On BCK Algebras - Part I.a:

An Attempt to Treat Unitarily the Algebras of Logic. New Algebras^1

Afrodita Iorgulescu (Department of Computer Science, Academy of Economic Studies Piaţa Romană Nr.6 - R 70167, Oficiul Poştal 22, Bucharest, Romania Email: afrodita@ase.ro)

Abstract: Since all the algebras connected to logic have, more or less explicitely, an associated order relation, it follows that they have two presentations, dual to each other. We classify these dual presentations in ”left” and ”right” ones and we consider that, when dealing with several algebras in the same research, it is useful to present them unitarily, either as ”left” algebras or as ”right” algebras. In some circumstances, this choice is essential, for instance if we want to build the ordinal sum (product) between a BL algebra and an MV algebra. We have chosen the ”left” presentation and several algebras of logic have been redefined as particular cases of BCK algebras.

We introduce several new properties of algebras of logic, besides those usually existing in the literature, which generate a more refined classification, depending on the properties satisfied. In this work (Parts I-V) we make an exhaustive study of these algebras - with two bounds and with one bound - and we present classes of finite examples, in bounded case.

In this Part I, divided in two because of its length, after surveying chronologically several algebras related to logic, as residuated lattices, Hilbert algebras, MV algebras, divisible residuated lattices, BCK algebras, Wajsberg algebras, BL algebras, MTL algebras, WNM algebras, IMTL algebras, NM algebras, we propose a methodology in two steps for the simultaneous work with them (the first part of Part I).

We then apply the methodology, redefining those algebras as particular cases of reversed left-BCK algebras. We analyse among others the properties Weak Nilpotent Minimum and Double Negation of a bounded BCK(P) lattice, we introduce new corresponding algebras and we establish hierarchies (the subsequent part of Part I). Key Words: MV algebra, Wajsberg algebra, generalized-MV algebra, generalized- Wajsberg algebra, BCK algebra, BCK(P) lattice, residuated lattice, BL algebra, Hájek(P) algebra, generalized-BL algebra, divisible BCK(P) lattice, Hilbert algebra, Hertz algebra, Heyting algebra, weak-BL algebra, MTL algebra, IMTL algebra, WNM algebra, NM algebra, R0 algebra, t-norm, pocrim Category: ACM classification: F.4.1; AMS classification (2000): 03G25, 06F05, 06F35

1 Introduction

Surveying chronologically several algebras related to logic, we find they look rather very different:

1 C. S. Calude, G. Stefanescu, and M. Zimand (eds.). Combinatorics and Related Areas. A Collection of Papers in Honour of the 65th Birthday of Ioan Tomescu.

Residuated lattices, the algebraic counterpart of logics without contraction rule, were introduced in 1924 by Krull; they have been investigated (cf. Kowalski- Ono [Kowalski and Ono 2001] ) by the following researchers: Krull [Krull 1924], Dilworth in [Dilworth 1939], Ward and Dilworth in [Ward and Dilworth 1939], Ward in [Ward 1940], Balbes and Dwinger [Balbes and Dwinger 1974], Pavelka in [Pavelka 1979], Idziak in [Idziak 1984a] and others. Residuated lattices have been known under many names; cf. [Kowalski and Ono 2001], they are called BCK lattices in [Idziak 1984a], full BCK-algebras in [Okada and Terui 1999], F L_{ew}-algebras in [Ono and Komori 1985] and integral, residuated, commutative l-monoids in [Höhle 1995]; some of those definitions are free of 0. We consider in this paper their definition free of 0 (the smallest element), i.e. as posets (partially ordered sets) with greatest element 1.

Hilbert algebras were introduced in a dual form in 1950, by Leon Henk in [Henkin 1950], under the name “implicative model”, as a model of positive implicative propositional calculus - an important fragment of classical propositional calculus introduced by Hilbert [Hilbert 1923], [Hilbert and Bernays 1934]. They are posets with 1. Cf. A. Diego [Diego 1966], it was Antonio Monteiro who has given the name “Hilbert algebras” to the dual algebras of Henkin’s implicative models.

MV algebras were introduced in 1958, by C. C. Chang [Chang 1958], as a model of ℵ_0-valued Lukasiewicz logic. They are posets with 0 and 1.

An important class of residuated lattices is that of “divisible” residuated lattices (or “divisible integral, residuated, commutative l-monoids” [Höhle 1995]), introduced in 1965, in a dual, more general form, by Swamy [Swamy 1965]. The “divisible” residuated lattices are residuated lattices satisfying divisibility (div) condition, where:

(div) for all x, y, x ∧ y = x ⊙ (x → y).

Hence, they are posets with 1. A divisible residuated lattice is a hoop, according to [Blok and Ferreirim 2000], which is also ∨−semilattice. A duplicate name in the literature for bounded divisible residuated lattices is that of “bounded commutative Rl-monoid” [Rachunek and Salounová 2007] - not appropriate, in our opinion.

BCK algebras were introduced in 1966, by K. Iséki [Iséki 1966], starting from the systems of positive implicational calculus, weak positive implicational calculus by A. Church, and BCI, BCK-systems by C.A. Meredith (according to [Iséki and Tanaka 1978]). They are posets with 0. Latter on, BCK algebras with condition (S) and BCK lattices were introduced and studied by Iséki and his school. In connection with dual reversed BCK algebras, we shall need the conditions (P), (RP), (DN) and (lattice), where:

(P) for all x, y, there exists x ⊙ y^{notation}= min{z | x ≤ y → z}, (RP) for all x, y, z, x ⊙ y ≤ z ⇐⇒ x ≤ y → z,

(DN) (Double Negation) for all x, (x^−)^− = x, (lattice) there exists x ∧ y^{notation}= inf{x, y} and x ∨ y^{notation}= sup{x, y}, for all x, y.

Wajsberg algebras were introduced in 1984, by Font, Rodriguez and Torrens [Font et al. 1984], but they were also considered earlier by Komori in the papers [Komori 1978], [Komori 1981], under the name of CN algebras; they are a model of ℵ_0-valued Lukasiewicz logic too, studied by Wajsberg in 1935 [Wajsberg 1935]. They are term equivalent to MV algebras [Font et al. 1984].

BL algebras were introduced in 1996, by P. Hájek in the papers [Hájek 1996], [Hájek 1998a], [Hájek 1998b], as a common generalization of MV algebras, Product algebras and Gödel algebras, in connection with continuous t-norms. They are bounded residuated lattices (i.e. residuated lattices with 0 too) satisfying (div) and the pre-linearity (prel) conditions, where:

(prel) for all x, y, (x → y) ∨ (y → x) = 1.

An important class of bounded residuated lattices is that of MTL = weak- BL algebras. MTL algebras presented in [Esteva and Godo 2001] and weak-BL algebras presented in [Flondor et al. 2001] were introduced independently in 2001; they are duplicate names for the same structure. MTL algebras were introduced as algebraic model for the monoidal t-norm logic, a generalization of Hájek’s Basic Logic, while weak-BL algebras were introduced as commutative weak-pseudo-BL algebras (pseudo-BL algebras [Georgescu and Iorgulescu 2000], [Di Nola et al. 2002a], [Di Nola et al. 2002b] being non-commutative generalizations of BL algebras). They are bounded residuated lattices satisfying (prel) condition.

WNM, IMTL and NM algebras, which are particular classes of MTL algebras [Esteva and Godo 2001], were introduced in 2001, too.

The first goal of this paper, Part I, is to clarify the connections between the surveyed algebras, which in many cases have been given several equivalent definitions, and to find unifying tools. It is achieved in Sections 1 and 2.

The second goal is to treat all the involved algebras unitarily, by redefining them as classes of BCK algebras, and study them gradually, from the general ones to the particular ones. It is achieved in Section 3.

The third goal is to study some properties of (bounded) BCK(P) algebras (BCK(P) lattices) and the new algebras obtained by adding new properties (conditions). The stress is on the conditions (DN), (WNM), but also (P1), (P2), (C), (G), (chain), where:

(WNM) (Weak Nilpotent Minimum) (x ⊙ y)^− ∨ [(x ∧ y) → (x ⊙ y)] = 1, for all x, y,

(P1) for all x, x ∧ x^− = 0, (P2) for all x, y, z, (z^−)^− ⊙ [(x ⊙ z) → (y ⊙ z)] ≤ x → y, (C) (Chang) for all x, x ∨ y = (x → y) → y,

(G) (Gödel) for all x, x ⊙ x = x, (chain) for all x, y, x ≤ y or y ≤ x.

This goal is achieved in Section 3.

In this paper, we shall use the universal algebra concepts of “algebra” (an algebra A is a pair (A, F ), where A is a nonvoid set and F is a family of finitary operations on A) and “relational system” (a relational system A is a pair (A, R), where A is a nonvoid set and R is a family of (finitary) relations on A) from [Grätzer 1979]. More general, a structure (A, F, R) is a mixture of an algebra (A, F ) and a relational system (A, R).

1.1 The clarification of the connections between the surveyed algebras

In order to clarify the connections between the surveyed algebras of logic, which in many cases have been given several equivalent definitions, let us make two remarks.

Remark 1.1 All the surveyed algebras have essentially an associated (attached) order relation (denoted by ≤), which usually does not appear explicitely in the definitions. The presence of an order relation ≤ implies the presence of the duality. Thus, each such algebra has a dual algebra, where the dual (inverse) order relation (denoted by ≥) acts (for each x, y, x ≥ y iff y ≤ x); the dual of a t-norm is a t-conorm, the dual of a residuum is a co-residuum and vice-versa [Gottwald 1984], [Gottwald 1986], [Gottwald 1993].

