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Abstract: We prove that grammar systems with (prescribed or free) teams (of constant
size at least two or arbitrary size) working as long as they can do, characterize the family
of languages generated by (context-free) matrix grammars with appearance checking;
in this way, the results in [Piun, Rozenberg 1994] are completed and improved.
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1 Introduction

A cooperating grammar system, as introduced in [Csuhaj-Varji, Dassow 1990]
and [Meersman, Rozenberg 1978], consists of several (usually context-free) gram-
mars, each of them working, by turns, on a common sentential form. A basic
protocol of cooperation is the mazimal competence strategy: a component must
rewrite the current sentential form as long as it can do this (and hence never can
finish, if it can work forever). In [Csuhaj-Varji, Dassow 1990] it is proved that in
this way exactly the family of ET0L-languages can be obtained. In [Meersman,
Rozenberg 1978] a variant of this stop condition is considered: a component must
work until it introduces a non-terminal which cannot be rewritten by the same
component.

In [Kari, Mateescu, Paun, Salomaa 1994], a way to increase the power of cooper-
ating grammar systems has been proposed: the cooperation of the components of
a grammar system is increased by allowing (or forcing) some of the components
of the system to work simultaneously in teams on the current sentential form in
parallel, 1.e. in each step, every member of the currently active team has to apply
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arule. In [Kari, Mateescu, Paun, Salomaa 1994], the condition for a team to stop
its work has been the following one: no rule of any member of the team can be
used any more. Even with such a strong stop condition, non- ET0L-languages
can be generated as it is proved in [Kari, Mateescu, P&un, Salomaa 1994] (and
moreover, teams of size two are sufficient, as it is shown in [Csuhaj-Varju, Paun
1993]).

Another stop condition has been considered in [Paun, Rozenberg 1994]: a team
stops working if and only if at least one of its members cannot apply one of its
rules any more. For this stop condition as well as for that introduced in [Kari,
Mateescu, Paun, Salomaa 1994], in [PAun, Rozenberg 1994] it is proved that
both using prescribed teams (all of them being of given size or of free size) and
using free teams (of given size at least two or of arbitrary size at least two)
exactly the family of languages generated by matrix (or programmed) grammars
with appearance checking is obtained (thus strenghtening the results proved in
[Csuhaj-Varju, Paun 1993] and [Kari, Mateescu, Paun, Salomaa 1994]).

The stop conditions considered in [Pdun, Rozenberg 1994] are not the natural
extension of the mazimal competence strategy from individual components of
grammar systems to teams of components: the simplest way for such an exten-
sion 1s to allow a team to become inactive when 1t is no longer able to rewrite the
current sentential form as a team, irrespective whether or not some or even all
rules of the components can be applied further. For instance, if the current string
contains only two occurences of the non-terminal A and we have a team consisting
of three components, each consisting of rules of the form A — « only, then none
of the conditions investigated in [Csuhaj-Varju, Paun 1993], [Kari, Mateescu,
Paun, Salomaa 1994], and [P&un, Rozenberg 1994] is fulfilled, although the team
cannot be used any more. Yet the derivation is correctly terminated if we use
the natural extension of the maximal competence strategy mentioned above, but
not for the variants considered in [Csuhaj-Varju, Paun 1993], [Kari, Mateescu,
Paun, Salomaa 1994], and [Paun, Rozenberg 1994] (the derivation is simply un-
acceptable for those variants, although it looks quite rationally considered from
the point of view of the team).

There is also another reason for considering the new stop condition, namely a
mathematical one: grouping sets of rules in teams may remind us of the mode of
working of matrix grammars; checking whether rules in a component of a team
can be applied may remind us of the appearance checking in matrix grammars.
All together, these aspects make the following result somehow non-surprising
(although the proof given in [P&un, Rozenberg 1994] is, by no means, obvious):
grammar systems with teams (prescribed or free and of given size at least two or
of free size at least two) working with the stop conditions considered in [Paun,
Rozenberg 1994] characterize the family of languages generated by (context-free)
matrix grammars with appearance checking. The new mode of stopping the work
of a team is not related to the appearance checking manner of work in such
an obvious manner, yet again all languages generated by matrix grammars with
appearance checking can be obtained by grammar systems with free teams of
given size at least two, but also with free teams of arbitrary size, which is an
improvement of the results obtained in [P&un, Rozenberg 1994].

The study of teams, in general the study of classes of grammar systems in which
both the sequential and the parallel modes of working are present, requests and
deserves further efforts (see also [Csuhaj-Varju 1994] for motivations of such
investigations).
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2 Preliminary definitions

We specify only a few notions and notations here; the reader is referred to [Sa-
lomaa 1973] for other elements of formal language theory we shall use and to
[Dassow, Paun 1989] for the area of regulated rewriting.

For an alphabet V', by V* we denote the free monoid generated by V under the
operation of concatenation; the empty string is denoted by A, and V* — {A} is
denoted by V1. The length of € V* is denoted by ||, and for any U, U C V,
|#|r denotes the number of occurrences of symbols ¢ € U in «.

A matriz grammar (with appearance checking) is a construct

G=(N,T,5 M,F)

where N and T are disjoint alphabets (IV is the nonterminal alphabet, T is the
terminal alphabet), S € N is the axiom, and M is a finite set of sequences
(called matrices) of the formm = (A; — 1, ..., As — x5), s > 1, A; — x; being
a context-free rule over NUT with A; € N and #; € (NUT)*, 1 <i<s,and F
is a subset of the rules occurring in the matrices of M.

For w,y € (N UT)* we write w = y if there are strings wg, wy,...,w; in
(NUT)* and a matrix (A; — 21,..., As — @;5) in M such that w = wg, w; =y
and for each ¢ with 1 < i < s either w;_1 = z;A; 2z} and w; = z;2) or w; = w;_q,
the rule A; — z; is not applicable to w;_1, and A; — z; appears in F'. (In words,
all the rules in a matrix are applied, one after the other in the given sequence,
possibly skipping the rules appearing in F', but only if they cannot rewrite the
current string.) If F/ = @), then the grammar is said to be without appearance
checking (and the component F' can be omitted).

By MAT}., MAT,. we denote the families of languages generated by matrix
grammars with arbitrary context-free respectively A-free context-free rules. The
following relations are known ([Dassow, Paun 1989]):

ETOL C MAT,. CCS C MAT), = RE,

where C'S and RE denote the families of context-sensitive respectively recursively
enumerable languages and ET0L denotes the family of A-free ET0L-languages
(i.e. languages generated by extended Lindenmayer systems with tables).

A cooperating distributed grammar system (CD grammar system for short) is a
construct

I'=(N,T,S, P,.. P

where N and T are disjoint alphabets (IV is the nonterminal alphabet, T is the
terminal alphabet), S € N is the axiom, and Py, ..., P,, n > 1, are finite sets of
context-free rules over N UT and are called the components of the system I
For each component P;, 1 < i < n, in the CD grammar system I" we denote

dom(Pi):{AEN|A—>J:EPZ' forsomexE(NUT)*}.

Given w,w’ € (NUT)* and i, 1 < ¢ < n, we write w = p, w' if w’' can be
derived from w by using a rule in P; in the usual sense: w = wy Awsy, w' = wyzws,
and A — z € ;. By :>1‘|;l and =} we denote the transitive respectively the
reflexive transitive closure of =—>p, .
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An important derivation relation for CD grammar systems is the mazimal deriva-
tion mode 1 (see [Csuhaj-Varju, Dassow 1990]):

w :>fDl w’ if and only if
w =3 w' and there is no w" € (N UT)* such that w' =p, w"

(such a derivation is mazimal in the component F;, i.e. no further step can be
done). The language generated by the CD grammar system I in the maximal
derivation mode t is defined by

Lt(F):{xET*|S:>tPll wl"':;lm Wy = T,
m>1, 1<i <nforl<j<m}.

The family of languages generated in this mode by CD grammar systems with
A-free rules is denoted by C'D(t). From [Csuhaj-Varju, Dassow 1990] we know
that CD(t) = ETOL.

