Balance in Systems of Finite Sets with Applications^1

Dragoş-Radu Popescu (Faculty of Mathematics and Computer Science, University of Bucharest Str. Academiei 14, RO-010014 Bucharest, Romania E-mail: dragosradupopescu@yahoo.com)

Abstract: An extension of balance notion from the theory of signed graphs to the case of finite sets systems is presented. For a finite set T , a subset S ⊆ T and a family F of subsets of T we denote by δm (S|F) respectively δM (S|F) the minimum/maximum number of changes (addition or deletion of elements), without repetition, which transforms S into a set from F.

We are especially interested in the particular case in which F is the group <X1, . . . , Xn> generated by a family of subsets X1, . . . , Xn ⊆ T with symmetric difference operation. The obtained results are applied to the theory of signed graphs. Key Words: balancing signed graphs Category: G.2.2

1 Definition and Notations 1.1 Let T be a finite set and T^{(∗)} = {X|X ⊆ T } be the set of its subsets. The set T^{(∗)} with symmetric difference operation Δ

XΔY := (X − Y ) ∪ (Y − X) for X, Y ∈ T^{(∗)}

constitutes a commutative group ( T^{(∗)}, Δ ) isomorphic to ( Z^{|T |}_2 , + ) . Let X_1, . . . , X_n ∈ T^{(∗)}. We denote

X_J := { Δ_{j∈J}X_j for ∅ ≠ J ⊆ [n]

∅ for J = ∅ and < X_1, . . . , X_n >= X_J |J ⊆ [n] , the group generated by X_1, . . . , X_n in ( T^{(∗)}, Δ ) . For a set K ⊆ N we denote by o (K) the number of odd numbers from K.

For n, k ∈ {0, 1, 2, . . . } we denote by

n^k := { n (n − 1) (n − 2) · · · (n − k + 1) for k ≥ 1 1 for k = 0

the falling factorial.

1 C. S. Calude, G. Stefanescu, and M. Zimand (eds.). Combinatorics and Related Areas. A Collection of Papers in Honour of the 65th Birthday of Ioan Tomescu.

1.2 Let S ∈ T^{(∗)} and F ⊆ T^{(∗)} be a family of subsets of T . We denote by

δ_m (S|F) := min {|SΔF | |F ∈ F|} δ_M (S|F) := max {|SΔF | |F ∈ F|}

the minimum, respectively maximum number of changes (addition or deletion of elements) without repetition, which transforms S into a set from F.

In other words, δ_m (S|F) and δ_M (S|F) are minimum, respectively maximum Hamming distances apart from S to an element of F. 1.3 In this paper we consider F =< X_1, . . . , X_n > and we study the numbers

δ_m (S| < X_1, . . . , X_n >) and δ_M (S| < X_1, . . . , X_n >)

which will be called the minimum (respectively maximum) unbalanced index.

Every set S ∈< X_1, . . . , X_n > will be called a balanced set.

2 The main result

Lemma 1. Let T be a finite set and S, X ⊆ T . We have

(1) (i) δ_m(S |< X >) ≤ |S − X| + |X| /2 − 1 2 o ({|X|})

(2) (ii) δ_M (S |< X >) ≥ |S − X| + |X| /2 + 1 2 o ({|X|}) .

Proof. We have

|S| = |S − X| + |S ∩ X| |SΔX| = |S − X| + |X| − |S ∩ X| δ_m (S| < X >) = min {|S| , |SΔX|} δ_M (S| < X >) = max {|S| , |SΔX|}

and the Lemma follows.�

Theorem 2. Let T be a finite set and S, X_1, . . . , X_n ⊆ T . We have:

(3) (i) δ_m (S| < X_1, . . . , X_n >) ≤ | | |S − ∪_{i∈[n]}X_i | | | + | | | ∪_{i∈[n]}X_i | | | /2− − 1 2 o ({| | |X^j − ∪_{1≤t<j}X^t | | | |j ∈ [n] })

(4) (ii) δ_M (S| < X_1, . . . , X_n >) ≥ | | | |S − ∪_{i∈[n]}X^i | | | | + | | | | ∪_{i∈[n]}X^i | | | | /2+ + 1 2 o ({| |X_j − ∪_{1≤t<j}X_t | | | |j ∈ [n] }) . Proof. The two inequalities have similar proofs. We shall consider only the first.