Starting from this remark, we have obtained two criteria of classifications of the involved algebras.

• First classification: left-algebras, right-algebras. In order to clarify the connections between the surveyed algebras from the duality point of view, let us look at the definitions of the surveyed algebras: in BL algebras there is a t-norm ⊙ as a principal primitive operation, while in MV algebras there is a t-conorm ⊕ as a principal primitive operation. In Hilbert algebras there are an implication (residuum) → and 1 as principal primitive operations, while in reversed Iséki’s BCK algebras there are an implication (co-residuum) and 0 as principal primitive operations.

We shall give a name: “left-algebra” (when the principal primitive operations are the t-norms, 1 and/or the residua) or “right-algebra” (when the principal primitive operations are the t-conorms, 0 and/or the co-residua) to each algebra of the pair of dual algebras; the concepts of “left-algebra” and “right-algebra” are introduced in such a way that the two definitionally equivalent corresponding classes of algebras become a class containing only “leftalgebras” and a class containing only “right-algebras”. Thus, a BL algebra as defined by Hájek, is a “left-algebra”, while the MV algebra, as defined by Chang, is a “right-algebra”.

Thus, we can choose between left- and right-algebras. In some circumstances, this choice is essential, for instance if we want to build the ordinal sum (product) between a BL algebra and an MV algebra. Our first unifying tool, when dealing with more than one algebra, consists in working only with “left-algebras”.

• Second classification: four possible definitions of left-algebras (right-algebras). In order to clarify the connections between the surveyed “left-algebras” from principal primitive operations point of view, let us look at the definitions of left-algebras of logics and at the definitions of the corresponding logics; we remark that they are very different, in general: in algebras of logics, usually, the principal primitive operation is the t-norm, while in the corresponding logics, usually, the principal primitive operation is the implication = residuum. We can also remark that basically, “left-algebras” contain as principal primitive operations (belonging to the signature): either “a residuum →=→_L and 1” or “a t-norm ⊙ and 1”; a derived operation from the primitive operations (term function) can appear: either a t-norm ⊙, associated to the residuum →, or a residuum →, associated to the t-norm ⊙. We shall say that a “left-algebra” belongs either to “the general world of →, 1” or to “the general world of ⊙, 1” (see Figure 2).

Moreover, we can refine each of the two “general worlds” of “left-algebras” by remarking that “left-algebras” contain: 1. in “the general world of →, 1”:

- 1.1: either “a residuum → and 1” as primitive operations and a derived associated t-norm ⊙,

- 1.2: or “a residuum →, an associated t-norm ⊙ and 1” as primitive operations;

2. in “the general world of ⊙, 1”:

- 2.1: either “a t-norm ⊙ and 1” as primitive operations and a derived associated residuum →,

- 2.2: or “a t-norm ⊙, an associated residuum → and 1” as primitive operations.

Note that these four corresponding “worlds” of “left-algebras” exist simultaneously, they containing four corresponding definionally equivalent classes of “left-algebras”. None, one or maximum two such definitionally equivalent classes of “left-algberas” are usually appearing in the literature.

Thus, we can choose between the four definitions of “left-algebras”. Our second unifying tool consists in working only with “left-algebras” defined by using (→, 1) as principal primitive operations.

Remark 1.2 All the surveyed algebras have at least one bound with respect to the associated order relation (i.e. there exist either the smallest element, denoted by 0, or the greatest element, denoted by 1). Among them, many are bounded (i.e. they have both 0 and 1) - but sometimes only one bound from the existing two appears in the signature; take for examples the MV algebras, the Wajsberg algebras, the BL algebras and the MTL algebras. Several have only one bound; take for examples the residuated lattices, the Hilbert algebras, the BCK algebras and the divisible residuated lattices.

Starting from this remark, we have obtained a third criterion of classification: the number of bounds.

• Third classification: “two bounds” and “only one bound” leftalgebras (right-algebras).

In this paper Part I, we want to analyze both cases for each “left-algebra”: “bounded (i.e. two bounds)” algebra and “only the bound 1” algebra, for each surveyed left-algebra; therefore, we shall define for left-algebras the “missing” algebra, either by “bounding” the algebra having “only the bound 1” (i.e. by adding the “missing” bound 0 in the signature), or by “generalizing” the bounded algebras. The definitions of the “bounding” operation and of the “generalizing” operation of left-algebras are as follows.

Definition 1.3 Let A = (A, G ∪ {1}) be an “X algebra”, which has an order relation ≤ associated to A, where 1 ∈ A, 1 is the greatest element of A with respect to ≤ (i.e. x ≤ 1, for all x ∈ A) and some axioms are satisfied. If there is a unique element 0 ∈ A, satisfying 0 ≤ x, for all x ∈ A, then 0 is called the zero (smallest element) of A. An “X algebra” with zero is called to be bounded and it will be denoted by: A^b = (A, G ∪ {0, 1}). Let X denote the class of “X algebras” and X^b denote the class of bounded “X algebras”.

Definition 1.4 Let “Y algebra” be a bounded algebra of logic (i.e. an algebra A = (A, G ∪ {0, 1}), which has an order relation ≤ associated to A, where 0, 1 ∈ A, 0 is the smallest element of A, 1 is the greatest element of A, with respect to ≤, and some axioms are satisfied). Let “X algebra” denote an algebra with only the bound 1 (i.e. an algebra A = (A, F ∪ {1}), which has an order relation ≤ associated to A, where 1 ∈ A, 1 is the greatest element of A with respect to ≤ and some axioms are satisfied). If bounded “X algebra” is term equivalent to “Y algebra”, we shall say that “X algebra” is a generalized-“Y algebra”. Let us denote by Y the class of “Y algebras” and by Y^g the class of generalized-“Y algebras”.

Remarks 1.5

(0) The general concept of “generalized-Y algebra” and the above definition are new; for the definition, we have had in mind the following example

(see [Iorgulescu a] Remark 3.27): the implicative BCK algebra is a generalized- Boolean algebra, since a bounded implicative BCK algebra is (term equivalent to) a Boolean algebra.

(1) There exist some bounded algebras “Y algebras”, whose free of 0-reduct is a generalized-“Y algebra”. In this case, we shall call the free of 0-reduct as “standard” generalization.

Example 1.1 Take the bounded lattice (i.e. an algebra (L, ∧, ∨, 0, 1) of type (2, 2, 0, 0) satisfying the idempotent, commutative, associative and absorption laws and x ∧ 1 = x = x ∨ 0, for all x ∈ L); its free of 0-reduct is the lattice with 1 (i.e. an algebra (L, ∧, ∨, 1) of type (2, 2, 0), satisfying the idempotent, commutative, associative and absorption laws and x ∧ 1 = x, for all x ∈ L). Since a bounded “lattice with 1” is a “bounded lattice”, it follows that the lattice with 1 is the standard generalized-bounded lattice.

Example 1.2 Take the BL algebra (see Definition 2.10); its free of 0-reduct is a “residuated lattice which satisfies (div) and (prel)”. Since bounded “residuated lattice which satisfies (div) and (prel)” is a BL algebra, it follows that “residuated lattice satisfying (div) and (prel)” is the standard generalized-BL algebra. Note that there exists also the “basic hoop” [Agliano et al.], which is a generalized- BL algebra too, by Definition 1.4. It remains to clarify elsewhere the connections between “basic hoops” and “residuated lattices satisfying (div) and (prel)”.

(2) But, there exist several bounded algebras “Y algebras”, whose free of 0 -reduct is not a generalized-“Y algebra”.

Example 2.1 Take the Boolean algebra (i.e. an algebra (A, ∧, ∨,^−, 0, 1) of type (2, 2, 1, 0, 0), such that (A, ∧, ∨, 0, 1) is a distributive lattice with 0 and 1, satisfying x ∧ x^− = 0 and x ∨ x^− = 1, for all x ∈ A). Its free of 0-reduct is an algebra (A, ∧, ∨,^−, 1) of type (2, 2, 1, 0), such that (A, ∧, ∨, 1) is a distributive lattice with 1, satisfying x ∨ x^− = 1, for all x ∈ A; let us call such an algebra a “Boo algebra”. Since a bounded “Boo algebra” is an algebra (A, ∧, ∨,^−, 0, 1) of type (2, 2, 1, 0, 0), such that (A, ∧, ∨, 0, 1) is a distributive lattice with 0 and 1, satisfying x ∨ x^− = 1, for all x ∈ A - which is not a Boolean algebra, it follows that “Boo algebra” is not a generalized-Boolean algebra.

Example 2.2 Take the Wajsberg algebra (see Definition 2.9) (i.e. an algebra (A, →, 0, 1) of type (2, 0, 0) such that, for all x, y, z ∈ A, axioms (W1), (W2), (W3) and (W4) hold). Its reduct free of 0 is an algebra (A, →, 1) of type (2, 0) such that, for all x, y, z ∈ A, axioms (W1), (W2) and (W3) hold; let us call such an algebra a “Waj algebra”. Since a bounded Waj algebra is an algebra (A, →, 0, 1) of type (2, 0, 0), such that, for all x, y, z ∈ A, axioms (W1), (W2), (W3) hold and 0 ≤ x, for all x - which is not a Wajsberg algebra, it follows that Waj algebra is not a generalized-Wajsberg algebra. Later on, in [Iorgulescu a] Remarks 3.24, we shall present several generalized-Wajsberg algebras and we shall make a choice of one of them, to be studied in some respects.