3 Teams in cooperating grammar systems

In [Kari, Mateescu, Pdun, Salomaa 1994] the following extension of CD grammar
systems 1s introduced:
A CD grammar system with (prescribed) teams (of variable size) is a construct

I'= (NaTaSaPh"'aPnana"'an)

where (N, T, S, Py, ..., P,) is a usual CD grammar system and @Q; C {Py, ..., Pn},
1 < i < m; the sets @1, ..., @, are called teams and are used in derivations as
follows: For Q; = {F;,, Pj,,..., P;,} and w, w' € (N UT)* we write

w=—q, w' if and only if w = wy AjwaAg.. . wsAswgy1,
w’ = W X1 Waks.. WsLsWs41,
where wy € (NUT)", 1<k <s+1, and
Ar — 2, € P, 1<r<s
(the team is a set, hence no ordering of the components is assumed).

In [Kari, Mateescu, Paun, Salomaa 1994] the following rule of finishing the work
of a team @Q; = {F;,, Pj,, ..., P;,} has been considered:

w :>thl w’ if and only if
w :>51 w' and W] ,p,p, y = 0 for all r with 1 <7 <'s.
(No rule of any component of the team can be applied to w'.)

Another variant is proposed in [Pdun, Rozenberg 1994]:
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w :>tQQl w’ if and only if
w :>51 w' and [w'|y,,,(p, y = 0 for some r with 1 <r <.

(There is a component of the team that cannot rewrite any symbol of the current
string.)

The language generated by I' in one of these modes is denoted by L+, (I') and
L4, (I"), respectively.

If all teams in I" have the same size, then we say that I" 1s a CD grammar system
with teams of constant size. If all possible teams are considered, we say that I’
has free teams; the teams then need not be specified. If we allow free teams of only
one size, we speak of CD systems with free teams of constant size. Obviously, if
we only have teams of size s > 2, then we cannot rewrite an axiom consisting of
one symbol only, hence we must start from a string or a set of strings as axioms.
Therefore, we consider systems of the form

I'= (NaTa Wa Pla "aPnana "'an)a

where W C (N UT)* is a finite set; the terminal strings of W are directly
added to the language generated by I'. The others are used as starting points for
derivations. The languages generated by such a system I' when using free teams
of given size s are denoted by L, (I',s) and Ly, (I, s), respectively; when free
teams of arbitrary size are allowed, we write Ly, (I, #) respectively L, (I, %), and
if these free teams must be of size at least two, we write Ly, (I',+) respectively
L, (T, +).

By PT,CD(g) we denote the family of languages generated in the mode ¢ €
{t1,t2} by CD grammar systems with prescribed teams of constant size s and
A-free context-free rules; if the size 1s not constant we replace s by *; when the
size must be at least 2 (no team consisting of only one component is allowed),
then we write PT C'D(g). If the teams are not prescribed, we remove the letter
P, thus obtaining the families T,C'D(g), T.C'D(g), and T C'D(g), respectively.

As we are interested in the relations with the family M AT}, too, we also con-
sider CD grammar systems with prescribed (arbitrary) teams of constant size s
(arbitrary size, of size at least two) and arbitrary context-free rules; the corre-
sponding families of languages generated in the mode g € {{1,42} by such CD
grammar systems are denoted by PT,C'D*(g), PT.CD*(g), PT,CD*(g), and
T,CDXg), T.CD*(g), T1.CD*(g), respectively.

In [P&un, Rozenberg 1994] it is proved that for all s > 2 and ¢ € {t,12}
T:CD(g) = PT,CD(g) = PT.CD(g9) =T+ CD(g9) = MAT,. and
T,CDg) = PT,CD*(g) = PT.CDg) = T CD(g)* = MAT.

The relations =' and =2 as defined in [Csuhaj-Varju, Piun 1993], [Kari,
Mateescu, Paun, Salomaa 1994], and [Piun, Rozenberg 1994] are not the direct
extensions of the relation =! from components to teams. Such an extension
looks as follows (where I', w, w’, @); are as above):

w :>81 w’ if and only if
w :>51 w' and there is no w” € (N UT)* such that v =g, w".

The language generated by the CD grammar system [" in this mode ¢q is denoted
by L+, (I'), the languages generated by such a system I' in the mode ¢y when using
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free teams of given size s, free teams of arbitrary size, free teams of size at least
two are denoted by Li (I s), Ly, (I, *). and Ly (I, +), respectively.

Obviously, if w :>tle w', j=1,2, then w :>t”l w’, too, but, as we have pointed
out in the introduction, the converse is not true; we can have w :>t”l w’ without
having w :>tle w’ for j = 1,2. Consequently, L;,(I") C Ly ("), j = 1,2, without
necessarily having an equality; the same holds true for the languages L, (I, s),
Ly, (I, %), and Ly, (I',+). This means that we have no relations directly following
from definitions, between families considered above and the corresponding fami-
lies PTSCD(to), PT*CD(tQ), PT+CD(t0), TSCD(tO), T*CD(to), and T+CD(t0)
However, in the following section we shall prove that again a characterization of
the families M AT, and MATa)‘c is obtained, hence the new termination mode of

team work is equally powerful as those considered in [Csuhaj-Varju, Paun 1993],
[Kari, Mateescu, Paun, Salomaa 1994], and [P&un, Rozenberg 1994].

In order to elucidate some of the specific features of the derivation modes #;,
k € {0,1,2}, we consider some examples. The first example shows that the
inclusions, Ly, (I") C Ly, (1), ete., j € {1,2}, can be proper:

Erample 1. Let
In=({A,B,C} {a} , {AB}, P1, P>, P3, I4)
be a CD grammar system with the sets of rules
P, ={A— B,B — B},
P,={B—C,B— B},

P;={B —a,B— B}, and
Py={C—a,B— B}.

Obviously, Li(I1) = 0, because the only way to get rid of the symbol A is to
apply the rule A — B from P;, but because of the rule B — B the derivation
can never terminate.

If we consider I'y together with the prescribed teams (of size 2)

Ql = {Pl,Pz} and
Q2 = {Ps, P4},

i.e. if we take the CD grammar system with prescribed teams

I'y=(I,Q1,Q2),

then we obtaln

Ly, (I') = {aa}
because AB :>t”1 BC :>82 aa, yet still
Lt,(FZ) = @

for ¢ € {1,2}, because after one derivation step with @1, i.e. AB =¢, BC, (1
cannot be applied as a team any more to BC', although the rule B — B, which
is in both sets of rules of the team @1, is applicable to BC'. This means that
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the derivation is blocked, although the stop condition for the derivation mode ¢;,
i€ {1,2}, is not fulfilled!

As only teams of size at most two can be applied to a string of length two, we
also obtain

Ltj(FlaQ) = Ltj(F1a+) = ij(Fla*) =0forie {LQ}’

whereas

Lio(I1,2) = Lig (I, +) = Ley (11, %) = {aa}.
Ezample 2. Let
I's = ({A,B},{a,b},{AA, BB}, Py, Py, P5, Py)
be a CD grammar system with the sets of rules

Py={A—aA A—aB,A— b},
Py={A—aA A—aB,A— a},
P;s={B —bB,B—bA B— a}, and
Py={B—bB,B—bA B—b}.

