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Abstract: The effect of round-off errors on the numerical solution of the heat equation
by finite differences can be theoretically determined by computing the mean error at
each time step. The floating point error propagation is then theoretically time linear.
The experimental simulations agree with this result for the towards zero rounding arith-
metic. However the results are not so good for the rounding to the nearest artihmetic.
The theoretical formulas provide an approximation of the experimental round-off errors.
In these formulas the mean value of the assignment operator is used, and consequently,
their reliability depends on the arithmetic used.
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1 Introduction

In the computational solution of partial differential equations, two types of errors
are generated : the method error due to approximations inherent in the numer-
ical method and the round-off error due to the floating point arithmetic of the
computer used. This paper presents an analysis of the round-off error propaga-
tion in the solution of the heat equation by finite differences. For each point of
the mesh, the solution is approximated by a scalar product with three terms.
Therefore previous studies concerning round-off errors in arithmetical opera-
tions and in scalar products are presented. This analysis has been carried out
for the towards zero rounding arithmetic and for the rounding to the nearest
arithmetic, these two rounding modes respecting the 754-IEEE standard. Dif-
ferent cases have been considered depending on whether initial data and finite
difference scheme coefficients are exactly represented or not in the computer. To
conclude, the main results obtained are finally represented.

2 Previous results concerning round-off errors

2.1 Assignment error

Let « be a real number and X its floating point representation. The relative

assignment error on X is «o = (Xx;x) . Let P be the set of all the possible
relative assignment errors «. The mean value & and the standard deviation o2
of P can be computed according to the rounding mode, the base and the number
of bits in the mantissa in the floating point representation [see Alt 76, Alt 78,

Hamming 70, Knuth 69, La Porte, Vignes, 74a and Vignes 93]. Let b be the base
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(usually b is 2 or 16) and p the number of digits in the mantissa in the standard
floating point representation,

for the towards zero rounding arithmetic :

v — p—p1=b)
o= 2logd

- b2-1 b—1)*
02 =b 2p[(6logb) - (;logl)JV]

and for the rounding to the nearest arithmetic :
a=20
2 _ g—2p(b*=1
or =07 24log b

2.2 Error due to arithmetical operators

Let +, —, x, / be the exact operators on real numbers and @, &, ®, @ the cor-
responding floating point operators (addition, subtraction, multiplication and
division) on F, which is the set of all the values representable in the machine.
The following formulas have been obtained by considering only first-order ap-
proximations in b7F :

Let # and y be real numbers, X and Y their representations in F :
Xrmae(l+a)and Y & y(l+5)
XoYr~ae+y+oar+ By+p(z+y)
XeYmae—y+tar—By+pulx—y)
XoYr@xy)(l+ats+py)
XoY m(x/y)(l+a—5+4)
with «, 38, it , p’ being elements of P.

2.3 Error in the computation of scalar products

Let us consider a scalar product » = """, z;y;, with z; and y; real numbers. If
it 18 computed using this cumulative method :

R:=0;FORI=1TO NDO R:=Ra®X[I[|oY][I],
the absolute error p on the exact scalar product r is defined by : p = R — r.

If X; = 2;(14+ A;) and Y; = w(1 + py) the error p can be estimated by the
following formula :
p Yy miyi(Ni + i+ i)
+aq(z1y1 + zays)
+as(z1y1 + 22ys + Tays)
+...
tan_i(z1y1 + 22y + ..+ ZaYn)

with «;, 8;, A, it being elements of P.
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We assume that the errors «;, 8;, A;, p; are independent and have the same
mean value @ and the same standard deviation 2. Under these hypotheses, the
mean values of p and p? are given by :

— ar n?+7n—2

2n

I

p7 ( )2[(3n +41n12-|;1134n 72) 2+((n 2)(” +3n 6)) ]+0_ [( )7“ _|_(n +égn 6)52]

with s = " (z;5:)? [see Alt 78 and La Porte, Vignes 74b].

3 Error propagation in the solution of the heat equation

3.1 Finite difference scheme

The one-dimensional heat equation describes the heat propagation in a linear
bar. Let U(x,t) be the temperature on this bar at point # and time ¢. The heat
equation in [a,b] X [tp, +oo] is described by the following system :

() _ [8ULY) — | with K > 0

Vi >ty , Ula,t) = Uy(t) and U(b,t) = Up(¥)

Va € o8], Ula,to) = U°(x)

The constant K represents the material thermic diffusivity.