(3) Note that to an “X algebra” with greatest element we can attach exactly one bounded “X algebra”, while to a bounded algebra “Y algebra” we can attach more generalized-“Y algebras”; the standard generalization is taken into account in the sequel, whenever it exists. Note that (Y^g)^b ∼= Y .

(4) The “bounding” operation is an easy one, while the “generalizing” operation is a difficult one in many cases; in this paper we have succeeded to find a generalized-Y algebra in some cases of Y algebras (bounded algebras), but several open problems still remain.

1.2 Two unifying tools

After clarifying the connections between the surveyed algebras of logic through the above three criteria, we found the unifying tools: we found that we can treat them unitarily by bringing to a “common denominator” their definitions, as in the survey paper [Iorgulescu 2003] and the preprint [Iorgulescu 2004], for bounded case. To achieve this, in Section 2, for the general case of algebras with only one bound, we shall present a “methodology (algorithm)” in two steps: - the first step is to choose between the existing dual algebras: the “right-defined” or the “left-defined” algebra; our first unifying tool consists in working only with “left-algebras”; we have chosen to work with “left-defined” algebras, because most of the above mentioned algebras of logic were initially “left-defined”; - the second step is to choose between the four most usual definitions (signatures) of (bounded) “left-algebras”:

1.1 (→, 1), 1.2 (→, ⊙, 1); 2.2 (⊙, →, 1), 2.1 (⊙, 1);

our second unifying tool consists in working only with the first sequence of principal primitive operations, i.e. to work only with implication and 1; we have chosen → and 1 in order to have the algebras of logic closer related to the corresponding logics and to be able to make the connections with Hilbert algebras.

Concluding, we have chosen to treat all the above mentioned algebras unitarily as special classes of reversed left-BCK algebras; in view of the above equivalences, there is no loss of generality in so doing.

Consequently, in Section 3, we apply the methodology and we redefine unitarily, as classes of (bounded) reversed left-BCK algebras, the surveyed algebras and study them gradually, from general ones to particular ones: the reversed left- BCK(P) algebras (which are termwise equivalent to pocrims (partialy ordered, commutative, residuated, integral monoids)), the reversed left-BCK(P) lattices (which are termwise equivalent to residuated lattices), the Hájek(P) algebras (which are termwise equivalent to BL algebras), the Wajsberg algebras (which are termwise equivalent to left-MV algebras), etc.

Starting from the remark that we can divide the properties of Hájek(P) algebras into three groups: those coming from the fact that they are bounded BCK(P) algebras, those coming from the fact that they are lattices (bounded BCK(P) lattices) and finally those coming from (div) and (prel) conditions (one will notice that very few properties of Hájek(P) algebras come from the two conditions (div) and (prel)), we shall study all the involved algebras by dividing them into three groups: (1) BCK(P) algebras which are not lattices, (2) BCK(P) algebras which are lattices (not verifying (prel) and (div) conditions) and (3) BCK(P) algebras which are lattices verifying (prel) or/and (div) conditions.

Thus, Section 3 will involve many old, but redefined, algebras and also new algebras, which are all particular cases of (bounded) BCK algebras, in an attempt to unify their treatment. Some hierarchies concerning bounded BCK(P) lattices verifying (DN), (WNM) conditions are finally presented.

In Section 4, the last of this Part I, we present conclusions, the resuming list of open problems presented in the previous sections and final remarks.

We overview now the contents of next Parts II-V [Iorgulescu b] - [Iorgulescu e]: In Part II [Iorgulescu b], we find equivalent conditions with divisibility (div) and prelinearity (prel) and we decompose (div) and (prel) in the general case of BCK(P) lattices. We introduce then the new algebras: (bounded) α, β, γ, δ, ε, π algebras and αβ, αγ, . . ., αβγδεπ algebras and we establish connections with the old algebras and hierarchies. Finally, we introduce and study the ordinal sum (product) of two bounded BCK algebras.

In Part III [Iorgulescu c], we give classes of examples of finite proper Wajsberg algebras (MV algebras) and of Wajsberg algebras satisfying (WNM) condition, of Hájek(P) algebras (BL algebras) and of Hájek(P) algebras satisfying (WNM) condition and, finally, of divisible bounded BCK(P) lattices and of divisible bounded BCK(P) lattices satisfying (WNM) condition.

In Part IV [Iorgulescu d], we give classes of examples of finite proper IMTL algebras and of NM algebras, of MTL algebras and of WNM algebras, of bounded αγ algebras and of bounded αγ algebras satisfying the condition (WNM).

In Part V [Iorgulescu e], we give classes of examples of finite proper bounded α, β, γ, βγ algebras and BCK(P) lattices (residuated lattices), satisfying or not satisfying the conditions (WNM) and (DN). We give finally examples of some finite proper bounded BCK algebras.

The groundwork of this big research in five parts was made in 2003 and was announced on January 10^{th}, 2004, in the five preprints [Iorgulescu 2004] - [Iorgulescu 2004].

This Part I is a paper of “macromathematics” and not of “micromathematics”, since it connects almost all algebras of logic in a comprehensive unifying study, we hope. We use essentially the results from the paper [Iorgulescu 2003] and from the preprint [Iorgulescu 2004], but the paper is self-contained as much as possible. Note that in [Iorgulescu 2003] and [Iorgulescu 2004] only the bounded case is considered. The old results are presented without proof.

Hence, this Part I is organized as follows: 1. Introduction - this section.

2. A methodology: How to bring to a “common denominator” the definitions of algebras of logic.

3. A unitary treatment of algebras of logic as particular cases of (bounded) reversed left-BCK algebras. New algebras.

4. Conclusions.

Sections 1 and 2 are treated in this first part of Part I, while Sections 3 and 4 are treated in [Iorgulescu a], the subsequent part of Part I.

2 A methodology: How to bring to a “common denominator” the definitions of algebras of logic

After surveying, in chronological order, in Section 1, some algebras connected with logic, we propose in this section a methodology in two steps to bring their definitions to a “common denominator”, in order to better see the connections between these algebras and to be able to treat them unitarily.

Note that in this paper, we deal simultaneously with the two cases: - the more general case of algebras with one bound, - the case of bounded algebras.

The methodology is defined for both cases.

Between algebras, or classes of algebras, or categories of algebras, let ∼= mean “are term equivalent”, or “are termwise equivalent” (“are definitionally equivalent”) , or “are categorically isomorphic”, respectively, and = mean “is a duplicate name” through this paper. When X ∼= Y, we shall also write X (Y).

2.1 The first step: choose between “right” or “left” algebras

We know that there are two possible dual definitions of algebras of logic and we have given them names [Flondor et al. 2001], [Iorgulescu 2004], [Iorgulescu 2003]: “right-definition” and “left-definition”. When an algebra is “right-defined” (“leftdefined”), we shall say that it is a right-algebra (left-algebra, respectively).

Hence, the notions of “right” and “left” algebras are dual; they are connected with the right-continuity of a t-conorm and with the left-continuity of a t-norm, respectively. We can also say that they are connected with the “positive (right)” cone and with the “negative (left)” cone, respectively, of a commutative l-group (i.e. commutative lattice-ordered group).

Roughly speaking, we could say that an algebra endowed with a partial order is a “right” algebra if it contains a t-conorm (and/or a coresiduum) and 0 as principal operations, and is a “left” algebra if it contains a t-norm (and/or a residuum) and 1 as principal operations (see [Iorgulescu a] Definition 3.6 of a residuum).

Recall that t-norms (triangular norms) and t-conorms were defined initially on the real interval [0, 1], then on a poset with one bound [Iorgulescu 2003], as follows:

Definition 2.1 A binary operation ◯ on the poset (A, ≤) with smallest element 0 (with greatest element 1) is a t-conorm (t-norm) iff it is commutative, associative, non-decreasing (isotone) in the first argument and hence in the second argument too, and it has 0 (1) as neutral element.

Usually, a t-norm will be denoted by “⊙” and a t-conorm by “⊕”. Recall also the following definitions:

(j) A partially ordered, abelian (i.e. commutative), integral right-monoid or a right-pocim for short is a structure (A, ≤, ⊕, 0) such that: (A, ≤) is a poset with smallest element 0, (A, ⊕, 0) is a commutative right-monoid (i.e. ⊕ is commutative, associative and has 0 as neutral element) and ⊕ is non-decreasing in the first argument and hence in the second argument; integral means that the smallest element of the poset (A, ≤) coincides with the neutral element of the commutative right-monoid.

(j’) A partially ordered, commutative, integral left-monoid or a left-pocim for short is a structure (A, ≤, ⊙, 1) such that: (A, ≤) is a poset with greatest element 1, (A, ⊙, 1) is an abelian left-monoid and ⊙ is non-decreasing in the first argument and hence in the second argument too.

Recal also [Iorgulescu 2003], [Iorgulescu 2004] that the statement: “⊕ is a t-conorm on the poset (A, ≤) with smallest element 0” is equivalent to the statement: “the structure (A, ≤, ⊕, 0) is a right-pocim” and that dually, the statement: “⊙ is a t-norm on the poset (A, ≤) with greatest element 1” is equivalent to the statement: “the structure (A, ≤, ⊙, 1) is a left-pocim”.

Examples.

1) Let (B, ∧, ∨,^−, 0, 1) be a Boolean algebra. Then, ∧ is a t-norm, ∨ is a t-conorm and their associated residua are defined as follows: x →_∧ y = (x ∧ y^−)^− = x^− ∨ y, x →_∨ y = (x ∨ y^−)^− = x^− ∧ y = (x^− →_∧ y^−)^−. Hence, (B, ∧, ∨,^−, 0, 1) is the left-Boolean algebra, while (B, ∨, ∧,^−, 1, 0) is the right-Boolean algebra.

