#miBQM RXy (G2rBb- RNNd)X _2mi2`b@kR8d3

+QMi�BMb � +QHH2+iBQM Q7 �`iB+H2b �TT2�`2/ BM _2mi2`b M2rbrB`2 BM RN3dX h?Bb

+Q`Tmb Bb �KQM; i?2 KQbi mb2/ 7Q` i2ti +�i2;Q`Bx�iBQM `2b2�`+?X h?2 /�i�b2i

+QMi�BMb kR8d3 �`iB+H2b �MMQi�i2/ #v ?mK�BMb- i?2`2 Bb RRjed �`iB+H2b �bbQ+B�i2/

�i H2�bi rBi? QM2 H�#2HX h?2 /Bbi`B#miBQM Q7 H�#2Hb �`2 mM2[m�H- i?2 7QHHQrBM; i�#H2

b?Qrb i?2 MmK#2` Q7 H�#2Hb �bbB;M2/ iQ /Q+mK2Mib Qp2` i?`2b?QH/ ,

80 Sellah S., Hilaire V.: Label Clustering ...



P++m``2M+2 i?`2b?QH/ LmK#2` Q7 H�#2Hb

k8y Ry

R8y R8

8y j3

h�#H2 R, LmK#2` Q7 H�#2Hb `2;�`/BM; i?2B` MmK#2` �bbB;M�iBQM iQ /Q+mK2Mi

AM HBi2`�im`2- r2 +�M }M/ bQK2 bi�iBbiB+b K2�bm`2b iQ +?�`�+i2`Bx2 � /�i�b2i

(hbQmK�F�b 2i �HX- kyRy-_2�/- kyy3)- H�#2H +�`/BM�HBiv �M/ H�#2H /2MbBivX G�#2H

+�`/BM�HBiv K2�bm`2b i?2 �p2`�;2 H�#2H �bbB;M2/ T2` /Q+mK2Mi �M/ Bib +QKTmi2

�b 7QHHQrb ,

Cardinality =
1

m
∗

m∑

i=1

‖Yi‖ U9V

q?2`2 J `2T`2b2Mib i?2 /Q+mK2Mi bBx2 �M/ Yi `2T`2b2Mib i?2 H�#2H b2i �bbQ+B�i2/

rBi? i?2 ith /Q+mK2MiX G�#2H /2MbBiv Bb +QKTmi2/ �b 7QHHQrb ,

Density =
1

m
∗

m∑

i=1

‖Yi‖

q
U8V

q?2`2 [ `2T`2b2Mib i?2 bBx2 Q7 H�#2Hb T`2b2Mi BM i?2 /�i�b2iX

‖D‖ ‖L‖ *�`/BM�HBiv .2MbBiv

.�i�b2i RRjed Rky RXke yXyR

h�#H2 k, .�i�b2i +?�`�+i2`BbiB+b

q2 mb2 QM2@pb@�HH �TT`Q�+? iQ i2bi i?2 2{+B2M+v Q7 Qm` T`Q#H2K i`�Mb7Q`K�@

iBQM- r2 bTHBi i?2 /�i�b2i BMiQ dyW 7Q` i`�BMBM; �M/ jyW 7Q` i2biBM;- i?2 bTHBiiBM;

Bb �b 7QHHQrb- 7Q` 2�+? H�#2H- r2 bQ`i Bib /Q+mK2Mib #v i?2B` B/ BM �b+2M/BM; Q`/2`X

h?2 }`bi /Q+mK2Mib �`2 b2H2+i2/ 7Q` i`�BMBM; �M/ `2K�BMBM; /Q+mK2Mib �`2 mb2/

7Q` i2biBM;X *QM+2`MBM; i?2 /Q+mK2Mi MQi �MMQi�i2/ rBi? i?2 H�#2H- r2 /Q i?2

b�K2- r2 Q`/2` i?2K #v i?2B` B/ BM �b+2M/BM; r�v- i?2M i?2 }`bi /Q+mK2Mib �`2

mb2/ Q7 i`�BMBM; �M/ i?2 `2K�BMBM; �`2 mb2/ 7Q` i?2 i2biBM;X

AM i?Bb T�T2`- r2 mb2 i?2 BKTH2K2Mi�iBQM Q7 GQ;BbiB+ `2;`2bbBQM �M/ GBM2�`

amTTQ`i o2+iQ` J�+?BM2 T`QpB/2/ #v aT�`Föb K�+?BM2 H2�`MBM; HB#`�`v RX h?2

T�`�K2i2` �`2 b2i iQ /27�mHi- 2t+2Ti MmK#2` Q7 Bi2`�iBQM Bb b2i iQ RyyX

1 ?iiTb,ffbT�`FX�T�+?2XQ`;f/Q+bfH�i2bifKH@+H�bbB}+�iBQM@`2;`2bbBQMX?iKH
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9Xk 1p�Hm�iBQM K2bm`2b