If we consider I's together with the prescribed teams (of size 2)

Ql = {Pl,Pz} and
Q2 = {Ps, P4},

i.e. if we take the CD grammar system with prescribed teams

I'y=(I3,Q1,Q2),

then we obtain
Ly, (I'y) = {wawb, wbwa | w € {a,b}"}

for i € {0,1,2}. Although this non-context-free language is obtained in each
derivation mode t;, the intermediate sentential forms (after an application of @4
or (2) are not the same:

Whereas for ¢ € {1,2} the intermediate sentential forms are wAwA and wBwB
with w € {a,b}", in the derivation mode ¢y we also obtain wawA, waw B, wbwA,
wbwB, wAwa, wAwb, wAwB, wBwa, wBwb, and wBwA. These strings are
somehow hidden in the other derivation modes t; and ¢, because they can be
derived from a sentential form vAvA or vBvB with a suitable v € {a,b}", by
using the derivation relation =¢, of the team ()1, but then further derivations
with the team ()1 are blocked, although the stop conditions of the derivation
modes t; respectively ¢ are not fulfilled. This additional control on the possible
sentential forms is not present with the derivation mode #y, where a derivation
using a team stops if and only if the team cannot be applied as a team any
more, which does not say anything about the applicability of the rules in the
components of the team on the current sentential form. Nethertheless the same
generative power as with the derivation modes ¢; and ¢ can be obtained by teams
using the derivation mode #g, too, which will be shown in the succeeding section.
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4 The power of the derivation mode tq

In this section we shall prove that CD grammar systems with (prescribed or
free) teams (of given size at least two respectively of arbitrary size) together
with the derivation mode ¢y again yield characterizations of the families M AT,
respectively M AT,

The following relations are obvious:

Lemma 1. For all s > 1 we have
T;CD(ty) C PT,CD(ty) C PT.CD(1y),
T,CD*tg) C PT,CD*(to) C PT.CD*(t),
T.CD(ty) C PT.CD(1y),
T.CDX(to) C PT.CD*(to),
T1CD(ty) C PTLCD(ty) € PT.CD(tp),
T, CDtg) C PTyCD(tg) C PTL.C'D(t).
Lemma 2. PT.CD(ty) C M AT,. and PT.CD*(to) C MAT)..

Proof. Let I' = (N, T, W, P1, ..., Ps,Q1, ..., Qm) be a CD grammar system with
prescribed teams and A-free rules. We construct a matrix grammar

G=(N',TU{c},S' M,F)

with A-free rules as follows.
For a team

Qi=A{Pj,, .., P}
consider all sequences of rules of the form
7=(A1 —x1,.., As — x;)
such that from each set P; exactly one rule is present in m. Let
T, M2, oo, ik} = Ry

be all such sequences associated with the team Q;.
Then

N =NU{A |Ae NYU{S #, X, X'}U
{lQ]11<i<m}U{R;; R ; |1<i<m1<j<k}

M={(S —wX)|weW}u
{(X =D [1<i<m}pU
{([Qi] = [Q], Ay — &, Ay =) [ 1< i <m,
Qi = {le, "'ans}a (A1 — T, ...,As — l‘s) € R;,

z!. is obtained by replacing each nonterminal in =z,

—
—

by its primed version, 1 <r < s}U
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A" = A [AeNU{([Qi] = Rin) |1 <i<m}U
{(Rij— Rl A — o, Ag—a) [ 1<i<m, 1<j<k—1
T = (Al —>$1,...,As —>l‘s), o, € {A;"#}’ 1 S r S s,
and for at least one r, 1 <r < s, we have o, = #} U
{(Rig, = X', AL — aq,.., Ay — a,) | 1 < i <m,

ﬂ-i,k, — (Al —>OZ1,...,A5—>O[5), Oy S {Aia#}alg TS S,
and for at least one r, 1 <r < s, we have o, = #} U
{(Ri; — Rij, Al —#, .. A, —#)|1<i<m,
1§j§kla{A1aaAp}:N}U
{(X/—>X,A/1—>#,...,A;—>#)|{A1,...,AP}ZN}U
{(X =)}

The set F' contains all rules of the form A — # in the previous matrices.

bl

The derivation starts form wX, w € W. In general, from a sentential form
wX,w € (N UT)*, in a non-deterministic way we can pass to w[@;] in order
to start the simulation of the team ;. Using a matrix

([Ql] - [Ql] aAl - xlla "'aAs - l‘;)

corresponds to a derivation step in @; (the primed symbolsin zf, ..., #/ ensure the
parallel mode of using the rules A7 — z1,..., Ay — 5. The primed symbols can
be replaced freely by their originals using the matrices (A" — A). The symbol [Q;]
can be changed only by passing through R; 1, ..., R; 1,, which checks the correct
termination of the derivation in ();, in the sense of the mode t; of derivation: we
can pass from R;; to R;',j+1a if and only if the corresponding sequence m; ; of
rules cannot be used (otherwise a symbol # will be introduced, because for each
sequence

Al — ""AS — U,
at least one ay, is #). After obtaining a sequence m; ;, we introduce the symbol
R;',j+1a which is replaced by R; ;1 only after having replaced all primed symbols
A’ with A € N by their original A. Then we can pass to checking the sequence
m; j+1- If none of the sequences m; ;, 1 < j < k;, can be used, we can introduce the
symbol X’ and then X; in this way the derivation in ); is successfully simulated,
and we can pass, in a non-deterministic way, to another team.
When the matrix (X — ¢) is used, the string must not contain any further
non-terminal, because no matrix can be used any more .
In conclusion, L(G) = L (I") {e} . As M ATy, is closed under right derivative, it
follows that Ly (I') € M AT,,.

A similar construction like that elaborated above shows that for a CD grammar
system with prescribed teams and arbitrary context-free rules we can construct
a matrix grammar
G=(N',T,5 M,F)

with arbitrary context-free rules such that L(G) = L;,(I"); observe that we do not
need the additional terminal symbol ¢, because in the case of arbitrary context-
free rules we can simply replace the matrix (X — ¢) by the matrix (X — A). As
an immediate consequence, we obtain L, (I') € M AT}.. O
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Lemma 3. M AT,. C TyCD(ty) and M AT, C ToC D to).
Proof. Let L C V* be a matrix language in M AT,.. We can write

L=(@n{pul] e e,

ceV

where 87(L) denotes the right derivative of L with respect to the string .

The family M ATy, is closed under right derivative, hence §7(L) € M AT,.. For
each ¢ € V| let G, = (N, V,S., M., F.) be a matrix grammar for (L), and
moreover, we suppose that G, is in the accurrate normal form [Dassow, Paun

1989]:

1. No=N.1 UN. 2 U{S,#}, where N, 1, N, 2, {5, #} are pairwise disjoint.
2. The matrices in M, are of one of the following forms:

a. (S; —w), weV

b. (SC — AX), Ae Ny, X € No;

c. ( A—w, X —=Y) AeN,we(NiuUV)t, XY € No;

d. (A—=#X—=Y), A€ N, X,V € Ny;

e. (A—a, X —=b),Ac N, X €Ny abeV.
3. The set F, consists of all rules A — # appearing in matrices of M..

Without loss of generality we may also assume that |w|{A} =0and X #Y in
matrices of the forms ¢ (if we have a matrix (4 — w, X — V) with w[; 4y # 0
or X =Y we can replace it by the sequence of matrices

(A=A X — X)), (Ap = wp, Xy — Xpq1), 1 <k<m—1,
(Am - wmaXm —>X),

where w = wy...wp, wp €V, 1 <k < m, as well as Ay and X with 1 <k <m
are new symbols to be added to Ny and Na, respectively); in a similar way, we
can assume that X # YV in a matrix (4 — #,X — V) of form d (a matrix
(A — #,X — X) can be replaced by the matrices (4 — #,X — X;) and
(A — #,X1 — X), where X; is a new symbol to be added to Nj,).
We take such a matrix grammar G, for every language 67 (L) # 0, ¢ € V; without
loss of generality, we may assume that the sets N. 1, N.2, ¢ € V, are pairwise
disjoint.
Assume all matrices of the forms ¢, d, e in the sets M, to be labelled in a one-
to-one manner such that the labels used for M, are different from those used for
M., ¢ # ¢, and let Lab., Laby, Lab., be the set of all the corresponding labels
as well as

Lab = Lab. U Laby U Lab,.

Now consider the following sets of symbols

M= Nea,
ceV

Ny =) N.o,
ceV

II ={A;, A} | A€ Ny, l € Lab},
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Y ={X;| X € Ny, |l € Lab},

A= {D@),D}”,E}”,F}”,G}” lceV, le Lab},
V=[IUXYUA and

N=MNUNUTUZUA.

We construct a CD grammar system " with N U {#} as the set of non-terminal
symbols, V' as the set of terminal symbols, the set of axioms

W= (LA AU {we | (Se —w) € M., we V™, c€ VU
[AXD) | (5. — AX) € M., c€V, 6(L) £0}

and the components Py 1, @11, P2, Q12 for [ € Lab constructed as follows:

A Tf1: (A — w, X —Y) is a matrix of type ¢ with A € Ny, w € (N, U V)T,
|w|{A} =0,and X,Y € No, X £V, then we take the components

PH:{X—>X1,A—>A1}U{B #1BeNY,

{D(C)HD(c) D(c) E(c)} {5 L H#|BEWUN,) - {AI,XI,E(C)}}
Pl,z—{Ale,Xl*Y}U{ﬁ #|BEN},
Quo={ B = F* F = DU g —#|ge@uNs) - {D,v}}.