The domain is discretized with space step Ax and time step At :
z;=a+tAz, 1 =0,1,..n

g =a and z, = b
t; =to+ AL =0,1,..

Let Ul»j be the solution at point z; and time ¢;. The explicit finite difference
method is used :

1 _grd Ui —oUiu? . .
ek AtU’ =K(— (Ax)j H) fori=1,..,n—1,7=0,1,....

then:  Uf*" = (IA(?;2 Ui, +(1- Q(IA(?)tz)U] + (IA(?;2 Uz]+1

To ensure the stability of this scheme, the relation (IZ?)Z < % must be satisfied.

Ifep = % and co = 1 — 2¢q, the finite difference scheme is :

Uit = UL + U] + U], fori=1,.,n—1,j=01,..
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3.2 Theoretical round-off error
3.2.1 Relative round-off error

To estimate the round-off error in the computation of Uij with the finite difference

scheme previously proposed, several notations are necessary. Let U}, ¢1, ¢co be

the algebraic values and Uij, €1, €2 the computed values.

Then fore=1,...,n—1,5=0,1, ...,
Uit = (@ ell)e@Got]) e (@ all),
this formula being neither commutative nor associative.
Let /Jg be the relative error on Uij due to the cumulation of assignment errors

and round-off errors generated in previous iterations : Uij = Uij(l + /Ji)

p? merely represents the assignment error on U and the mean value 0 is equal
to the mean value of the assignment operator a.

Let A; and Az be the relative errors on ¢; and ¢3 @ 6 = ¢1 (1 + A1) and
C~2 = C2 (1 + Az)

If ¢1 and ¢y are not results of computations or are computed in infinite precision,
then A; and As are merely assignment errors.

UZ»H'1 is computed by a scalar product with three terms. Therefore the for-
mula providing the round-off error in the computation of scalar products can
be applied :

pi = e [ el On + il + )

+eaUf (Ao + gt + Bo)

e Ul (M + iy, + Bs)

+ai (UL, + esU})

—|—Oz2(clUZ»j_1 + CQUZ'j + ClUZ'j_H) ]
with «;, 8; being elements of P.

The errors a1 and a5 are due to additions @, 31, §2 and 3 to multiplications ®.
Assignment errors «;, 3; are assumed to be independent and consequently :

i=fi=a
a? = 57 = (@) + o

a;Be = (a)? ete ...

2

Q
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3.2.2 First moment

As assignment errors are assumed to be independent and have the same mean

value a, the first moment is, for j =0,1,...and¢=1,...,n—1:
_ clUl'j_ - B 62Uij — B clUij _ B
Z-H = Uj+11 (pi_y +3a+A1)+ it (ki +3a+Az)+ U»j++11 (F‘g+1+20‘+’\1)~

The space step and the time step are assumed to be low enough to allow the
following approximation :
Uj Uj Uj

. . i—1 ~ il o~
V5 >0, Vi=1,...,n—1, ST R NU]+1N1

i+t
i

Therefore at a fixed iteration, all relative errors /Jg have the same mean value :
Vi=1,..n—1, gl =pul.

then .
V_] Z 0, /,Lj+1 = /,L] + (3 — 61)07 + 261/\1 + CQAQ

therefore :
V_] Z 0, /,L_] = E—F ((3 - 61)07 + 261/\1 + CzAz)j.

The round-off error propagation in the solution of the heat equation by finite
differences is theoretically time linear. The general formula above is simplified if
the coefficients ¢; and ¢ and the initial data U are exactly represented. For the
rounding to the nearest arithmetic, the mean value of the assignment errors, a
1s theoretically zero. In this case, if the coefficients ¢; and ¢s and the initial data
U? are exactly represented, A = Ay = % = 0, and the first moment remains
theoretically zero. Thus it is necessary to estimate the second moment.

3.2.3 Second moment

The estimation of the second moment has been carried out for the rounding to
the nearest arithmetic under the following assumptions :

¢1 and ¢ are exactly represented : A = Ay = 0,

initial data are exactly represented : Vi =1,..n—1, p? =0 .

As for the estimation of the first moment, it is assumed that :

i1 i-1 i1
. . =1 A 3 ~ i+l
Vj>1, YVi=1,...,n—1, R R S ~ 1.