AM Q`/2` iQ +QKT�`2 i?2 2{+B2M+v Q7 Qm` �TT`Q�+?- r2 K2�bm`2 i?2 T2`7Q`K�M+2

Q7 i?2 +H�bbB}2`b mbBM; i?2 r2HH FMQrM T2`7Q`K�M+2 K2�bm`2 T`2+BbBQM- `2+�HH �M/

7R K2�bm`2X

h?2 T`2+BbBQM �M/ `2+�HH 7Q` � ;Bp2M H�#2H Bb /2}M2/ �b 7QHHQrb ,

Precision(i) =
TPi

(TPi + FPi)
UeV

Recall(i) =
TPi

(TPi + FNi)
UdV

q?2`2 TPi `2T`2b2Mib i?2 iQi�H 2t2KTH2b H�#2H2/ rBi? B r?B+? �`2 +Q``2+iHv

T`2/B+i2/ �b #2HQM;BM; iQ i?2 H�#2H B- FPi `2T`2b2Mib i?2 iQi�H 2t2KTH2b MQi

#2HQM;BM; i?2 H�#2H B �M/ T`2/B+i2/ �b #2HQM;BM; iQ i?2 H�#2H B- FNi �`2 i?2 iQi�H

2t2KTH2b #2HQM;BM; iQ i?2 H�#2H B �M/ T`2/B+i2/ �b MQi #2HQM;BM; iQ i?2 H�#2H BX

q2 mb2 i?2 KB+`Q �p2`�;2 iQ +QKTmi2 i?2 T`2+BbBQM �M/ `2+�HH Q7 i?2 +H�bbB}2`- Bi

+�M #2 +�H+mH�i2/ �b 7QHHQrb ,

Precision =

∑
i TPi∑

i Pi +
∑

i FPi

U3V

Recall =

∑
i TPi∑

i TPi +
∑

i FNi

UNV

F1 =
2 ∗ precision ∗ recall

precision+ recall
URyV

9Xj 1tT2`BK2Mi�iBQM

h?2 }`bi T?�b2 i�F2b /Q+mK2Mib rBi? �i H2�bi H�#2H2/ rBi? QM2 H�#2H BM _2mi2`b@

kR8d3 +Q`TmbX q2 7Q+mb QMHv QM i?2 iBiH2 �M/ i?2 #Q/v Q7 �M �`iB+H2 iQ +�H@

+mH�i2 i?2 b2K�MiB+ /Bbi�M+2 #2ir22M rQ`/bX h?2 7`�K2rQ`F bi�`ib iQ 2ti`�+i

rQ`/b 7`QK i?2 �`iB+H2b- Bib +QKTmi2b i?2 Q++m``2M+2 7Q` 2�+? rQ`/ �M/ i?2 +Q@

Q++m``2M+2 7Q` 2�+? +QmTH2 Q7 rQ`/b- r2 +QMbB/2` irQ rQ`/b +Q@Q++m``BM; B7 i?2v

�`2 BM i?2 b�K2 bi�i2K2MiX h?2M- Bi +QKTmi2b SJA K2�bm`2 #2ir22M 2�+? +QmTH2

Q7 rQ`/b �M/ +QMbi`m+ib � ;`�T?X q2 mb2 GQmp�BM �H;Q`Bi?K iQ 2ti`�+i +Hmbi2`b

7`QK i?2 ;`�T? �M/ r2 K2�bm`2 i?2B` [m�HBiv rBi? i?2 KQ/mH�`BivX

6B;m`2 k b?Qrb i?2 2pQHmiBQM Q7 Q7 KQ/mH�`Biv #v b2iiBM; � i?`2b?QH/ BM i?2

T`Q+2bb Q7 #mBH/BM; i?2 ;`�T?X *?m`+? �M/ >�MFb (*?m`+? �M/ >�MFb- RN3N)