B.Ifl: (A — a,X — b) is a matrix of type e, with A € N;, a € V, X € Ny,
b € V, then we take the components

Poao={X—=X, A= Atu{B—#|BeN},

Qui={D — D, D" — BV Yu{s — | s e @wu ) - {a,x, B}
PI,Z—{AI_>A1,Al_>aaXl_>b}U{ﬁ #|6EN},
Ql,zz{EI(C)HFI(C)aFl(C)*ch)’ch)*c}U{ﬁﬁ#|5€N}~

C.Ifl: (A —#,X —=7Y) is a matrix of type d (hence with A — # € F,), with
A€ Ny, X|Y € Nay X £V, then we take the components

Pa={X—=X}u{g—#|0eN},

Qu={p9 =B fu{s—#lsewunuia-{£ x}},
Pro={Xi =Y} U{B —#|BeN},

Quo={E? = DO} U{p—#|6e@UN)—{DO,V}}.

Let us give some remarks on these constructions:

— The intended legal teams of two components are {F;1,@Q1} and {F12, Qi 2}
for arbitrary labels { € Lab (which would already solve the problem for
prescribed teams of size two); all other pairs of components cannot work
in the mode ¢y without introducing the trap-symbol #.

— The symbol # is a trap-symbol and every component contains rules 7 — #
for 7almost all” symbols 7 € N; the termination of a derivation sequence
with a legal team is only guaranteed by the ”exceptions” in the components
of type Q.
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— In order to assure the correct pairing of components, we use variants of the
control symbol D (D) D;c), El(c), Fl(c), ch))’ as well as subscripts added
to symbols in Ny (leading to symbols in IT) and to symbols in N (leading
to symbols in X).

We now show that I' with free teams of constant size two in the same way as
with the prescribed teams of size two described above generates L :

Claim 1. L C Ly, (T,2).

As the ”short strings” in L are directly introduced in W it is enough to prove that
every derivation step in a grammar (G, can be simulated by the teams of I'. More
exactly, we shall prove that if 21 =>¢_ 22 is a derivation step in G., where zy

is not a terminal string, then z; D(*) =7 25D in a derivation sequence using

teams of size 2 from [, and that if z5 is a terminal string, then 2 D) =T #c
in a derivation sequence using teams of size 2 from I

If
21 = 21 Axe X =g, rrweaY = 23

by a matrix [ : (A — w, X — V) of type ¢, then
x1A$2XD(C) = {Pi,1,Q1,1} xlAlszDl(C) = {Pi,1,Q1,1} xlAlszlEl(C)

and no more step is possible with this team {F; 1, @1}, hence

l‘lAl‘QXD(C) :>?}_-,1)th)1} xlAll‘zXlEl(c).

Now, also in two steps, we obtain
xlAlszlEl(c) :>f{‘}31)27Q1)2} ziwesY D) = 2, D)
In a similar way, if for a terminal string
21 =21 A2 X =g, x1axab = 29

by a matrix [ : (A — a, X — b) of type e, then we obtain

l‘lAl‘QXD(C) :>{Pl,1,Ql,1} xlAll‘zXDl(c) :>{Pl,1,Qz,1} l‘lAll‘QXlEl(c)

and
xlAlszlEl(C) ={P.,2,Q1,2} x1a$2XlFl(C) ={P.,2,Q1,2} xlax?Xl/G§C)
= {Pr2,Qu,2} T1aE2bC
i.e.
x1 Azs X D) :>f{‘}31)17Ql)1} xlAlszlEl(c) :>f{l}:’l,2,Ql,2} Tiaxrsbe = zac.
If

721 =X =g Y = 29
by a matrix [ : (A — #, X — V) of type d, then

c to () to c
r XD =0 o, w XU = g, g e DY
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Observe that from xXlEl(c) no further derivation step with the team {P;1, Q1 1}
is possible if and only if || 4, = 0.

In conclusion, every derivation in a grammar (. can be simulated in I" by ap-
plying a suitable sequence of appropriate teams of pairs of components, which
completes the proof of claim 1.

Using legal teams, ie. the teams {Pr1, @1} and {P2, Qi 2}, we can only obtain
the following sentential forms not containing the trap symbol # (we call them
legal configurations):

1. XD with x € (N UV)T, X € Ny, ¢ € V (initially we have z € Ny).

2. zA' X, B\ with z, 2’ € (NJUV)*, A € Ny, X € Ny, c €V, | € Lab,ULab,,
i.e. [ being a label of a matrix of type ¢ or e.

3. J:XIEI(C), with z € (N UV)T, X € No, c €V, 1 € Labg, i.e. | being a label
of a matrix of type d.

Claim 2. Starting from an arbitrary legal configuration, every illegal team will
introduce the symbol #.

First of all we have to notice that in the following we can restrict our attention
to components associated with some matrix from M., because components asso-
ciated with some matrix from M, with ¢’ # ¢ already at the first application of a
rule force us to introduce the trap symbol #. For the same reasons, we need not
take into account teams consisting of two components of type @ : they cannot
work together without introducing #, because they can only replace symbols in
A by symbols different from #.

For the rest of possible illegal teams of size two we consider the following three
cases according to the three types of legal configurations:

Case 1: Configuration X D(®) i.e. of type 1.

Fach component being of one of the types F;» and ;> will introduce # at the
first application of a rule; therefore it only remains to consider pairs of com-
ponents of the types F; 1 and @, for different labels from Lab associated with
matrices from M, (the labels must be different, because otherwise either the team
were legal or else the teams would not be of size two). Hence only the following
teams might be possible:

1. {Py1, Py}, where [ # ' : The intermediate strings coming up during the
application of such a team will contain at least one symbol X; or A; as well
as at least one symbol X or Ay for the two different labels [ and ', hence
before the derivation with the team can terminate, at least one of the rules of
the form § — # (i.e. X; — # or A; — # respectively Xy — # or Ap — #)
is forced to be applied in at least one of the components.

2. {P1,Qu 1}, where [ # I’ : While the component @ ; works on symbols
from A, the other component F;; introduces at least one symbol X; or A;.
As Pp; contains all rules § — # for 5 € A (and no other rules for § € A)
and Qp 1 contains all rules a— # for & € {X;, 4;} (and no other rules for
X, Ap), the derivation with the team {F;1,Qp 1} cannot terminate without
a step introducing the symbol # by at least one of the components.
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In all cases, further derivations are blocked (they never can lead to terminal
strings) because the trap-symbol # has been forced to be introduced.

Case 2: Configuration xAlx’XlEl(c), for | € Lab. U Lab,.
The only components that may not be forced to introduce # by the first rule
they can apply are Py for any arbitrary ! € Lab. U Lab, as well as P » and
Q1,2. Hence only the following teams might be possible:

1. {Pyq,Piq}, where I’ # 1" (otherwise the team would not be of size two):
Py will introduce some Ay, A € Ny, and P 1 will introduce some By,
B € Nj, therefore further derivations are blocked by introducing the trap
symbol # with Ap — 4 or By — 4 in Ppq orin P 5.

2. {Pu1,P 2} P (in two or three steps) can replace 4; and X;; in the mean-
time Py ; must introduce some By, B € N;.

(a) If I # [, then from l‘All‘/XlEl(c) in two steps (if a second step in Py q

is possible without introducing #) we obtain y; By yzBllygUEl(c), where
UeNyifle Lab, and U € Ny U{X;} if | € Lab,.

i.

1.

(b) If I

If I € Lab., then in the third step at least ;> now must use a rule
introducing the trap symbol #, e.g. By — #, whereas Pp 1, if not
also being forced to use such a trap rule, may be able to use B — By
once again or U — Uy, if it just happens that U is the right symbol
from N, that can be handled by Py ;.