The estimation of (u?“)z induces the emergence of terms 'yug, v being a relative
assignment error.

It is assumed that ’y/ig_l = ’Y/ig+1 = w{.
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Therefore, (pit')2 = (27 4 ¢2) (u})? + (Te} + 3e2) o

+2((1— cr)arpl + aopd + e Bupd + cafapd + C153Nf:)~

As Vi=1,..,n—1, p) =0, (u})? = (7c}+ 3cq) o

K3

v are estimated, v being a relative assignment error :

041#? =(l—c1)o? + alﬂg_l

J o 42 j—1
Qafly = 07 + aopl;

Byl =cro® 4 prpd

Bopil = o0 + Bopl ™

Bapl = cro® + Bapl ™

As W = 0, finally :

oug] = (1 - e1)jo?

S
aspl = jo

Byl = Bapd = erjo

Pop] = cajo.

Therefore : Vj > 1, (pg-i'l)z = (2¢2 + ¢3) (u{)Q + (14 2j5) (7¢2 + 3e2) o2

Then

(10)* =0

and Vj > 1, (u)? = (T¢? +3c9) 2 Y21 (14 2k) (2¢2 4 2)i—F=1,

The evolution of the second moment is thus of degree 2. This result remains
coherent with the linear evolution of the first moment.

3.3 Experimental round-off error
3.4 First moment

The experimental first moment z/ is computed according to the following for-

mula :
— 1 i ui_ul
¥ 2 2
K n_lz -

i=1 UZ]
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where U} represents the algebraic value and U the computed value. The number
of significant digits lost in computations does not depend on the precision of the
floating point arithmetic [see Chesneaux 88 and Chesneaux 90]. Therefore U7,
theoretically computed in infinite precision, can be computed in double precision.
Then Uj is the result of the same computation carried out in single precision
[see Hull, Swenson 66].

The theoretical expression of the first moment has been validated for the to-
wards zero rounding arithmetic and the rounding to the nearest arithmetic, on
a computer using base 2 with p = 24 and respecting the 754-IEEE standard.
Four cases can occur depending on whether the coefficients ¢; et ¢» and the
initial data U are exactly represented or not. Each case has been studied for
the rounding to the nearest arithmetic, where the mean value of the assignment
errors « 1s zero, and for the towards zero rounding arithmetic, where & 1s not
zero. The number of space steps n is set to 100, the number of time steps 1s set

to 1000.

1st case :

If the coeflicients ¢y, ¢2 and the initial data U are both not exactly represented,
the first moment is :

V_] Z 0, /,L_] = E—F ((3 - 61)07 + 261/\1 + CzAz)j

The experimental moment is time linear as well. However the theoretical mo-
ment 1s in absolute value slightly greater than the experimental moment. This
difference may be due to an overvaluation of the theoretical mean value a.
Results concerning the following example are presented in the appendix :

C1 = %a Cy = %

Vi=0,1,---,n, U’ = sin(%) + log 2

2nd case :

If the coefficients ¢; and ¢ are exactly represented, but the initial data U} are
not exactly represented, the first moment is :

Vi>0, w=p0+(3-c)aj

In the towards zero rounding arithmetic, the theoretical moment and the experi-
mental one are both linear. The theoretical moment overestimates again slightly
in absolute value the experimental moment.
In the rounding to the nearest arithmetic, as the mean value « is zero, the first
moment remains theoretically equal to the mean error on data u’. In opposition
to the theoretical moment, the experimental moment is not constant. However
its order of magnitude (10~7) is very satisfying for single precision results.
Graphical results for the following example are presented in the appendix :

€1 = 13—6, €2 = %

Yi=0,1,---,n, UQ:sin(%)—l—logQ

K3
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3rd case :

If the initial data U? are exactly represented, but the coeflicients ¢; and ¢, are
not exactly represented, the first moment is :

V_] Z 0, /,L_] = ((3 - 61)07 + 261/\1 + CzAz)j

The choice of initial data which are exactly represented is more problematic than
the choice of exactly represented coefficients. For instance, if initial data are of
the form :

Vi=0,1,---,n, U =12",
with r being a relative integer, the scheme does not perform evolutions in time :
Vi>0, Ul =UP.