Q#b2`p2/ i?�i T�B` rQ`/b rBi? � SJA p�Hm2 Qp2` j i2M/ iQ ?�p2 BMi2`2biBM; b2@

K�MiB+ `2H�iBQMb?BTX h?mb- *QmTH2b Q7 rQ`/b r?B+? ?�p2 i?2B` SJA p�Hm2 mM/2`

i?2 i?`2b?QH/ p�Hm2 �`2 MQi �//2/ iQ i?2 ;`�T?- i?2 �BK Q7 i?Bb Bb iQ }Hi2` r2�F

b2K�MiB+ `2H�iBQMb?BT #2ir22M rQ`/bX L2rK�M �M/ JX :B`p�M (L2rK�M �M/ :B`@

p�M- kyy9) b?Qr i?�i � +Hmbi2`BM; rBi? � KQ/mH�`Biv Qp2` yXj Bb � ;QQ/ +Hmbi2`BM;X
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*H�bbB}2` G�#2HBM; S`2+BbBQM _2+�HH 6R

GQ;BbiB+ `2;`2bbBQM AMBiB�H H�#2H yX93N yXd3R yXeyR

GQ;BbiB+ `2;`2bbBQM L2r H�#2H yXej9 yX3jd yXdkR

GaoJ AMBiB�H H�#2H yX9jk yX3dN yX8dN

GaoJ L2r H�#2H yX8N8 yX3e8 yXdy8

h�#H2 e, *H�bbB}2`b T2`7Q`K�M+2 rBi? BMBiB�H H�#2HBM; �M/ i?2 M2r H�#2HBM;

.�i�b2i *H�bbB}2` E S2`TH2tBiv S`2+BbBQM _2+�HH 6R

hQT Ry GQ;BbiB+ `2;`2bbBQM 9 dXdy8e yX893 yXNR3 yXe3e

hQT Ry GaoJ 9 dXdy8e yX89N yXNR3 yXe33

hQT Ry GQ;BbiB+ `2;`2bbBQM Ry dXNyj3 yX8yj yX39e yXejR

hQT Ry GaoJ Ry dXNyj3 yX8yy yX383 yXejk

hQT Ry GQ;BbiB+ `2;`2bbBQM 8y NXR3jd yX9yj yX3d8 yX88k

hQT Ry GaoJ 8y NXR3jd yX9yy yXNy8 yX888

h�#H2 d, *H�bbB}2`b T2`7Q`K�M+2 rBi? G.� iQTB+b `2T`2b2Mi�iBQM �M/ BMBiB�H H�#2Hb

B/2� mM/2`HvBM; i?2 T`2b2Mi2/ rQ`F Bb iQ H2�`M H�#2Hb /2T2M/2M+v �M/ Q`;�MBx2

i?2K BMiQ +Hmbi2`b Q7 /2T2M/2Mi H�#2Hb- 2�+? +Hmbi2` 7Q`KBM; � M2r H�#2HX

h?Bb �TT`Q�+? Bb /2i�BH2/ �M/ bQK2 2tT2`BK2Mib �`2 /QM2 i?`Qm;? i?2 _2mi2`b@

kR8d3 +Q`TmbX P#i�BM2/ `2bmHib b?Qr i?�i i?Bb �TT`Q�+? T`Q/m+2b � #2ii2` +H�b@

bB}+�iBQM i?�M � +H�bbB}+�iBQM r?B+? +QMbBbib iQ H2�`M iQ +H�bbB7v 2�+? H�#2H b2T�@

`�i2Hv- Bi b?Qrb i?�i i?2 7R K2�bm`2 BKT`Qp2/ #v 3W 7Q` � bK�HH b2i Q7 H�#2Hb �M/

RkW 7Q` � H�`;2` H�#2H b2iX lbBM; rQ`/ +Hmbi2`b �b 72�im`2 bT�+2 T`Q/m+2b #2ii2`

`2bmHib i?�M G.� iQTB+b �b 72�im`2 bT�+2- `2bmHib b?Qr i?�i Qm` `2T`2b2Mi�iBQM

H2/ iQ �M BKT`Qp2K2Mi �i H2�bi Q7 3WX h?2b2 `2bmHib �`2 TQbBiBp2 �M/ 2M+Qm`�;2

mb iQ +QMiBMm2 iQ /2p2HQT i?2 mM/2`HvBM; +QM+2TibX

AM 7m`i?2` rQ`Fb- r2 rBHH BMp2biB;�i2 i?2 T2`iBM2M+2 Q7 �TTHvBM; `2+m`bBp2Hv

Qm` T`QTQb2/ T`Q#H2K i`�Mb7Q`K�iBQM 7Q` 2�+? H�#2H +Hmbi2`bX h?2 +QM+2Ti Q7

?QHQM (_Q/`B;m2x 2i �HX- kyy8) rBHH ?2HT mb iQ /2�H rBi? i?2 KmHiBTH2 H2p2Hb ;2M@