If | € Lab,, then X; — b or A] — a from P can be applied in the
third step, but even if P ; can replace a third occurrence of B by
Bj, at least in the fourth step P; 2 now is forced to introduce the trap
symbol #, e.g. by B} — #.

= [, i.e. if we use the team {F;1, P2}, then again we have to

distinguish between two subcases:

i.

1.

If { € Lab., then F;; can replace all occurences of A by A;, while
Py 5 can replace X; by Y and A; by w. As we have assumed Y # X,
no other rule not introducing # than A — A; can be used in P ;.
Moreover we also have assumed the rule A; — w to be non-recursive,
le. |w|{A} = 0, hence after a finite number of derivation steps with the
team {F;1, P2} the occurrences of A will be exhausted, so finally a
rule introducing the trap symbol # must be used by P; 1 (one possible
candidate is El(c) — #), while Py can use 4; — w or X; — Y (if
this rule has not yet been used before).

If | € Lab,, we face a similar situation as above except that from A;
two steps are needed in F;» in order to obtain a from A;.

3. {Pr1,Qi2} : While El(c) — Fl(c) is used in @12, Pr1 must introduce some
Ay, A € Ny; if no more non-terminal symbol A is available in the current

sentential form, when ()7 » uses its rule for replacing Fl(c), Py will have to
use a trap rule like Ay — #; if Py ; can introduce one more Ay, then finally
a trap rule like Ay — # must be applied by at least one of the components
Py and @2 before the derivation can terminate.

Case 3. Configuration J:XIEI(C), for I € Labg.
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The only components that do not introduce # by the first rule they can apply
are Py for any arbitrary ' € Lab, U Lab, (and therefore I' # 1) as well as P »
and @ 2. Hence only the following teams might be possible:

1. {Pyq,Piq}, where I’ # 1" (otherwise the team would not be of size two):
Py will introduce some Ay, A € Ny, and P 1 will introduce some By,
B € Nj, therefore further derivations are blocked by introducing the trap
symbol # with Ap — 4 or Byy — 4 in Ppq orin P 5.

2. {Pu1,P 2} : P o can only replace X; by Y; in the meantime Py must
introduce some Ay, A € Ny. In the second derivation step, in F; o the trap
rule Y — # can be used, whereas from Py ; at least Ay — # can be applied.

3. {Pr1,Qi2} : While E,(c) — D) is used in @2, Py 1 must introduce some
Ap, A € Ny; but then @2 has to use a trap rule like X; — #, while Pp ;
can use A — Ap once more or at least Ay — .

In conclusion, only the legal teams can be used without introducing the trap
symbol #; they simulate matrices in the sets M., ¢ € V| hence also the inclusion
Li,(I',2) C L is true, which completes the proof of M ATy, C ToCD(%y).

Now let L C V* be a matrix language in M AT;.. As A-rules are allowed in this
case, we need not split up the language L in languages é7 (L), ¢ € V; hence, for a
matrix grammar G = (N’ V, S, M, F') with L(G) = L we can directly construct
a CD grammar system [ such that L; (I',2) = L. Again the matrix grammar G
can be assumed to be in the accurrate normal form [Dassow, Paun 1989] like in
the previous case:

1. N = Ny UNyU{S,#}, where Ny, N, {S,#} are pairwise disjoint.
2. The matrices in M are of one of the following forms:
a. (S—w),weV’
b. (S—>AX), Ae Ny, X € No;
c. (A —wX —=Y),Ae N, we (N UV, |w|{A} =0, X,Y € Ny,
X £Y,
d. (A—=#X—=-Y), Ae N, XY ENy, X £7Y;
e. (A—a, X —=0b),Ae N, X €Ny abeVU{A}.
3. The set F' consists of all rules A — # appearing in matrices of M.

In contrast to the A-free case, matrices of the form ¢ can also be of the form
(A—=XNX—=Y)
and matrices of the form e can also be of the forms
A=XMNX—=X), (A=X1NX—=10b), (A—a,X —)), where a,b € V.

Assume all matrices of the forms ¢, d, e in the sets M to be labelled in a one-to-
one manner and let Lab., Laby, Lab,, be the sets of all the corresponding labels
as well as

Lab = Lab. U Laby U Lab,.
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Now consider the following sets of symbols

II ={A, Aj| A€ Ny, L € Lab},
T ={X;| X €Nsy, L€ Lab},
A={D,Dy, E;, Fy,G; |l € Lab},
U=NTUXUA, and
N=NUN,UITUXUA.

We construct a CD grammar system " with N U {#} as the set of non-terminal
symbols, V' as the set of terminal symbols, the set of axioms

W={w|(S—weM weV}IU{AXD|(S— AX)e M}
and the components P 1, Qi1, Pi2, Q12 for [ € Lab constructed like in the
previous case:
A Tfl: (A — w, X —Y) is a matrix of type ¢ with 4 € Ny, w € (N, UV)*,
|w|{A} =0,and X,Y € No, X £V, then we take the components
Po={X =X, A=A} U{8—#|BEN},
Qui=A{D—Di,Di — E}U{f —#|p€WUNz)—{A, Xy, Ei}},
Po={Ai—w, Xi =Y}U{f—#|BEN},
Q=1L — I, —DIU{B—#|B€(WUN>)—{D,YV}}.

B.Ifl: (A — a,X — b)is a matrix of type e, with A € N1, X € Ng, a,b €
V' U{A}, then we take the components

PlylI{X—>X1,A—>AI}U{6—>#|66N},

Ql,l :{D—>D1,Dl—>El}U{ﬁ—>#|BE(WUN2)—{AI,XI,E1}},
Pro={A = AL Al —a, Xi =0 U{g —#|F e N},

Quz={E— F, Fi = G,Gi = AU{B—# | EN}.

C.Ifl: (A —#,X —7Y) is a matrix of type d (hence with A — # € F), with
A€ Ny, X|Y € Nay X £V, then we take the components

Po={X—=Xju{p—#[FeN},

Qui={D— E}jU{p—#|F € WUNU{A})—{E, Xi}},
Po={Xi =Y}U{f—#[0Fe N},

Q2 ={E — D}U{B —#|BE€(@WUN,;)—{D,Y}}.

The intended legal teams of two components again are {P; 1, @1} and {Pr 2, Q12}
for arbitrary labels [ € Lab, the legal configurations are

1. XD, with z € (N; UV)*, X € N, (initially we have x € Ny),
2. A’ X By, for x,2’ € (NyUV), A€ Ny, X € Na, | € Lab. U Lab,, and
3. 2 X(E, forx € (NyUV)T, X € No, L € Laby.

In contrast to the A-free case we can use the A-rule GG — A in the component
Q1 associated with a matrix [ : (A — a, X — b) of type e, which allows us to
avoid the splitting up of the language L into the right derivatives 67(L), ¢ € V,
yet again we obtain L C L; (I,2) : If 2y =>¢ 22 is a derivation step in G,
where z9 is not a terminal string, then 21D =71 22D in a derivation sequence
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using appropriate teams of size 2 from [, and if z» is a terminal string, then
21D =" 25 in a derivation sequence using the appropriate teams of size 2 from

I

Similar arguments as in the A-free case can be used to show that L, (I',2) C L.
Hence again we obtain Ly (I,2) = L, which proves M AT}, C ToC'D*(t), too.
O

Lemma 4. MAT,. C T,CD(ty) and M AT, C T,CD*(t) for s € {+,%}.

Proof. For a language L in M AT}, respectively M AT, we just take the adequate
CD grammar system [ already constructed in the proof of the previous lemma.
As the legal teams of size two still are available, we obviously obtain L C Ly, (I, s).
On the other hand, we still have L; (I',s) C L, too, although the possibilities
for forming teams from the constructed components have increased considerably.
Yet we have to adapt our arguments according to this new situation.

As in the previous proof we still have to notice that in the following we can restrict
our attention to teams where all components are associated with matrices from
only one set M., because components associated with some matrix from another
set of matrices M. with ¢ # ¢ already at the first application of a rule force us
to introduce the trap symbol #. Hence in the following it is sufficient to consider
the case where L in M AT?,.