The following example is presented in the appendix :

1 _ 2
& 2= 3

C1

Vi

0,1,---,n, ifiisodd, U’ =i/16

if i is even, U = i

The theoretical moment is linear and remains greater than the experimental
moment in absolute value. In the towards zero rounding arithmetic, the experi-
mental moment remains linear for all time intervals considered. In the rounding
to the nearest arithmetic, the experimental moment is not perfectly linear (see
graphical results in the appendix).

4th case :

If the initial data U2 and the coefficients ¢; and ¢3 are exactly represented, the
first moment is :
Vi>0, 7= (3—ci)aj

In this case, the experimental moment is compared with the theoretical moment
only in the towards zero rounding arithmetic, because in the rounding to the
nearest arithmetic the mean value « is theoretically zero.

In the appendix, the following example is presented :
Cc1 = 13_6’ Co = g
Vi=0,1,---,n, ifiis odd, U? =i/16

if i is even, U = i
The experimental moment, as well as the theoretical one, is linear. The theo-

retical moment remains slightly greater than the experimental one in absolute
value because of the overvaluation of the mean value of the assignment errors a.
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3.4.1 Second moment

The second moment, (/ﬂ)z, can be experimentally computed according to the

following formula :
ey
()" = ( o )
”_1; U

where Uij is the algebraic value and Uij the computed one. As for the first mo-
ment, U], theoretically computed in infinite precision, is computed in double

precision and U7 is computed in single precision.

The second moment has been computed using the rounding to the nearest arith-
metic, when the initial data U? and the coefficients ¢; and ¢3 are exactly repre-

sented. In the appendix, the evolution of the ratio of the experimental moment

by the theoretical one (Mj)2 3 exp/(ﬂj)z % theo 1s presented. The example con-
sidered 1is the same as for the study of the first moment, when both initial data
and coefficients are exactly represented.

4 Conclusion

In the towards zero rounding arithmetic, the round-off error generated in the
solution of the heat equation is correctly modelled for all finite difference scheme
coefficients and initial data. The round-off error propagation is then time linear.
The theoretical error depends strongly on the mean value of the assignment
errors and, while providing the order of magnitude of the experimental error,
overestimates it slightly.

In the rounding to the nearest arithmetic, the round-off error generated is always
smaller than in the towards zero rounding arithmetic. In the case where neither
the coefficients nor the initial data are exactly represented, the round-off error
is linear and is correctly described by the theoretical formula. However if the
finite difference scheme coefficients or the initial data are exactly represented,
theoretical formulas are not verified by the experimental study. The round-off
error modelling is rather difficult in the rounding to the nearest arithmetic,
where the mean value of the assignment error, which is theoretically zero, is
never practically zero.

Theoretical formulas are much more robust in the towards zero rounding arith-
metic than in the rounding to the nearest arithmetic. However from this study
it seems obvious that the round-off error generated in the solution of the heat
equation is usually linear.
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Appendix : graphical results

, 62:%, n=100, Vi=0,1,---,n, U =sin(*X) + log2
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Figure 1: First moment, towards zero rounding arithmetic
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Figure 2: First moment, rounding to the nearest arithmetic
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2nd case :

-2e-05

-4e-05

-6e-05

-8e-05

-0.0001

-0.00012
0

Cc1 =

3

1

6

, eo=32, n=100,Vi=0,1,---,n, U =sin(Z)+log2

T T T T T T T T

'Experimental’ ——
"Theoretical’ o

1 1 1 1 1

100

200 300 400 500 600
Time

Figure 3: First moment, towards zero rounding arithmetic
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Figure 4: First moment, rounding to the nearest arithmetic
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3rd case : 61:%, czzg, n=100, Vi=0,1,---,n,ifiis odd, U? = i/16
if i is even,U? =i
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Figure 5: First moment, towards zero rounding arithmetic
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Figure 6: First moment, rounding to the nearest arithmetic
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4th case : 1 = %, ey = g, n =100, Vi=0,1,---,n,if i is odd, U? = i/16
if i is even,U? =i
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Figure 7: First moment
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2 =5 n=100,Vi=0,1,---,n,if i is odd, U = i/16

4th case : €1 = 1g,
if i is even,U? = i

—

rounding to the nearest arithmetic
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Figure 8: Ratio of the experimental 2nd moment by the theoretical 2nd moment
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