2`�i2/ #v i?2b2 +Hmbi2`bX q2 rBHH �HbQ 2tTHQ`2 �TT`Q�+?2b iQ BKT`Qp2 Qm` b2K�M@

iB+ `2T`2b2Mi�iBQM Q7 /Q+mK2MiX h?2 Qp2`�HH `2bmHib �`2 TH�MM2/ 7Q` BMi2;`�iBQM

rBi?BM �M BMi2HHB;2Mi bvbi2K 7Q` FMQrH2/;2 K�M�;2K2Mi /2bB;M2/ �++Q`/BM; iQ

KmHiB@�;2Mi bvbi2Kb bm+? �b (JQMiB+QHQ 2i �HX- kyR9)X

_272`2M+2b

(."G- kyR3) UkyR3VX 6B7i? AMi2`M�iBQM�H *QM72`2M+2 QM aQ+B�H L2irQ`Fb �M�HvbBb-
J�M�;2K2Mi �M/ a2+m`Biv- aL�Ja kyR3- o�H2M+B�- aT�BM- P+iQ#2` R8@R3- kyR3X
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A111X
("H2B 2i �HX- kyyR) "H2B- .X JX- L;- �X uX- �M/ CQ`/�M- JX AX UkyyRVX G�i2Mi /B`B+?H2i

�HHQ+�iBQMX AM .B2ii2`B+?- hX :X- "2+F2`- aX- �M/ :?�?`�K�MB- wX- 2/BiQ`b- �/p�M+2b BM
L2m`�H AM7Q`K�iBQM S`Q+2bbBM; avbi2Kb R9 (L2m`�H AM7Q`K�iBQM S`Q+2bbBM; avbi2Kb,
L�im`�H �M/ avMi?2iB+- LASa kyyR- .2+2K#2` j@3- kyyR- o�M+Qmp2`- "`BiBb? *QHmK#B�-
*�M�/�)- T�;2b eyR�ey3X JAh S`2bbX

("Qmi2HH 2i �HX- kyy9) "Qmi2HH- JX _X- GmQ- CX- a?2M- sX- �M/ "`QrM- *X JX Ukyy9VX
G2�`MBM; KmHiB@H�#2H b+2M2 +H�bbB}+�iBQMX S�ii2`M _2+Q;MBiBQM- jdUNV,Rd8d�RddRX

(*?2M 2i �HX- kyyd) *?2M- qX- u�M- CX- w?�M;- "X- *?2M- wX- �M/ u�M;- ZX UkyydVX .Q+@
mK2Mi i`�Mb7Q`K�iBQM 7Q` KmHiB@H�#2H 72�im`2 b2H2+iBQM BM i2ti +�i2;Q`Bx�iBQMX AM S`Q@
+22/BM;b Q7 i?2 di? A111 AMi2`M�iBQM�H *QM72`2M+2 QM .�i� JBMBM; UA*.J kyydV-
P+iQ#2` k3@jR- kyyd- PK�?�- L2#`�bF�- la�- T�;2b 98R�98eX A111 *QKTmi2` aQ+B@
2ivX

(*?m`+? �M/ >�MFb- RN3N) *?m`+?- EX qX �M/ >�MFb- SX URN3NVX qQ`/ �bbQ+B�iBQM
MQ`Kb- Kmim�H BM7Q`K�iBQM �M/ H2tB+Q;`�T?vX AM >B`b+?#2`;- CX- 2/BiQ`- kdi? �M@
Mm�H J22iBM; Q7 i?2 �bbQ+B�iBQM 7Q` *QKTmi�iBQM�H GBM;mBbiB+b- ke@kN CmM2 RN3N-
lMBp2`bBiv Q7 "`BiBb? *QHmK#B�- o�M+Qmp2`- "*- *�M�/�- S`Q+22/BM;bX- T�;2b de�3jX
�*GX