1’) Let us consider the termwise equivalent Boolean algebras (B, ∧,^−, 1) and (B, ∨,^−, 0). Then, (B, ∧,^−, 1) is the left-Boolean algebra, while (B, ∨,^−, 0) is the right-Boolean algebra.

2) Let (L, ∧, ∨, 0, 1) be a bounded lattice. Since ∧ is a t-norm and ∨ is a t-conorm, it follows that (L, ∧, ∨, 0, 1) is the left-lattice, while the dual lattice, (L, ∨, ∧, 1, 0), is the right-lattice.

2’) Generalization. Let (L, ∧, ∨) be a (“Dedekind”) lattice. Then, (L, ∧, ∨) is the left-lattice, while the dual, (L, ∨, ∧), is the right-lattice. If (L, ≤) is an “Ore” lattice (i.e. for all x, y ∈ L, there exist inf{x, y} and sup{x, y}), then the dual “Ore” lattice is (L, ≥), where x ≥ y iff y ≤ x, for all x, y ∈ L. Then, the well-known bijection between “Ore” and “Dedekind” lattices can be formulated as follows: “(L, ≤) iff (L, ∨, ∧)” (right-lattices) and then the dual bijection is “(L, ≥) iff (L, ∧, ∨)” (left-lattices).

3) Let (L, ∧, ∨, 1) be a lattice with greatest element, 1 (one bound), as for example: if Z^− = {0, −1, −2, −3, . . .} (the set of negative integers), then (Z^−, ∧ = min, ∨ = max, 0) is a lattice with greatest element. Hence, (L, ∧, ∨, 1) is a left-lattice, which has no (self) dual.

4) Dually, let (L, ∧, ∨, 0) be a lattice with smallest element, 0 (one bound), as for example: if N= {0, 1, 2, 3, . . .} (the set of natural numbers=positive integers), then (N, ∧ = min, ∨ = max, 0) is a lattice with smallest element. Hence, (L, ∨, ∧, 0) is a right-lattice, which has no (self) dual.

5) Let (G, ∧, ∨, +, −, 0) be a commutative l-group (lattice-ordered group). Let G^+ = {x ∈ G | x ≥ 0} be the positive cone and G^− = {x ∈ G | x ≤ 0} be the negative cone. Then, + is a t-conorm pe (G^+, ≤, 0) and is a t-norm on (G^−, ≤, 0). Note that x ≤ y in G^+ iff −x ≥ −y in G^−. Hence, (G^+, ≤, +, 0) is a right-pocim, while (G^−, ≤, +, 0) is a left-pocim.

6) MV algebras and BCK algebras were initially defined as “right” algebras, while residuated lattices, Hilbert algebras, Wajsberg algebras and BL algebras were initially defined as “left” algebras.

Note that “right” and “left” algebras are not “symmetric” algebras, while a commutative l-group, for example, is symmetric, in the following sense: a commutative l-group is a kind of pair of a “left” algebra (its negative cone) and a “right” algebra (its positive cone).

The passage from the (definition of) “right” algebra to its dual, the (definition of) “left” algebra, is made by replacing: the t-conorm ⊕ by the t-norm ⊙, the co-residuum →_R by the residuum →^{notation}= →_L (“R” comes from “right”, “L” comes from “left”), the negation^{−R} (where x^{−R} = x →_R 1) by the negation

− notation= −_L (where x− = x → 0), 0 by 1 (and 1 by 0), the binary relation ≤

by its inverse relation, ≥.

The passage from the “left” algebra to its dual, the “right” algebra, is made by replacing: the t-norm ⊙ by the t-conorm ⊕, the residuum →^{notation}= →_L by the co-residuum →_R, the negation^{− notation}=^{−L} by the negation^{−R} , 1 by 0 (and 0 by 1), the binary relation ≥ by its inverse relation, ≤.

We claim that it is useful, when a research concerns several related algebras, to define all the involved algebras in the same way, i.e. either as “right” algebras or as “left” algebras; in some circumstances, this choice is essential, for instance when we want to build the ordinal sum (product) between a BL algebra and an MV algebra. This is the first step of our methodology: to choose between “right” or “left” algebras.

We have chosen to work with “left” algebras, because most of the algebras of logic were initially left-defined. Note that we shall freely write x ≥ y or y ≤ x in that case.

Recall now the definitions of the surveyed algebras in Section 1, in chronological order too, by adding the definitions of the missing “bounded” or “generalized- ” algebras.

- Residuated lattices have been introduced as “left” algebras. We shall use the following definition, free of 0:

Definition 2.2 1) A residuated lattice is an algebra A = (A, ∧, ∨, ⊙, →, 1) of type (2, 2, 2, 2, 1), verifying:

(L^{·,1}) (A, ∧, ∨, 1) is a lattice with greatest element 1 (under ≥), (X2) (A, ⊙, 1) is an abelian (i.e. commutative) left-monoid, (RP) for all x, y, z ∈ A, y → z ≥ x ⇔ z ≥ x ⊙ y.

1’) A bounded residuated lattice is an algebra A = (A, ∧, ∨, ⊙, →, 0, 1) verifying (L^{0,1}), (X2) and (RP), where:

(L^{0,1}) (A, ∧, ∨, 0, 1) is a bounded lattice.

Let R-L and R-L^b denote the class (or the category) of residuated lattices and of bounded residuated lattices, respectively.

In a bounded residuated lattice we can define a negation,^−, by: x^− = x → 0, for all x. A bounded residuated lattice verifying (DN) (Double Negation) condition is also called a “Girard monoid”.

- Hilbert algebras were introduced as “left” algebras, as the dual of Henkin’s “right” implicative models.

Definition 2.3 (see [Diego 1966])

A Hilbert algebra is an algebra (A, →, 1) of type (2, 0), satisfying, for all x, y, z ∈ A:

(h1) x → (y → x) = 1, (h2) (x → (y → z)) → ((x → y) → (x → z)) = 1, (h3) if x → y = y → x = 1, then x = y,

or, equivalently [Diego 1966]

Definition 2.4 A Hilbert algebra is an algebra (A, →) of type (2), if A is a non-void set, satisfying, for all x, y, z ∈ A:

(H1) (x → x) → x = x, (H2) x → x = y → y, (H3) x → (y → z) = (x → y) → (x → z), (H4) (x → y) → ((y → x) → x) = (y → x) → ((x → y) → y).

- MV algebras were introduced as “right” algebras. We shall give here only the definition of left-MV algebras, which duals the right-definition presented in [Cignoli et al. 2000].

Definition 2.5 [Flondor et al. 2001], [Iorgulescu 2003] An MV algebra is an algebra (A, ⊙,^−, 1) of type (2,1,0), satisfying, for all x, y, z ∈ A:

(MV1-L) x ⊙ (y ⊙ z) = (x ⊙ y) ⊙ z, (MV2-L) x ⊙ y = y ⊙ x, (MV3-L) x ⊙ 1 = x, (MV4-L) (x^−)^− = x, (MV5-L) x ⊙ 1^− = 1^−, (MV6-L) (x^− ⊙ y)^− ⊙ y = (y^− ⊙ x)^− ⊙ x.

The MV algebras are bounded structures, where 0=1^−, verifying (DN) condition. Note that an equivalent definition is the following, where the two bounds are visible:

Definition 2.6 An MV algebra is an algebra (A, ⊙, →, 0, 1) of type (2,2,0,0), satisfying, for all x, y, z ∈ A:

(MV1-L) x ⊙ (y ⊙ z) = (x ⊙ y) ⊙ z, (MV2-L) x ⊙ y = y ⊙ x, (MV3-L) x ⊙ 1 = x, (MV4-L) (x → 0) → 0 = x, (MV5-L) x ⊙ 0 = 0, (MV6-L) (((x → 0) ⊙ y) → 0) ⊙ y = (((y → 0) ⊙ x) → 0) ⊙ x.

The MV algebras come from commutative l-groups. Mundici [Mundici 1986b] proved that MV algebras are intervals in commuative l-groups.

We shall present later ([Iorgulescu a] Remarks 3.24) a generalized-MV algebra.

- An important class of residuated lattices is that of “divisible” residuated lattices.

Definition 2.7

(1) A divisible residuated lattice (or “divisible integral, residuated, commutative l-monoids”, in [Höhle 1995], Lemma 2.5) is a residuated lattice satisfying the condition (div).

(1’) A bounded divisible residuated lattice or a divisible bounded residuated lattice is a bounded residuated lattice satisfying the condition (div). A duplicate name in the literature is “bounded commutative Rl-monoid” - not appropriate, in our opinion.

Let divR-L and divR-L^b denote the class (or the category) of divisible residuated lattices and of bounded divisible residuated lattices, respectively.

A bounded divisible residuated lattice satisfies condition (DN) if and only if it is an MV algebra.

- The definitions of BCK algebras and of related algebras will be given in Section 3.

- Wajsberg algebras were introduced as “left” algebras [Font et al. 1984], as follows:

Definition 2.8 A Wajsberg algebra is an algebra (A, →,^−, 1) of type (2, 1, 0) such that, for all x, y, z ∈ A:

(W1) 1 → x = x, (W2) (y → z) → [(z → x) → (y → x)] = 1, (W3) (x → y) → y = (y → x) → x, (W4) (x^− → y^−) → (y → x) = 1.