As the legal teams of two components again are {P;1,Q:1} and {P; 2, Qi 2} for
appropriate labels [ € Lab, the legal configurations are

1. XD, with z € (N; UV)*, X € N, (initially we have x € Ny),
2. A’ X By, for x,2’ € (NyUV), A€ Ny, X € Na, | € Lab. U Lab,, and
3. 2 X(E, forx € (NyUV)T, X € No, L € Laby.

As teams of type @ cannot work together without introducing #, because they
can only replace symbols in A by symbols different from #, we need not take into
account teams containing at least two components of type ). Moreover, every
team of size one finally is forced to introduce the trap symbol # when started on
a legal configuration (i.e. the result for s = * is the same as for s = +). Hence
in the following we now take a closer look on every possible combination of
components yielding a team with at least three components and allowing at least
one derivation step on the legal configurations listed above without introducing
the trap symbol # :

Case 1: Configuration X D(®) i.e. of type 1.

Fach component being of one of the types F;» and ;> will introduce # at the
first application of a rule; therefore it only remains to consider teams 7' where
each component is of one of the types F;; and Q.

1. T contains only components of the type P, where obviously all labels of
these components have to be different. Then at most one label can be from
Labg, because such a component only once can use the rule X — X;, whereas
all the other components P ; with { € Lab. U Lab. can also apply a rule to
the symbol X at most once as well as the rule A — A; to any occurrence
of the corresponding symbol A. Hence, before the derivation with the team
can terminate, at least one of the rules of the form 8 — # (e.g. X; — # or
A; — #) is forced to be applied in at least one of the components.
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2. T contains exactly one component @), 1, wheras all the other components
are of the type P, i.e.

T={Qm 1} U{P 1|1 <i<k},

where k > 2. Denote Labp(T) = {l; | 1 <i < k}. Again, at most one label
in Labp(T) can be from Labg. In the first derivation step with the team T,
D — Dy, for m € Lab. U Lab, respectively D — FE,, for m € Lab; from
(m,1 is used, while at most one component P, can use the rule X — X,
whereas all the others have to use the rules A — A;, for the corresponding
non-terminal symbols A € N;.

(a) If m € Labg, in the next step 1 has to use a trap rule.

i.

1.

If the rule X — X;, has been applied in the first step (observe that
l; € Labg if Labp(T) N Labg # 0), then even if I; = m, every com-
ponent of 7' can apply a rule, i.e. for (), 1 we choose A;, — # for
some l;, € Labp(T')— Labg, for P, 1 we can take X;, — 4, from P
at least F,, — # can be applied, and in the remaining components
Py1,l; € Labp(T) — {l;,1;,} at least A;, — # is applicable.

If the rule X — X;; has not been applied in the first step, i.e. for
each l; € Labp(T) the rule A — A;, has been taken from P, 1 (which
implies Labp(T) N Labg = B and therefore m ¢ Labp(T), too), again
a second step with 7' is possible: We can choose X — # from Qn, 1,
while at least A;, — # is applicable in the remaining components
b, l; € Labp(T).

(b) If m € Lab, U Lab,, then one more derivation step may be possible
without @)1 being forced to use a trap rule, but again in any case the
trap symbol # must be introduced before the derivation can terminate,
even if T' contains the legal team {Qp 1, Pm 1} :

i.

1.

If Labp(T) N Labg # 0, i.e. l; € Labp(T) N Labg, then only one

derivation step with 7" is possible without introducing #, and in this

step P, 1 has used the rule X — X, whereas all the other P, 1,

li € Labp(T) — {{;}, had to use A — A;, for the corresponding

symbols A € Ny, and Qp,1 used D — Dy, P, 1 now is forced to

use a trap rule like X, — 4 (observe that m # [;), whereas Q1

can use its rule for replacing D, and the other components Fj, 1,

li € Labp(T) — {{;}, at least can apply 4A;, — #.

If Labp(T) N Laby = 0, then at most two derivation steps with the

team 7' are possible without introducing the trap symbol #, where

at most once one component P, 1 can apply X — X, , whereas
otherwise the components F;, 1, have to use the corresponding rules

A — A, while @, 1 can use D — Dy, and Dy, — Fopy,.

A. If two derivation steps without applying a trap rule have been
possible, then also a third step with the team 7' is possible, where
Qm 1 1s forced to apply a trap rule, e.g. for (J,,,1 We can choose
Ay, — #, where [;, € Labp(T) such that X has not been re-
placed by Xj, , whereas all the components P, 1, l; € Labp(T),
can at least apply A;, — 7.
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B. If only one derivation step without introducing # has been pos-
sible, i.e. at least one component Fj, 1 cannot apply a rule not
introducing # any more, then a second step with 7' is possible,
where Q1 uses Dy, — Fp, and leyl is forced to apply a trap
rule. If X has not been replaced in the first derivation step, P;, 1

199

can apply A;, — #, while also the other components /%, 1 with
li € Labp(T) — {l;,} at least can use A, — #;if X — X
has been applied in the first step, in the second step from P, 1
we can choose X, — # instead of 4;, — #;if X — X has
been applied in the first step for some {; # I;,, then we can choose
Ar,, — # from P, 1, from P 1 at least Xi; — 9 can be applied,
while from Py, 1 with §; € Labp(T) — {l;,,{;} at least 4;, — # is
applicable.

In all cases, further derivations are blocked (they never can lead to terminal
strings), because the trap-symbol # has been forced to be introduced.

Case 2: Configuration zA;x’ X, E;, for | € Lab. U Lab,.

The only components that do not introduce # by the first rule to be applied are
Py 1 for any arbitrary I’ € Lab. U Lab, as well as P;» and @ ». Hence only the
following teams 7' might be possible:

1. T={P,1|1<i<k}, where k>3 and {l; |1 <i<k} C Lab. U Lab..
The components F;;; cannot replace the symbols A;, X;, E; without intro-
ducing #, hence they will introduce A;, and therefore finally at least one
component will have to use the trap rule A4;, — #.

2. T={PtU{P,1|1<i<k}, where k > 2 and {{; | 1 <i <k} C Lab, U
Lab,.

Denote Labp(T) =1L |1 <i<k}.

(a) { ¢ Labp(T). While P; 5 can replace A; or X; in the first step, the compo-
nents Py, 1, l; € Labp(T), can only use the corresponding rules 4 — A,
in order not to introduce #. If some leyl cannot use a rule not intro-
ducing # any more after this first step, at least this component is forced
to use a trap rule like A;, — #, while also the other components P, 1,
li € Labp(T'), can apply at least A;, — # (and P;» can replace the
symbol from{A;, X;} not affected in the first step). If two steps without
introducing # are possible with the team 7, then all together 2k symbols
Ay, have been introduced. As 2k > k + 1, these symbols guarantee that
a trap rule must be applied, before the derivation with 7' can terminate.

(b) le Labp(T), l.e. {P[J,P[yz} cT.