(*`mx 2i �HX- kyR3) *`mx- �X 6X- _Q+?�- :X- �M/ *�`/QbQ- >X GX UkyR3VX 1tTHQ`BM; bT�M@
Bb? +Q`TQ`� 7Q` TQ`im;m2b2 +Q`272`2M+2 `2bQHmiBQMX AM (."G- kyR3)- T�;2b kNy�kN8X

(6B`i?- RN8d) 6B`i?- CX _X URN8dVX � bvMQTbBb Q7 HBM;mBbiB+ i?2Q`v RNjy�RN88X GQM;K�M-
GQM/QMX

(:�Mix �M/ _v/MBM;- kyRd) :�Mix- .X _X CX �M/ _v/MBM;- CX UkyRdVX .�i� �;2
kyk8, h?2 2pQHmiBQM Q7 /�i� iQ HB72 +`BiB+�H /QMöi 7Q+mb QM #B; /�i�c 7Q+mb QM
i?2 /�i� i?�iöb #B;X ?iiTb,ff#HQ;Xb2�;�i2X+QKf#mbBM2bbf/�i�@#2+QK2b@HB72@+`BiB+�H@�@
7mM/�K2Mi�H@+?�M;2@i`�Mb7Q`KBM;@i?2@r�v@r2@HBp2fX �++2bb2/, yN@yN@kyRNX

(>Qi?Q 2i �HX- kyyj) >Qi?Q- �X- ai��#- aX- �M/ aimKK2- :X UkyyjVX PMiQHQ;B2b BKT`Qp2
i2ti /Q+mK2Mi +Hmbi2`BM;X AM S`Q+22/BM;b Q7 i?2 j`/ A111 AMi2`M�iBQM�H *QM72`2M+2
QM .�i� JBMBM; UA*.J kyyjV- RN@kk .2+2K#2` kyyj- J2H#Qm`M2- 6HQ`B/�- la�-
T�;2b 89R�899X A111 *QKTmi2` aQ+B2ivX

(>CHH2`K2B2` 2i �HX- kyy3) >CHH2`K2B2`- 1X- 6C`MF`�Mx- CX- *?2M;- qX- �M/ "`BMF2`-
EX Ukyy3VX G�#2H `�MFBM; #v H2�`MBM; T�B`rBb2 T`272`2M+2bX �`iB7X AMi2HHX- RdkURe@
RdV,R3Nd�RNReX

(E�m7K�M �M/ _Qmbb22mr- RNNy) E�m7K�M- GX �M/ _Qmbb22mr- SX CX URNNyVX 6BM/BM;
:`QmTb BM .�i�, �M AMi`Q/m+iBQM iQ *Hmbi2` �M�HvbBbX CQ?M qBH2v � aQMbX

(G2rBb- RNNd) G2rBb- .X .X URNNdVX _2mi2`b@kR8d3
i2ti +�i2;Q`Bx�iBQM i2bi +QHH2+iBQM /Bbi`B#miBQM RXyX
?iiT,ffrrrX/�pB//H2rBbX+QKf`2bQm`+2bfi2bi+QHH2+iBQMbf`2mi2`bkR8d3fX

(JQMiB+QHQ 2i �HX- kyR9) JQMiB+QHQ- .X- JB?�Bi�- aX- .�`rB+?- >X- �M/ >BH�B`2- oX UkyR9VX
�M �;2Mi@#�b2/ bvbi2K iQ #mBH/ T`QD2+i K2KQ`B2b /m`BM; 2M;BM22`BM; T`QD2+ibX
EMQrHX@"�b2/ avbiX- e3,33�RykX

(L2rK�M �M/ :B`p�M- kyy9) L2rK�M- JX 1X CX �M/ :B`p�M- JX Ukyy9VX 6BM/BM; �M/
2p�Hm�iBM; +QKKmMBiv bi`m+im`2 BM M2irQ`FbX S?vbX _2pX 1- eNUkV,ykeRRjX

(_�iiBM;2` 2i �HX- kyR3) _�iiBM;2`- �X- :Qz- CX GX- J22`bK�M- _X- �M/ :m2iH- *X UkyR3VX
a2K�MiB+ �M/ iQTQHQ;B+�H T�i2Mi ;`�T?b, �M�HvbBb Q7 `2i`B2p�H �M/ +QKKmMBiv bi`m+@
im`2X AM (."G- kyR3)- T�;2b 8R�83X