Note that an equivalent definition is the following, where the two bounds are visible:

Definition 2.9 A Wajsberg algebra is an algebra (A, →, 0, 1) of type (2, 0, 0) such that, for all x, y, z ∈ A:

(W1) 1 → x = x, (W2) (y → z) → [(z → x) → (y → x)] = 1, (W3) (x → y) → y = (y → x) → x, (W4) ((x → 0) → (y → 0)) → (y → x) = 1.

We shall present later ([Iorgulescu a] Remarks 3.24) a generalized-Wajsberg algebra.

Wajsberg algebras are bounded algebras, with 0 = 1^−, verifying condition (DN). Let W denote the class (or the category) of Wajsberg algebras.

Wajsberg algebras are termwise equivalent to MV algebras (see [Font et al. 1984], Theorems 4 and 5): W ∼= MV.

- BL algebras were introduced as “left” algebras. The starting point in defining and studying Basic Logic and BL algebras were the algebras of the form ([0, 1], min, max, ⊙, →, 0, 1), where ⊙ is a continuous t-norm on [0, 1] and → is the associated residuum; these algebras are called standard BL algebras. The most important continuous t-norms on [0, 1] are the following three: Lukasiewicz t-norm, Product t-norm, Gödel t-norm. These three t-norms and their associated residua are the following:

(1) Lukasiewicz:

x⊙_L y = max(0, x+y −1), x →_L y = { 1, if x ≤ y 1 − x + y, if x > y

= min(1, 1−x+y);

(2) Product (Gaines):

x ⊙_P y = xy, x →_P y = { 1, if x ≤ y y/x, if x > y,

(Goguen implication)

(3) Gödel (Brouwer):

x ⊙_G y = min(x, y), x →_G y = { 1, if x ≤ y y, if x > y,

(Gödel implication).

They correspond to the most significant fuzzy logics: Lukasiewicz logic, Product logic and Gödel logic, respectively. The MV algebras, the Product algebras and the Gödel algebras constitute the algebraic models for these three types of logics. The class of BL algebras contains the MV algebras [Chang 1958], [Cignoli et al. 2000], the Product algebras [Hájek et al. 1996], [Mangani 1973], [Hájek 1998a] and the Gödel algebras [Hájek 1998a] (or linear Heyting algebras (A. Monteiro; cf. L. Monteiro [Monteiro 1970]) or L-algebras (Horn [Horn 1969]); cf. [Boicescu et al. 1991]).

Definition 2.10 (1) A BL algebra [Hájek 1998a] is an algebra A = (A, ∧, ∨, ⊙, →, 0, 1) of type (2, 2, 2, 2, 0, 0), such that:

(R^{0,1}) A is a bounded residuated lattice, (div) for all x, y ∈ A, x ∧ y = x ⊙ (x → y) (divisibility), (prel) for all x, y ∈ A, (x → y) ∨ (y → x) = 1 (pre-linearity).

(1’) A generalized-BL algebra (standard generalization) is an algebra A = (A, ∧, ∨, ⊙, →, 1), such that (R^{·,1}), (div), (prel) hold, where:

(R^{·,1}) A is a residuated lattice.

A BL algebra is an MV algebra iff it satisfies condition (DN) (Double Negation).

The BL algebra ([0, 1], min, max, ⊙_L, →_L, 0, 1), determined by the above Lukasiewicz t-norm, is the standard (canonical) (left-) MV algebra.

Definition 2.11 A Product algebra [Hájek 1998a] is a BL algebra A which fulfills the following two conditions:

(P1) for every x ∈ A, x ∧ x^− = 0, (P2) for every x, y, z ∈ A, (z^−)^− ⊙ [(x ⊙ z) → (y ⊙ z)] ≤ x → y.

The standard Product algebra is the BL algebra ([0, 1], min, max, ⊙_P , →_P , 0, 1), determined by the above Product t-norm.

A BL algebra which fulfills the condition (P1) is usually called a SBL algebra. Let us name SSBL algebras the BL algebras fulfilling the condition (P2).

Let Product, SBL, SSBL denote the classes of Product algebras, SBL and SSBL algebras, respectively.

Definition 2.12 A Gödel algebra [Hájek 1998a] is a BL algebra A which fulfills the condition (G) ( idempotent multiplication):

(G) for each x ∈ A, x ⊙ x = x.

The standard Gödel algebra is the BL algebra ([0, 1], min, max, ⊙_G, →_G, 0, 1), determined by the above Gödel t-norm. Recall that Gödel algebras are exactly the Heyting algebras verifying (prel) condition (i.e. the linear Heyting algebras). Hence, a generalized-Gödel algebra is the relatively pseudocomplemented lattice verifying (prel) condition. Let Gödel denote the class of Gödel algebras.

Open problem 2.13 Define generalized-Product algebras.

- Another important class of bounded residuated lattices is that of weak-BL = MTL algebras.

Definition 2.14

(1) A weak-BL algebra [Flondor et al. 2001] or a MTL (Monoidal t-norm Based) algebra [Esteva and Godo 2001] is a bounded residuated lattice satisfying the condition (prel).

(1’) A generalized-weak-BL algebra or a weak-generalized-BL algebra or a generalized-MTL algebra is a residuated lattices satisfying (prel).

- Let us recall also the following particular cases of MTL algebras presented in [Esteva and Godo 2001]:

Definition 2.15 (1) An IMTL algebra (Involutive Monoidal t-norm based Logic) is an MTL algebra satisfying the condition (DN).

(2) A WNM algebra is an MTL algebra satisfying the additional condition (WNM) (Weak Nilpotent Minimum):

(WNM) for all x, y, (x ⊙ y)^− ∨ [(x ∧ y) → (x ⊙ y)] = 1.

(3) An NM (Nilpotent Minimum) algebra is an IMTL algebra satisfying the condition (WNM), or a WNM algebra satisfying the condition (DN).

Hence we have: NM = IMTL + (WNM) = WNM + (DN).

Open problem 2.16 Define generalized-WNM algebras, generalized-IMTL algebras and generalized-NM algebras.

Remarks 2.17 (1) We shall stress in Parts III [Iorgulescu c], IV [Iorgulescu d] of this paper, the importance of NM algebras versus MV algebras, that the class of MV algebras and the class of NM algebras are incomparable (with respect to set inclusion).

(2) We shall obtain new algebras by adding the condition (WNM) to bounded residuated lattices.

- Recall [Pei 2003] that the IMTL algebras, introduced in 2001 by Esteva and Godo [Esteva and Godo 2001], are termwise equivalent to weak-R_0 algebras, introduced in 1997 by G.J. Wang [Wang 1997] and that NM algebras are termwise equivalent to R_0 algebras, introduced also in 1997 by G.J. Wang [Wang 1997], [Pei 2003], as left algebras, as follows:

Definition 2.18 [Pei 2003] (1) A weak-R_0 algebra is an algebra M = (M, ∧, ∨, →,^−, 0, 1) of the type (2, 2, 2, 1, 0, 0), such that:

• (M, ∧, ∨, 0, 1) is a bounded lattice, ≤ being the order relation, • “^−” is an order reversing involution with respect to ≤, • the following conditions hold: for all x, y, z ∈ M, (R_1) x^− → y^− = y → x, (R_2) 1 → x = x, (R_3) y → z ≤ (x → y) → (x → z), (R_4) x → (y → z) = y → (x → z), (R_5) x → (y ∨ z) = (x → y) ∨ (x → z).

(2) An R_0 algebra is a weak-R_0 algebra verifying the additional condition (R_6):

(R_6) (x → y) ∨ ((x → y) → (x^− ∨ y)) = 1.

Hence, we have: weak-R_0 ∼= IMTL, R_0 ∼= NM.

2.2 The second step: choose between four possible definitions of left-algebras (right-algebras)

In left-algebras connected with commutative logic (residuated lattices, Hilbert algebras, MV algebras, Wajsberg algebras, BL algebras etc.) we have two (adjoint) operations: the implication (residuum) (→) and the product (t-norm) (⊙). As it was largely developed in the survey-paper [Iorgulescu 2003], there are two main ways of studying these algebras as posets (A, ≥, 1) with greatest element:

(1) either 1.1 to start only with the residuum → as a primitive operation (i.e. to start with the BCK algebra), and then its associated (derived) t-norm ⊙ is defined, whenever it exists, by the condition:

(P) for all x, y, there exists x ⊙ y^{notation}= min{z | x ≤ y → z},

(see the definitions of BCK algebras, BCK(P) algebras, Wajsberg algebras etc.)

or, alternatively,

1.2 to start with both → and ⊙ (in this order), verifying then the condition:

(RP) for all x, y, z, x ⊙ y ≤ z ⇐⇒ x ≤ y → z, as very seldom is the case,

(2) or 2.1 to start only with the t-norm ⊙ as a primitive operation (i.e. to start with the commutative partially ordered monoid) and then its asociated (derived) residuum → is defined, whenever it exists, by the condition:

(R) for all y, z, there exists y → z^{notation}= max{x | x ⊙ y ≤ z}, (see the definitions of commutative left-monoids, left-pocrims, Heyting algebras, MV algebras etc.) or, alternatively,

2.2 to start with both ⊙ and → (in this order), verifying then the condition:

(PR) for all x, y, z, x ≤ y → z ⇐⇒ x ⊙ y ≤ z, as very often is the case (see the definitions of residuated lattices, BL algebras etc.).

Note [Iorgulescu 2003] that (RP)=(PR).

Thus, there exist four (two plus two) different basic definitions for a “left” algebra of logic having both ⊙ and → and usually one, maximum two, among the four different types are used in the literature, for each algebra.