i. If l € Lab., then F;; can replace all occurrences of A by A;, while
Py o can replace X; by Y and A; by w. As we have assumed Y # X
no other rule not introducing # than A — A; can be used in P ;.
Moreover, as we also have assumed the rule 4; — w to be non-
recursive, 1.e. |w|{A = 0, the occurrences of the symbol A will be
exhausted after a finite number of steps with the team 7', so finally at
least P 1 will be forced to use a trap rule. The other components P, 1,
l; € Labp(T)—{l}, in the first step can only apply the corresponding
rules A — A;; and in the succeeding steps one of these components
once also might be able to apply a rule to Y.
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Now let s be the number of steps that are possible with the team
T without introducing #. If s = 1, then F;» has replaced X; by
Y or A; by w, whereas all the components P, 1, ; € Labp(T), have
introduced one symbol A;,. Hence, in the current sentential form k—1
symbols A;, for l; € Labp(T) — {{} are present as well as Y and two
symbols A; respectively X; and Aj, i.e. at least k& + 1 non-terminal
symbols, which guarantees that a second derivation step is possible,
where at least one trap symbol # is introduced. If s > 2, then at
least one symbol from Ny U, one symbol from A and s(k— 1)+ 1
symbols A, with m € Labp(T) occur in the current sentential form.
Ass(k—1)+14+2>2(k—1)+3 > k+ 1, again another derivation
step introducing # is possible in any case.
. If | € Lab., we face a similar situation except that for A; we need
two steps in order to obtain a from A; by using 4; — A} and 4] — a
in Pr» (i.e. the symbols A; cannot be ”consumed” so fast by P
as in the previous case) and moreover, after one step the symbol
from N5 U3 may have vanished, so no other P, ; can use arule on a
symbol from N3U> " . Let s again denote the number of steps possible
with 7" without introducing #; for all s exactly s(k — 1) symbols 4;,,
l; € Labp(T)— {l}, appear in the current sentential form. For s > 3,
s(k—1) >3k —3>k+1, which guarantees that after these s steps
another derivation step introducing the trap symbol # can be applied.
For s < 2, we have at least £ — 1 such symbols as well as additional
non-terminal symbols appearing in the current sentential form, i.e.
one symbol from A as well as at least one symbol X;, A or 4;.
3. T ={Qi2} U{P,1 |1 <i<k}, where k > 2 and {{; |1 <i<k} C Lab. U
Lab,.
While Q2 uses E; — Fj etc. the components Py, 1, l; € Labp(T'), can only
apply the corresponding rules A — A;,. Even if [ € Lab,., the symbol from A
can only vanish in the third derivation step with the team 7', 1.e. in any case,
after at most two (for | € Lab,) respectively at most three (for [ € Lab,)
derivation steps without introducing # we are forced to use a trap rule in
a further derivation step, which i1s always possible, because the number of
non-terminal symbols in the current sentential form in all cases is at least
k+1 (observe that also for [ € Lab, we can always find a non-terminal symbol
¢ {D,Y} for Qi2).
4. T = {Pi2, Q2 U{P,1|1<i<k}, where k > Ll and {[; |1 <i<k} C
Lab. U Lab,, i.e. T contains the legal team {P;2, Qi 2} .
Denote Labp(T) =1L |1 <i<k}.
Because of the presence of () 2, the legal subteam {P; 2, (}; 2} can only make
two (for | € Lab,) respectively three (for [ € Lab.) derivation steps without
introducing #.
If at least one derivation step without introducing # is possible, besides Ay,
X;, and Ej in zA;2' X; F; at least k non-terminal symbols must be present for
allowing the components P, 1, l; € Labp(T), to use the corresponding rules
B — By,. Even after applying A; — w (if [ € Lab,) respectively X; — b (if
l € Lab.) in P, at least k + 2 non-terminal symbols are left to guarantee
another derivation step, if at least one component is already forced to apply
a trap rule after the first derivation step.

124



(a) | € Lab.. Then at most a second derivation step without introducing #
is possible. After this second derivation step, again at least k£ 4+ 2 non-
terminal symbols are left in the current sentential form:

i. [ € Labp(T) :

A. If we have applied A; — w in the first step from F; 2, in the
second step again we may apply A; — w, but all together we
have 2k — 1 > k non-terminal symbols from II left in the current
sentential form, 1.e. together with X; and D these are k + 2 non-
terminal symbols allowing a third derivation step introducing #.

B. If we have applied X; — Y in the first derivation step, the current
sentential form contains two symbols A; and k symbols A;, for the
labels l; € Labp(T) as well as the control symbol F. Even if some
l; € Labp(T) can apply the rule Y — Y7, in the second step, Q2
has to use F; — D, P has to apply A; — w (which consumes
only one of the two symbols 4;), and all the other components
Py1,l; € Labp(T) — {l;}, have to use A — A;,, so that at least
k+3+k—1—-12>k+ 2 non-terminal symbols are left in the
current sentential form after two derivation steps, which again
allows a third derivation step introducing #.

ii. | ¢ Labp(T) : The only difference to the previous case is that the
components P, 1, l; € Labp(T), cannot generate A;, i.e. similar ar-
guments like those used above show that the derivation with the team
T cannot terminate without introducing the trap symbol #.

(b) 1 € Lab.. In this case, at most three derivation steps without introducing
7t are possible.
Like in the case with [ € Lab,., if after the first derivation step at least
one component P, 1, {; € Labp(T), can only use a trap rule, a further
derivation step is possible, because at least k+2 non-terminal symbols are
available in the current sentential form. Whereas the components Fj, 1,
li € Labp(T), in every step "produce” a non-terminal symbol 4;,, P -
can use X; — b, Ay — A} and A} — a, and Q2 uses its rules on the
symbols from A. After two steps, a symbol from A is still occurring in
the current sentential form, and F;» can only have been responsible for
the changing of X; or of A; to a terminal symbol.
In the third step, the symbol from A is eliminated by ¢); 2 and F; » has
the possibility to have eliminated X; as well as one symbol A;. Yet in
three steps by the components Py, 1, §; € Labp(T), 3k > k + 2 symbols
Ay, have been generated, which guarantees a fourth step with introducing
7t to be possible before the derivation with the team 7' can terminate.

The special case of a team {Pr1, P12, Q1 2} for some | € Lab, also shows the
necessity of delaying the generation of a from A; by Py o, ! € Lab, (i.e. [ being
the label of a terminal matrix { : (A — a, X — b)), with two rules 4; — AJ
and A} — a instead of using only one single rule 4; — a.

Case 3. Configuration z X; E, for | € Laby.

The only components that do not introduce # by the first rule they can apply
are Py for any arbitrary ' € Lab, U Lab, (and therefore I' # 1) as well as P »
and @ 2. Hence only the following teams might be possible:
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1. T={P,1|1<i<k}, where k>3 and {l; |1 <i<k} C Lab. U Lab..
Fach component P, ; introduces symbols A;,, until the non-terminal symbols
for at least one component are exhausted, therefore finally one rule of the form
Ay, — 7 has to be applied in at least one of the components of the team.

2. T={PtU{P,1|1<i<k}, where k > 2 and {{; | 1 <i <k} C Lab, U

Lab,.
Py o can only replace X; by Y; in the meantime, the other components P, 1,
1 <@ <k, must introduce symbols A;,. In the second derivation step, in P »
the trap rule Y — # can be used, whereas all the other components at least
can apply A;, — #.

3. T ={Qi2} U{P,1 |1 <i<k}, where k > 2 and {{; |1 <i<k} C Lab. U

Lab,.
While E; — D is used in @2, the other components F;, 1, 1 < ¢ < k,
introduce symbols A4;,, but in the second derivation step ¢J; 2 has to use a
trap rule, e.g. X; — #, while the other components F;, ; at least can apply
A, — #.

4. T = {P2, Q2 U{P,1|1<i<k}, where k > Ll and {[; |1 <i<k} C

Lab. U Lab,, i.e. T contains the legal team {P;2, Qi 2} .
While P2 uses X; — Y and Q2 uses £; — D, the other components P, 1,
1 <4 <k, introduce symbols A;,. Q12 now has to use a trap rule like 4;, —
#forsomel;, € {l; | 1 < i<k}, Piacanuse D — 4, Py, 1 can apply at least
some rule on Y, and all the other components Py, 1, ; € {{; |1 <i<k}—{l,}
can at least apply A;, 1 — #.

In conclusion, again we have proved that only the legal teams can be used without
introducing the trap symbol #, which completes the proof. a

Lemma 5. M AT,. C T,CD(ty) and M AT, C T,CD*(to) for every s > 3.

Proof. Let L C V* be a matrix language in M AT, and let G = (N',V, S, M, F)
be a matrix grammar with L(G) = L. Again the matrix grammar G can be
assumed to be in the strengthened accurrate normal form described in the pre-
ceeding two lemmas:

1. N = Ny UNyU{S,#}, where Ny, N, {S,#} are pairwise disjoint.
2. The matrices in M are of one of the following forms:
a. (S—w),weV’
b. (S—>AX), Ae Ny, X € No;
c. (A —wX —=Y),Ae N, we (N UV, |w|{A} =0, X,Y € Ny,
X £Y,
d. (A—=#X—=-Y), Ae N, XY ENy, X £7Y;
e. (A—a, X —=0b),Ae N, X €Ny abeVU{A}.
3. The set F' consists of all rules A — # appearing in matrices of M.