(_2�/- kyy3) _2�/- CX Ukyy3VX � T`mM2/ T`Q#H2K i`�Mb7Q`K�iBQM K2i?Q/ 7Q` KmHiB@
H�#2H +H�bbB}+�iBQMX AM AM, S`Q+X kyy3 L2r w2�H�M/ *QKTmi2` a+B2M+2 _2b2�`+? aim@
/2Mi *QM72`2M+2 ULw*a_a- T�;2b R9j�R8yX

(_B7FBM �M/ EH�mi�m- kyy9) _B7FBM- _X JX �M/ EH�mi�m- �X Ukyy9VX AM /272Mb2 Q7 QM2@
pb@�HH +H�bbB}+�iBQMX CX J�+?X G2�`MX _2bX- 8,RyR�R9RX

(_Q/`B;m2x 2i �HX- kyy8) _Q/`B;m2x- aX- >BH�B`2- oX- �M/ EQmF�K- �X Ukyy8VX >QHQMB+
KQ/2HBM; Q7 2MpB`QMK2Mib 7Q` bBim�i2/ KmHiB@�;2Mi bvbi2KbX AM q2vMb- .X- S�`mM�F-
>X oX .X- �M/ JB+?2H- 6X- 2/BiQ`b- 1MpB`QMK2Mib 7Q` JmHiB@�;2Mi avbi2Kb AA- a2+QM/
AMi2`M�iBQM�H qQ`Fb?QT- 19J�a kyy8- li`2+?i- h?2 L2i?2`H�M/b- CmHv k8- kyy8-
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a2H2+i2/ _2pBb2/ �M/ AMpBi2/ S�T2`b- pQHmK2 j3jy Q7 G2+im`2 LQi2b BM *QKTmi2`
a+B2M+2- T�;2b R3�jRX aT`BM;2`X

(_QK2Q 2i �HX- kyR9) _QK2Q- aX- h�;�`2HHB- �X- �M/ A2M+Q- .X UkyR9VX a2K�MiB+@#�b2/
KmHiBHBM;m�H /Q+mK2Mi +Hmbi2`BM; pB� i2MbQ` KQ/2HBM;X AM JQb+?BiiB- �X- S�M;- "X- �M/
.�2H2K�Mb- qX- 2/BiQ`b- S`Q+22/BM;b Q7 i?2 kyR9 *QM72`2M+2 QM 1KTB`B+�H J2i?Q/b
BM L�im`�H G�M;m�;2 S`Q+2bbBM;- 1JLGS kyR9- P+iQ#2` k8@kN- kyR9- .Q?�- Z�i�`-
� K22iBM; Q7 aA:.�h- � aT2+B�H AMi2`2bi :`QmT Q7 i?2 �*G- T�;2b eyy�eyNX �*GX

(_QmH- kyR3) _QmH- _X EX UkyR3VX �M 2z2+iBp2 �TT`Q�+? 7Q` b2K�MiB+@#�b2/ +Hmbi2`BM;
�M/ iQTB+@#�b2/ `�MFBM; Q7 r2# /Q+mK2MibX AMiX CX .�i� a+BX �M�HX- 8U9V,keN�k39X

(_Qmbb22mr- RN3d) _Qmbb22mr- SX CX URN3dVX aBH?Qm2ii2b, � ;`�T?B+�H �B/ iQ i?2 BMi2`@
T`2i�iBQM �M/ p�HB/�iBQM Q7 +Hmbi2` �M�HvbBbX CQm`M�H Q7 *QKTmi�iBQM�H �M/ �TTHB2/
J�i?2K�iB+b- ky,8j � e8X

(a2HH�? �M/ >BH�B`2- kyR3�) a2HH�?- aX �M/ >BH�B`2- oX UkyR3�VX �miQK�iB+ ;2M2`�iBQM Q7
QMiQHQ;B2b, *QKT�`BbQM Q7 rQ`/b +Hmbi2`BM; �TT`Q�+?2bX A�.Aa- T�;2b keN�kdeX

(a2HH�? �M/ >BH�B`2- kyR3#) a2HH�?- aX �M/ >BH�B`2- oX UkyR3#VX � /Q+mK2Mi +Hmbi2`BM;
�TT`Q�+? 7Q` �miQK�iB+ #mBH/BM; Q7 QMiQHQ;B2bX AM (."G- kyR3)- T�;2b kky�kk8X