The four different basic definitions of algebras determine a left-“Mendeleevtype” table (matrix) (Sergiu Rudeanu’s remark) with 4 columns and as many rows as distinct (i.e. not termwise equivalent) algebras are involved in the study. The given algebras will fill some cells of the table and the empty cells of each row will be filled with the “missing” algebras; the only problem is the problem of names for the “missing” algebras.

Since it was proved explicitely in [Iorgulescu 2003] (Theorems 2.13, 2.50, 2.55) the termwise equivalence existing between the algebras in Figure 1, the “four parents algebras”, it follows that all the particular algebras, the “four descendents”, sitting on the same row, bellow the row of the “parents”, are termwise equivalent at their turns. Hence, between the algebras of the same row we should use the sign ∼=.

We shall use the sign “≡” between the algebras of the same column which are termwise equivalent and we shall read it: “is an equivalent definition of”.

r-BCK(P) π_{−→} ←− π^∗ r-BCK(RP) δ^′_{−→} ←− γ^′ X-BCK(RP) ρ^∗_{−→} ←− ρ X-BCK(R) ≡ pocrims

Figure 1: The “four parents algebras”, where r- means “reversed-”.

Note that there exists a dual (right-) “Mendeleev-type” table (matrix) with 4 columns, determined by the four different possible definitions of rightalgebras which are (particular cases of) BCK(S) algebras or dual pocrims.

We give now two examples of left-“Mendeleev-type” tables, one in the bounded case and the other in the one bound case.

Example 1. The following four bounded left-algebras: the reversed bounded BCK(P) algebras (r-BCK(P)^b), the bounded pocrims, the bounded residuated lattices (R-L^b) and the BL algebras (BL) determine a “Mendeleev-type” table (matrix) with 4 columns and 3 rows, where only four cells are filled. We have then introduced the “missing” algebras [Iorgulescu 2003] in the empty cells. The complete table of all 12 = 4 × 3 algebras is presented in [Iorgulescu 2004], where the initial four algebras are marked by a bullet. Since the 12 algebras are (direct or indirect) generalizations (or ascendents) of Wajsberg algebras and of MV algebras, we have added a fourth row to the table, the row of Wajsberg and MV algebras, where we have filled only two columns.

Example 2. The following five generalized left-algebras: the reversed BCK(P) algebras (r-BCK(P)), the pocrims, the reversed BCK(P) lattices (r-BCK(P)- L), the residuated lattices (R-L) and generalized-BL algebras (BL^g ) determine a “Mendeleev-type” table (matrix) with 4 columns and 3 rows too, where only five cells are filled. One can introduce the “missing” algebras, and put them in the empty cells. The complete table of all 12 = 4 × 3 generalized algebras is presented in Figure 2, where the initial five algebras are marked by a bullet. Since the 12 algebras are (direct or indirect) ascendents (i.e. generalizations) of generalized-Wajsberg algebras and of generalized-MV algebras, we have added a fourth row to the table, the row of generalized-Wajsberg and generalized-MV algebras, not completely filled.

Recall that the axioms appearing in the tables from [Iorgulescu 2004] (the bounded case) and Figure 2 (the generalized case) are the following (see the papers [Iorgulescu 2003], [Iorgulescu 2004]):

(A^{·,1}) = (X^{·,1})=(A1) (A, ≥, 1) is a poset with greatest element 1, (A^{0,1}) = (X^{0,1}) (A, ≥, 0, 1) is a poset with greatest element, 1, and smallest element, 0, (A2) (A, →, 1) verifies: for all x, y, z, (R1) 1 → x = x, (R2) (y → z) → [(z → x) → (y → x)] = 1, (A3) x → y = 1 ⇐⇒ x ≤ y, for all x, y,

The world of generalized left-algebras

The general world of →, 1 The world of

→, 1 • r-BCK(P)

(A, ≥, →, 1) (A^{·,1}),(A2),(A3),(A4), (P) • r-BCK(P)-L

(A, ∧, ∨, →, 1) (L^{·,1}),(A2),(A3),(A4), (P)

r-Ha(P)^g (A, ∧, ∨, →, 1) (L^{·,1}),(A2),(A3),(A4), (P) (div),(prel)

W^g (A, →, 1)

The world of

→, ⊙, 1

r-BCK(RP)

(A, ≥, →, ⊙, 1) (A^{·,1}), (A2), (A3), (RP)

r-BCK(RP)-L

(A, ∧, ∨, →, ⊙, 1) (L^{·,1} ), (A2), (A3), (RP)

r-Ha(RP)^g (A, ∧, ∨, →, ⊙, 1) (L^{·,1} ), (A2), (A3), (RP), (div), (prel)

The general world of ⊙, 1 The world of

⊙, →, 1

X-BCK(RP)

(A, ≥, ⊙, →, 1) (A^{·,1} ), (X2), (RP) • X-BCK(RP)-L = R-L (A, ∧, ∨, ⊙, →, 1) (L^{·,1}), (X2),

(RP) • X-Ha(RP)^g = BL^g (A, ∧, ∨, ⊙, →, 1) (L^{·,1}), (X2), (RP), (div),(prel)

MV^g (A, ⊙, →, 1)

The world of

⊙, 1 • X-BCK(R) = pocrim (A, ≥, ⊙, 1) (A^{·,1} ), (X2), (X3), (R)

X-BCK(R)-L = X-R-L (A, ∧, ∨, ⊙, 1) (L^{·,1} ), (X2), (X3), (R)

X-Ha(R)^g = X-BL^g (A, ∧, ∨, ⊙, 1) (L^{·,1} ), (X2), (X3), (R), (div), (prel)

Figure 2: The table with four columns corresponding to the four different definitions of generalized-algebras, where^g means “generalized-”

(A4) x ≤ y =⇒ z → x ≤ z → y, for all x, y, z, (A5) (x → y) → y = (y → x) → x, for all x, y, (A6) (x^− → y^−) → (y → x) = 1, (X2) (A, ⊙, 1) is an abelian (i.e. commutative) left-monoid, (X3) x ≤ y ⇒ x ⊙ z ≤ y ⊙ z, for every x, y, z, (X4) x ⊙ 1^− = 1^−, for all x, (X5) (x^− ⊕ y)^− ⊕ y = (y^− ⊕ x)^− ⊕ x, for all x, y, (DN) (x^−)^− = x, for all x, (P) there exists x ⊙ y^{notation}= min{z | x ≤ y → z}, for all x, y, (R) there exists y → z^{notation}= max{x | x ⊙ y ≤ z}, for all y, z, (RP)= (PR) x ⊙ y ≤ z ⇐⇒ x ≤ y → z, for all x, y, z, (L^{·,1}) (A, ∧, ∨, 1) is a lattice with last element, 1, (L^{0,1}) (A, ∧, ∨, 0, 1) is a bounded lattice, (div) x ∧ y = x ⊙ (x → y), for all x, y, (prel) (x → y) ∨ (y → x) = 1, for all x, y.

Remark 2.19 The above left-“Mendeleev-type” tables (matrices) with 4 columns can be completed with other rows, corresponding to other algebras of logic. Thus, a comprehensive left-“Mendeleev-type” table of all algebras related to logic which are particular cases of BCK(P) algebras (pocrims) (or a set of many small “Mendeleev-type” tables, built on groups of such algebras), together with a comprehensive “map” of the hierarchies of all these algebras (or a set of many small “maps” of hierarchies corresponding to those groups of algebras) will give - in our oppinion - a more clear and precise view of the domain (mathematical logic and algebraic logic) (as well as an atlas clarifies, for the reader, by its maps, the geographical position of one state versus other states, or a city map clarifies the geographical position of one building versus other buildings).

We claim that it is useful, when a research concerns several related leftalgebras, to define all the involved algebras in the same manner, i.e. in only one of the four different ways (the same for right-algebras); this is the second step of our methodology: to choose between the four definitions.

We have chosen the first definition, (1.1), i.e. we have chosen to start only with implication (= residuum, see [Iorgulescu a] Definition 3.6) and 1, because in this way we are much closer to logic and we can make the connections with Hilbert algebras (while choosing (2.1), (2.2) we are closer to algebra, analysis). Hence, we have chosen to treat all the above mentioned algebras unitarily as special classes of reversed left-BCK algebras - instead of treating them unitarily as special classes of partially ordered (left-) monoids.

Consequently, in the next section, we shall start with → and 1, i.e. we shall work with (bounded) BCK(P) algebras, (bounded) BCK(P) lattices, (generalized) Hájek(P) algebras and (generalized) Wajsberg algebras (i.e. algebras from the first column of the table in Figure 2), etc.

Following these comments, weak R_0-algebras and R_0-algebras “go with” Hájek(P) algebras and with Wajsberg algebras in column 1 of the table in [Iorgulescu 2004], while IMTL algebras and NM algebras “go with” BL algebras, in the 3^{rd} column of that table. Consequently, we should normally refer to “weak-R_0 algebras, R_0 algebras, axiom (R_6), Hájek(P) algebras and Wajsberg algebras”, but sometimes we shall refer to “IMTL algebras, NM algebras, axiom (WNM), BL algebras and even MV algebras (from the 4^{th} column)” too.

The subsequent Sections, 3 and 4, of Part I are presented in [Iorgulescu a].

References

[Agliano et al.] Agliano, P., Ferreirim , I.M.A., Montagna, F.: “Basic hoops: an algebraic study of continuous t-norms”; submitted.

[Abbott 1967a] Abbott,J.C.: “Implicational algebras”; Bull. Math. Soc. Sci. Math.