We can construct a CD grammar system I" such that L; (I, s) = L using the
ideas already known from the preceeding proofs for the case s = 2, i.e. we add
s — 2 additional control variables in every legal sentential form as well as s — 2
additional control components to every legal team.
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Assume all matrices of the forms ¢, d, e in the sets M to be labelled in a one-to-
one manner and let Lab., Labg, Lab., be the set of all the corresponding labels
as well as

Lab = Lab. U Laby U Lab,.

Now consider the following sets of symbols

I ={A,Al| A€ Ny, | € Lab},
Y ={X;| X €N, | € Lab},
A={D, Dy, E, Fi,Gi |l € Lab} U

{Hp, Hy i |1<k<s—2 l€Lab, 1<i<4},
v =1TUXUA, and
N=NUN2UITUXUA.

We construct a CD grammar system " with N U {#} as the set of non-terminal
symbols, V' as the set of terminal symbols, the set of axioms

W={w|(S—w eM weV}U{AXDH,..H;_2| (S — AX) e M}

and the components Py 1, Qr1, Ry 11,..., Bs—211, and Po, Qra, Ry g2, B2,
for l € Lab :

A Tfl: (A — w, X —Y) is a matrix of type ¢ with 4 € Ny, w € (N, UV)*,
|w|{A} =0,and X,Y € No, X £V, then we take the components
Pi={X = X,A—= A}U{f—#|B€N},
Qi ={D — D, Dy — Ei} U

B—=#1B€WUN2)—{A, Xy, B, Hygo, o, Hs 212} )
Rii1={Hp — Hygp1, Hepn — Hi 2t U{B—#|fEN}, 1<k <s -2,
Po={A —w,X; =Y}U{B—#|BeN},
Q2 ={E — I, Fi = DyU{B —#|B€(WUNy)—{D,Y Hy, .., H,_s}},
Rii2={Hp12— Hypis Hpps— HypatU{B—#|BEN}, 1<k <s—2.

B.Ifl: (A — a,X — b)is a matrix of type e, with A € N1, X € Ng, a,b €
V' U{A}, then we take the components

Pho={X—=X,A=A}Uu{f—#|BeN},
Qi1 = {D — Dy, D; — Ei} U

B—#|€WUNy)—{A, X1, Er,Hip0, ..., He—212}},
Ryi1={Hpy — Hp 11, Hpp1 — Hppot U{B —# | N}, 1 <k <s—2
Plo={A1 = A, Al —a, X1 =blU{B—F#|BEN},
Qo={FE— F, 1 —=G,Gir—= A U{f—#|FeN},
Ryio={Hp12— Hr13 Hr1s— Hgia, Hy1a— AU

WB—=#IBeN} 1<k<s—2

C.Ifl: (A —#,X —7Y) is a matrix of type d (hence with A — # € F), with
A€ Ny, X|Y € Nay X £V, then we take the components

Pa={X—=X}u{g—#|0eN},
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Qii={D = E}U{f—#|8€(WUN, U{A}) —{E, X, Hij2, .., Hs 2101},
Rpjpn={Hpy — Hp 123 U{B—=#|BEN}, 1<k<s—-2,

Po={X; =Y}U{8—#|BEN},

Qi2={E— DYU{f—#|B€WUN2)—{D,Y, Hy,..., H;_a}},
Rpio={Hpi2o— HJU{B—=#|BEN}, 1<k<s—2.

The intended legal teams of two components again are
{Pl,la Ql,la Rl,l,la RS Rs—z,l,l} as WCH as {PI,Za Ql,Za Rl,l,z, RS RS—Z,I,za }

for arbitrary labels [ € Lab, the legal configurations are

1. «XDH;...Hs_», with x € (N; UV)* X € N, (initially we have z € Ny),

2. l‘All‘/XlElHlylyz...Hs_zylyz, for l‘,l‘/ € (N1 U V)*, A€ Ny, X € Npyl €
Lab. U Lab,, and

3. $XIEIH1,I,2~~~H5—2,I,2, for x € (N1 U V)+, X € Ny, l € Lab,.

Again we obtain Ly, C L(I',s) : If 21 =g 23 is a derivation step in G, where z3
is not a terminal string, then 2y DH,..H,_9 =} 22 DH;...H,;_> in a derivation
sequence using appropriate teams of size s from I') and if z» is a terminal string,
then 2y DH,...H,_5 =7} #5 in a derivation sequence using the appropriate teams
of size s from I

As the additional components of type R contain the trap rules § — # for every
B € N, these additional components will never be responsible for the termination
of a derivation sequence with a team containing such components. Hence, similar
arguments as in the previous proofs can be used to show that L, (I, s) C L; thus
again we obtain L, (I',s) = L, which proves M AT, C T,CD*(to).

If L C V* is a matrix language in M AT,., we have to split up L :

L=&n| [J v pu UJ 8 e (L) {ectes_a}.

0<i<s—2 €,61,...,Cs—2€V

The family M AT, is closed under right derivation, hence 67, . (L) € M AT,,.

, . !
For each of these languages ¢, . (L) we consider a matrix grammar G, .,_,

in the strengthened accurrate normal form in order to construct a CD grammar
system I" with Ly (I, s) = L following the ideas described in the first part of this
proof and of Lemma 3. The details of this construction for proving M AT,. C
T;CD(tg) are obvious and therefore left to the interested reader. O

As it is quite obvious, the proofs of the preceeding lemmas cannot be used for ob-
taining the results proved in [Paun, Rozenberg 1994] for the derivation mode s,
e.g. the components P, ; for | € Lab. contain the rules 3 — # for every 8 € N,
which means that P;; still is applicable to every legal configuration even after
the termination of a derivation sequence with the legal team {Pr1, @71} . On the
other hand, the CD grammar systems I in the proofs of Lemma 3, Lemma 4 and
Lemma 5 were elaborated in such a way that they also work correctly in the der-
vation mode t1, which not only allows a new proof of some of the results already
obtained in [Paun, Rozenberg 1994] for the derivation mode ¢1, but also yields
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an improvement of these results, because we now can allow teams of arbitrary
size without the restriction for these teams to be of size at least two.

Corollary. For every s € {*,+}U{2,3,4,...},
MAT,. C T,CD(t1) and MAT,, C T,CD*(t1).

Proof. As we have already pointed out in the previous section, Ly, (I'ys) C
Lo (T, s) for every s € {x,+} U{2,3,4,...} and every CD grammar system .
Therefore this relation also holds true for the CD grammar systems I” constructed
in the previous proofs for the matrix languages in M AT,. and M AT?.. Moreover,
whenever z; :%9 zo with a legal team T from I, where z; is a legal configu-
ration and zs is a legal configuration or a terminal string, then we also have
21 :%3 z2, because in any case from the component of type @ in the team T
no rule can be applied any more when the derivation sequence started from z;
terminates with z; according to the derivation mode ¢y, which implies that the
derivation sequence terminates in the derivation mode 1, too. Therefore we con-
clude Ly (I, s) C L¢, (I, s), which all together implies Ls, (I, s) = L+ (I, s) and
completes the proof of the corollary. a

Combining the main results obtained in this paper we get the following
Theorem. For every s € {*,+}U{2,3,4,...} and i € {0, 1},

MAT,. = PT,CD(t;) = T,CD(t;) and

MAT), = PT,CD*t;) = T,CDt;).
Proof. For the derivation mode ¢; all the results stated in the theorem follow
from the results already proved in [Paun, Rozenberg 1994] as well as from the
corollary proved above.
For the derivation mode tg all the results stated in the theorem follow from
the results proved in this section: From Lemma 1l we know that PT*C'DA(to)
(respectively PT,.C'D(tp)) is an upper bound for all the other families of languages
generated by CD grammar systems (without A-rules) with teams in the derivation
mode g, and in Lemma 2 we have proved PT,CD*(ty) C M AT, (respectively
PT.CD(tg) € MAT,:). On the other hand, in Lemma 3, in Lemma4 and in
Lemma 5 we have proved that M AT}, C T,CD*(ty) (and M AT,. C T,CD(to))

for every s € {x,+}U{2,3,4, ...}, which all together proves the results stated in
theorem. ad
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