(aK�/B �M/ Z�r�bK2?- kyR3) aK�/B- JX �M/ Z�r�bK2?- PX UkyR3VX � bmT2`pBb2/ K�@
+?BM2 H2�`MBM; �TT`Q�+? 7Q` 2p2Mib 2ti`�+iBQM Qmi Q7 �`�#B+ ir22ibX AM (."G- kyR3)-
T�;2b RR9�RRNX

(ai��# �M/ >Qi?Q- kyyj) ai��#- aX �M/ >Qi?Q- �X UkyyjVX PMiQHQ;v@#�b2/ i2ti /Q+m@
K2Mi +Hmbi2`BM;X AM EHQTQi2F- JX �X- qB2`x+?QM- aX hX- �M/ h`QD�MQrbFB- EX- 2/BiQ`b-
AMi2HHB;2Mi AM7Q`K�iBQM S`Q+2bbBM; �M/ q2# JBMBM;- S`Q+22/BM;b Q7 i?2 AMi2`M�iBQM�H
AAa, AASqJöyj *QM72`2M+2 ?2H/ BM w�FQT�M2- SQH�M/- CmM2 k@8- kyyj- �/p�M+2b BM
aQ7i *QKTmiBM;- T�;2b 98R�98kX aT`BM;2`X

(h2``� �M/ *H�`F2- kyyj) h2``�- 1X GX �M/ *H�`F2- *X GX �X UkyyjVX 6`2[m2M+v 2biB@
K�i2b 7Q` bi�iBbiB+�H rQ`/ bBKBH�`Biv K2�bm`2bX AM >2�`bi- JX �X �M/ Pbi2M/Q`7- JX-
2/BiQ`b- >mK�M G�M;m�;2 h2+?MQHQ;v *QM72`2M+2 Q7 i?2 LQ`i? �K2`B+�M *?�Ti2`
Q7 i?2 �bbQ+B�iBQM 7Q` *QKTmi�iBQM�H GBM;mBbiB+b- >Gh@L��*G kyyj- 1/KQMiQM-
*�M�/�- J�v kd @ CmM2 R- kyyjX h?2 �bbQ+B�iBQM 7Q` *QKTmi�iBQM�H GBM;mBbiB+bX

(hbQmK�F�b �M/ E�i�FBb- kyyd) hbQmK�F�b- :X �M/ E�i�FBb- AX UkyydVX JmHiB@H�#2H
+H�bbB}+�iBQM, �M Qp2`pB2rX AC.qJ- jUjV,R�RjX

(hbQmK�F�b 2i �HX- kyRy) hbQmK�F�b- :X- E�i�FBb- AX- �M/ oH�?�p�b- AX SX UkyRyVX JBM@
BM; KmHiB@H�#2H /�i�X AM J�BKQM- PX �M/ _QF�+?- GX- 2/BiQ`b- .�i� JBMBM; �M/
EMQrH2/;2 .Bb+Qp2`v >�M/#QQF- kM/ 2/X- T�;2b eed�e38X aT`BM;2`X

(hbQmK�F�b �M/ oH�?�p�b- kyyd) hbQmK�F�b- :X �M/ oH�?�p�b- AX SX UkyydVX _�M/QK
F @H�#2Hb2ib, �M 2Mb2K#H2 K2i?Q/ 7Q` KmHiBH�#2H +H�bbB}+�iBQMX AM EQF- CX LX- EQ@
`QM�+FB- CX- /2 J�Mi�`�b- _X GX- J�irBM- aX- JH�/2MB+- .X- �M/ aFQr`QM- �X- 2/BiQ`b-
J�+?BM2 G2�`MBM;, 1*JG kyyd- R3i? 1m`QT2�M *QM72`2M+2 QM J�+?BM2 G2�`MBM;-
q�`b�r- SQH�M/- a2Ti2K#2` Rd@kR- kyyd- S`Q+22/BM;b- pQHmK2 9dyR Q7 G2+im`2 LQi2b
BM *QKTmi2` a+B2M+2- T�;2b 9ye�9RdX aT`BM;2`X

(q�M; �M/ EQQTK�M- kyRd) q�M;- aX �M/ EQQTK�M- _X UkyRdVX *Hmbi2`BM; �`iB+H2b
#�b2/ QM b2K�MiB+ bBKBH�`BivX a+B2MiQK2i`B+b- RRRUkV,RyRd�RyjRX

88 Sellah S., Hilaire V.: Label Clustering ...