Roumanie 11, 59 (1967), 3-23.

[Abbott 1967b] Abbott,J.C.: “Semi-boolean algebra”; Mat. Vesnik 4, 19 (1967), 177- 198.

[Andersen and Feil 1988] Andersen, M., Feil, T.: “Lattice-Ordered Groups - An Introduction”; D. Reidel Publishing Company (1988).

[Arai et al. 1966] Arai, Y., Iséki, K., Tanaka; S.: “Characterizations of BCI, BCKalgebras”; Proc. Japan Acad. 42 (1966), 105-107.

[Balbes and Dwinger 1974] Balbes, R., Dwinger, P.: “Distributive lattices”; Univ. Missouri Press (1974).

[Birkhoff 1967] Birkhoff, G.: “Lattice Theory” (3rd ed.); American Mathematical Society, Providence (1967).

[Blok and Raftery 1997] Blok, W.J., Raftery, J.G.: “Varieties of Commutative Residuated Integral Pomonoids and Their Residuation Subreducts”; Journal of Algebra 190 (1997), 280-328.

[Blok and Ferreirim 2000] Blok, W.J., Ferreirim, I.M.A.: “On the structure of hoops”;

Algebra univers. 43 (2000), 233-257.

[Blok and Ferreirim 1993] Blok, W.J., Ferreirim, I.M.A.: “Hoops and their implicational reducts”: Algebraic Logic, Banach Center Pub., no. 28, Warsaw (1993).

[Boicescu et al. 1991] Boicescu, V., Filipoiu, A., Georgescu, G., Rudeanu S.:

“Lukasiewicz-Moisil algebras”; Annals of Discrete Mathematics, 49, North- Holland (1991).

[Buşneag 1993] Buşneag, D.: “Hertz algebras of fractions and maximal Hertz algebras of quotients”; Math. Japonica 3 (1993), 461-469.

[Chang 1958] Chang, C. C.: “Algebraic analysis of many valued logics”; Trans. Amer.

Math. Soc. 88 (1958), 467-490.

[Cignoli et al. 2000] Cignoli, R., D’Ottaviano, I.M.L., Mundici, D.: “Algebraic Foundations of many-valued Reasoning”; Kluwer (2000).

[Cignoli et al. a] Cignoli, R., Esteva, F., Godo, L., Torrens A.: “Basic Fuzzy Logic is the logic of continuous t-norms and their residua”; Soft Computing, to appear.

[Cornish 1980] Cornish, W.H.: “Lattice-ordered groups and BCK-algebras”; Math.

Japonica 25, 4 (1980), 471-476.

[Cornish 1982] Cornish, W.H.: “BCK-algebras with a supremum”; Math. Japonica, 27, 1 (1982), 63-73.

[Diego 1966] Diego, A.: “Sur les algèbres de Hilbert” Ph. D. Thesis, Collection de Logique math., Serie A, XXI, Gauthier-Villars (1966 ) (traduction faites d’après la Thèse édi’ee en langue espagnole sous le titre: Sobre Algebras de Hilbert, parue dans la Collection Notas de Logica Matematica, Univ. Nacional del Sur, Bahia Blanca, 1961).

[Dilworth 1939] Dilworth, R. P.: “Non-commutative residuated lattices”; Trans. of the American Math. Soc. 46 (1939), 426-444.

[Di Nola et al. 2002a] Di Nola, A., Georgescu, G., Iorgulescu, A.: “Pseudo-BL algebras: Part I”; Multi. Val. Logic 8, 5-6 (2002), 673-714.

[Di Nola et al. 2002b] Di Nola, A., Georgescu, G., Iorgulescu, A.: “Pseudo-BL algebras: Part II”; Multi. Val. Logic 8, 5-6 (2002), 717-750.

[Dvurečenskij and Graziano 1999] Dvurečenskij, A., Graziano, M.G.” “On Representations of Commutative BCK-algebras”; Demonstratio Math. 32 (1999), 227-246.

[Dvurečenskij and Pulmanová 2000] Dvurečenskij, A., Pulmanová, S.: “New Trends in Quantum algebras”; Kluwer Acad. Publ., Dordrecht (2000).

[Esteva and Godo 2001] Esteva, F., Godo, L.: “Monoidal t-norm based logic: towards a logic for left-continuous t-norms”; Fuzzy Sets and Systems 124, 3 (2001), 271-288.

[Esteva et al. a] Esteva, F., Godo, L., Hájek, P., Montagna, F.: “Hoops and fuzzy logic”; submitted.

[Ferreirim 1992] Ferreirim, I.M.A.: “On varieties and quasivarieties of hoops and their reducts”; Ph.D. Thesis, University of Illinois at Chicago (1992).

[Flondor et al. 2001] Flondor, P., Georgescu, G., Iorgulescu, A.: “Pseudo-t-norms and pseudo-BL algebras”; Soft Computing 5, 5 (2001), 355-371.

[Fodor 1995] Fodor, J.C.: “Contrapositive symmetry of fuzzy implications”; Fuzzy Sets and Systems, 69 (1995), 141-156.

[Font et al. 1984] Font, J.M., Rodriguez, A. J., Torrens, A.: “Wajsberg algebras”;

Stochastica VIII, 1 (1984), 5-31.

[Georgescu and Iorgulescu 2000] Georgescu, G., Iorgulescu, A.: “Pseudo-BL algebras:

A noncommutative extension of BL algebras”; Abstracts of The Fifth International Conference FSTA 2000, Slovakia (2000), 90-92.

[Gottwald 1984] Gottwald, S.: “T-Normen und φ-Operatoren als Wahrheitswertfunktionen mehrwertiger Junktoren”; Frege Conference 1984, Proc. Intern. Conf. Schwerin (G. Wechsung, ed.), Math. Research, vol. 20, Akademie-Verlag, Berlin (1984), 121-128,.

[Gottwald 1986] Gottwald, S.: “Fuzzy set theory with t-norms and φ-operators”; The Mathematics of Fuzzy Systems (A. Di Nola, A.G.S. Ventre, eds.), Interdisciplinary Systems Res., vol. 88, TÜV Rheinland, Köln (1986), 143-195,.

[Gottwald 1993] Gottwald, S.: “Fuzzy Sets and Fuzzy Logic”; Vieweg, Braunschweig, Wiesbaden (1993).

[Gottwald 2001] Gottwald, S.: “A Treatise on Many-Valued Logics”; Studies in Logic and Computation, vol. 9, Research Studies Press, Baldock, Hertfordshire, England (2001).

[Grätzer 1979] Grätzer, G.: “Universal algebra” Second edition; Springer-Verlag, New York/Heidelberg/Berlin (1979).

[Grigolia 1977] Grigolia, R.: “Algebraic analysis of Lukasiewicz-Tarski’s n-valued logical systems”; Selected Papers on Lukasiewicz Sentential Calculi (R. Wójcicki and G. Malinowski, Eds.), Polish Acad. of Sciences, Ossolineum, Wroclaw, (1977), 81-92.

[Grzaślewicz 1980] Grzaślewicz, A.: “On some problem on BCK-algebras”; Math.

Japonica 25, 4 (1980), 497-500.

[Hájek 1996] Hájek, P.: “Metamathematics of fuzzy logic”; Technical report 682, Inst.

of Comp. Science, Academy of Science of Czech Rep. (1996).

[Hájek 1998a] Hájek, P.: “Metamathematics of fuzzy logic”; Kluwer Acad. Publ., Dordrecht (1998).

[Hájek 1998b] Hájek, P.: “Basic fuzzy logic and BL-algebras”; Soft computing 2 (1998), 124-128.

[Hájek et al. 1996] Hájek, P., Godo, L., Esteva, F.: “A complete many-valued logic with product-conjunction”; Arch. Math. Logic 35 (1996), 191-208.

[Henkin 1950] Henkin, L.: “An Algebraic Characterization of Quantifiers”; Fundamenta Mathematicae 37 (1950), 63-74.

[Hilbert 1923] Hilbert, D.: “Die Logischen Grundlagen der Mathematik”; Mathematischen Annalen 88 (1923), 151-165.

[Hilbert and Bernays 1934] Hilbert, D., Bernays, P.: “Gründlagen der Math.”; Erster Band, Berlin (1934).

[Horn 1969] Horn, A.: “Logic with truth values in a linearly ordered Heyting algebra”;

J. Symbolic Logic 34 (1969), 395-408.

[Höhle 1995] Höhle, U.: “Commutative, residuated l-monoids”; Non-Classical Logics and Their Applications to Fuzzy Subsets (Höhle, U., Klement, E.P., Eds.) Kluwer Acad. Publ., Dordrecht (1995), 53-106.

[Idziak 1984a] Idziak, P. M.: “Lattice operations in BCK-algebras”; Mathematica Japonica 29 (1984), 839-846.

[Idziak 1984b] Idziak, P. M.: “Filters and congruence relations in BCK - semilattices”;

Mathematica Japonica 29, 6 (1984), 975-980.

[Imai and Iséki 1966] Imai, Y., Iséki, K.: “On axiom systems of propositional calculi XIV”; Proc. Japan Academy 42 (1966), 19-22.

[Iorgulescu 1998] Iorgulescu, A.: “Connections between MVn algebras and n-valued Lukasiewicz-Moisil algebras - I”; Discrete Mathematics 181, 1-3 (1998), 155-177.

[Iorgulescu 1999] Iorgulescu, A.: “Connections between MVn algebras and n-valued Lukasiewicz-Moisil algebras - II”; Discrete Mathematics 202 (1999), 113-134.

[Iorgulescu 2000] Iorgulescu, A.: “Connections between MVn algebras and n-valued Lukasiewicz-Moisil algebras - IV”; Journal of Universal Computer Science. 6, 1 (2000), 139-154.

[Iorgulescu 2003] Iorgulescu, A.: “Some direct ascendents of Wajsberg and MV algebras”; Scientiae Mathematicae Japonicae 57, 3 (2003), 583-647.

[Iorgulescu 2004] Iorgulescu, A.: “Iséki algebras. Connection with BL algebras”; Soft Computing 8, 7 (2004), 449-463.

[Iorgulescu 2004] Iorgulescu, A.: “Classes of BCK algebras - Part I”; Preprint Series of the Institute of Mathematics of the Romanian Academy, preprint 1 (2004), 1-33.

[Iorgulescu 2004] Iorgulescu, A.: “Classes of BCK algebras - Part II”; Preprint Series of the Institute of Mathematics of the Romanian Academy, preprint 2 (2004), 1-27.

[Iorgulescu 2004] Iorgulescu, A.: “Classes of BCK algebras - Part III”; Preprint Series of the Institute of Mathematics of the Romanian Academy, preprint 3 (2004), 1-37.

[Iorgulescu 2004] Iorgulescu, A.: “Classes of BCK algebras - Part IV”; Preprint Series of the Institute of Mathematics of the Romanian Academy, preprint 4 (2004), 1-25.

[Iorgulescu 2004] Iorgulescu, A.: “Classes of BCK algebras - Part V”; Preprint Series of the Institute of Mathematics of the Romanian Academy, preprint 5 (2004), 1-22.

[Iorgulescu a] Iorgulescu, A.: “On BCK algebras - Part I.b: An attempt to treat unitarily the algebras of logic. New algebras”; to appear.

[Iorgulescu b] Iorgulescu, A.: “On BCK algebras - Part II: New algebras. The ordinal sum (product) of two bounded BCK algebras”; Soft Computing, to appear.

[Iorgulescu c] Iorgulescu, A.: “On BCK algebras - Part III: Classes of examples of proper MV algebras, BL algebras and divisible bounded residuated lattices, with or without condition (WNM)”; submitted.

[Iorgulescu d] Iorgulescu, A.: “On BCK algebras - Part IV: Classes of examples of finite proper IMTL algebras, MTL and bounded αγ algebras, with or without condition (WNM)”; submitted.

[Iorgulescu e] Iorgulescu, A.: “On BCK algebras - Part V: Classes of examples of finite proper bounded α, β, γ, βγ algebras and BCK(P) lattices (residuated lattices), with or without conditions (WNM) and (DN)”; submitted.

[Iséki 1966] Iséki, K.: “An algebra related with a propositional calculus”; Proc. Japan Acad. 42 (1966), 26-29.

[Iséki 1977a] Iséki, K.: “A special class of BCK-algebras”; Math. Seminar Notes, Kobe University 5 (1977), 191-198.

[Iséki 1977b] Iséki, K.: “On a positive implicative algebra with condition (S)”; Math.

Seminar Notes, Kobe University 5 (1977), 227-232.

[Iséki 1979] Iséki, K.: “BCK-Algebras with condition (S)”; Math. Japonica 24, 1 (1979), 107-119.

[Iséki 1980] Iséki, K.: “On BCK-Algebras with condition (S)”; Math. Japonica 24, 6 (1980), 625-626.

[Iséki and Tanaka 1978] Iséki, K., Tanaka, S.: “An introduction to the theory of BCKalgebras”; Math. Japonica 23, 1 (1978), 1-26.

[Kalman 1958] Kalman, J.: “Lattices with involution”; Trans. Amer. Math. Soc. 87 (1958), 485-491.

[Klement et al. 2000] Klement, E.P., Mesiar, R., Pap, E.: “Triangular norms”; Kluwer Academic Publishers (2000).

[Komori 1978] Komori, Y.: “The Separation Theorem of the ℵ0-Valued Lukasiewicz Propositional Logic”; Reports of Faculty of Science, Shizuoka University 12 (1978), 1-5.

[Komori 1978] Komori, Y.: “Super-Lukasiewicz Implicational Logics” Nagoya Math.

J. 72 (1978), 127-133.

[Komori 1981] Komori, Y.: “Super-Lukasiewicz Propositional Logics”; Nagoya Math.

J. 84 (1981), 119-133.

[Kowalski and Ono 2001] Kowalski, T., Ono, H.: “Residuated lattices: An algebraic glimpse at logics without contraction”; monograph (2001).

[Krull 1924] Krull, W.: “Axiomatische Begründung der allgemeinen Idealtheorie”;

Sitzungsberichte der physikalisch medizinischen Societät der Erlangen 56 (1924), 47-63.

[Lin 2002] Lin, Y.-H.: “Some properties on commutative BCK-algebras”; Scientiae Mathematicae Japonicae 55, 1 (2002), 129-133, :e5, 235-239 [Mangani 1973] Mangani, P.: “On certain algebras related to many-valued logics”; Boll.

Un. Mat. Ital. 8, 4 (1973), 68–78; (in Italian).

[Meng and Jun 1994] Meng, J., Jun, Y.B.: “BCK-algebras”; Kyung Moon SA CO., Seoul (1994).

[Moisil 1972] Moisil, Gr.C.: “Essais sur les logiques non-chryssippiennes”; Bucharest (1972).

[Moisil 1935] Moisil, Gr.C.: “Recherches sur l’algébre de la logique”; Ann. Sci. Univ.

Jassy 22 (1935), 1-117.

[Monteiro 1970] Monteiro, L.: “Les algébres de Heyting et de Łukasiewicz trivalentes”:

Notre Dame J. Formal Logic 11 (1970), 453-466.

[Mundici 1986a] Mundici, D.: “MV-algebras are categorically equivalent to bounded commutative BCK-algebras”; Math. Japonica 31, 6 (1986), 889-894.

[Mundici 1986b] Mundici, D.: “Interpretation of AF C^∗-algebras in Lukasiewicz sentential calculus”; J. Funct. Anal. 65 (1986), 15-63.

[Nemitz 1965] Nemitz, W.: “Implicative semi-lattices”; Trans. Amer. Math. Soc. 117 (1965), 128-142.

[Ogasawara 1939] Ogasawara, T.: “Relation between intuitionistic logic and lattice”;

J. of the Hiroshima University Serie A, 9 (1939).

[Okada and Terui 1999] Okada, M., Terui, K.: “The finite model property for various fragments of intuitionistic logic”; Journal of Symbolic Logic 64 (1999), 790-802.

[Ono and Komori 1985] Ono, H., Komori, Y.: “Logics without the contraction rule”;

Journal of Symbolic Logic 50 (1985), 169-201.

[Pavelka 1979] Pavelka, J.: “On fuzzy logic II. Enriched residuated lattices and semantics of propositional calculi”; Zeitschrift für mathematische Logik und Grundlagen der Mathematik 25 (1979), 119-134.

[Pei 2003] Pei, D.: “On equivalent forms of fuzzy logic systems NM and IMTL”; Fuzzy Sets and Systems 138 (2003), 187-195.

[Prior 1962] Prior, A.N.: “Formal logic” 2nd ed.; Oxford (1962). [Rachunek and Salounová 2007] Rachunek, J., Salounová, D.: “Local bounded commutative residuated l-monoids”; Czechoslovak Math. J. 57(132), 1 (2007), 395-406.

[Rasiowa 1974] Rasiowa, H.: “An algebraic approch to nonclassical logics”; North Holland Publishing Comp. (1974).

[Romanowska and Traczyk 1980] Romanowska, A., Traczyk, T.: “On commutative BCK-algebras”; Math. Japonica 25, 5 (1980), 567-583.

[Swamy 1965] Swamy, K.L.N.: “Dually residuated lattice ordered semigroups”; Math.

Ann. 159 (1965), 105-114.

[Swamy 1966] Swamy, K.L.N.: “Dually residuated lattice ordered semigroups III”;

Math. Ann 167 (1966), 71-74.

[Tanaka 1975] Tanaka, S.: “On ∧-commutative algebras”; Math. Seminar Notes 3 (1975), 59-64.

[Traczyk 1979] Traczyk, T.: “On the variety of bounded commutative BCK-algebras”;

Math. Japonica 24, 3 (1979), 283-292.

[Turunen 1999a] Turunen, E.: “BL-algebras of Basic Fuzzy Logic”; Mathware and Soft Computing 6 (1999), 49-61.

[Turunen 1999b] Turunen, E.: “Mathematics Behind Fuzzy Logic”; Physica-Verlag (1999).

[Van Alten and Raftery 1999] Van Alten, C.J., Raftery, J.G.: “On the lattice of varieties of residuation algebras”; Algebra univvers. 41 (1999), 283-315.

[Wajsberg 1935] Wajsberg, M.: “Beiträge zum Mataaussagenkalkül”; Monat. Math.

Phys. 42 (1935), 240.

[Ward 1940] Ward, M.: “Residuated distributive lattices”; Duke Math. Journal 6 (1940), 641-651.

[Ward and Dilworth 1939] Ward, M., Dilworth, R. P.: “Residuated lattices”; Trans. of the American Math. Soc. 45 (1939), 335-354.

[Wang 1997] Wang, G.J.: “A formal deductive system for fuzzy propositional calculus”;

Chinese Sci. Bull. 42 (1997), 1521-1526.

[Wronski 1985] Wronski, A.: “An algebraic motivation for BCK-algebras”; Math.

Japonica 30, 2 (1985), 187-193.