We use induction on n and denote by I (n) the inductive hypothesis.

I (1) is true according to Lemma 1.

We shall prove that I (1) , I (n − 1) imply I (n) . (n ≥ 2). We have

δ_m (S| < X_1, . . . , X_n >) = min { |S △ Δ_{i∈I}X_i| |I ⊆ [n] } = = min {δ_m (S| < X_1, . . . , X_{n−1} >) , δ_m (S △ X_n| < X_1, . . . , X_{n−1} >)} ≤

≤ min {| | |S − ∪_{i∈[n−1]}X^i | | | , | | |(S △ X^n) − ∪_{i∈[n−1]}X^i | | | } + | | | ∪_{i∈[n−1]}X^i | | | /2− − 1 2 o ({| | |X^j − ∪_{1≤k<j}X^k | | | |j ∈ [n − 1] }) = = min {| |S − ∪_{i∈[n−1]}X_i | | | , | | | ( S − ∪_{i∈[n−1]}X_i ) △ ( X_n − ∪_{i∈[n−1]}X_i )| | } + + | | | ∪_{i∈[n−1]}X^i | | | /2 − 1 2 o ({| | |X^j − ∪_{1≤k<j}X^k | | | |j ∈ [n − 1] }) = = δ_m (| | |S − ∪_{i∈[n−1]}X^i | | | | < X^n − ∪_{i∈[n−1]}X^i > ) + | | | | ∪_{i∈[n−1]}X^i | | | | /2− − 1 2 o ({| | |X^j − ∪_{1≤k<j}X^k | | | | |j ∈ [n − 1] }) ≤ ≤ | | | ( S − ∪_{i∈[n−1]}X_i ) − ( X_n − ∪_{i∈[n−1]}X_i )| | | + | | |X^n − ∪_{i∈[n−1]}X^i | | | /2− − 1 2 o ({| | |X^n − ∪_{i∈[n−1]}X^i | | | | }) + | | | | ∪_{i∈[n−1]}X^i | | | | /2− − 1 2 o ({| |X_j − ∪_{1≤k<j}X_k | | | |j ∈ [n − 1] }) = = | | | |S − ∪_{i∈[n]}X^i | | | | + | | | | ∪_{i∈[n]}X^i | | | | /2 − 1 2 o ({| | |X^j − ∪_{1≤k<j}X^k | | | | |j ∈ [n] }) .� Remark. For T = ∪_{i∈[n]}X_i we have

(5) (i) δ_m (S | < X_1, . . . , X_n >) ≤

≤ |T | /2 − 1 2 o ({| | |X^j − ∪_{1≤k<j}X^k | | | | |j ∈ [n] }) ,

(ii) δ_M (S | < X_1, . . . , X_n >) ≤

≤ |T | /2 + 1 2 o ({| |X_j − ∪_{1≤k<j}X_k | | | |j ∈ [n] }) . Lemma 3. Let A, B, C be three finite sets. We have

(i) A △ B − C = (A − C) △ (B − C)

(ii) If B ⊇ C then:

(8). |A △ C| = |A − B| + |(A ∩ B) △ C| .�

Theorem 4. Let T be a finite set S, X_1, . . . , X_n ⊆ T and I_1^·∪ · · ·^·∪ I_p = [n] be a p-partition into nonempty parts of [n]. We have (9) (i) δ_m (S | < X_1, . . . , X_n >) ≤ ≤ δ_m (S − Z| < X_1 − Z, . . . , X_n − Z >) + |Z| /2− − 1 2 o ({ |X_{I1} | , |X_{I2} − X_{I1} | , |X_{I3} − X_{I2} − X_{I1} | , . . . , | X_{Ip} − X_{Ip−1} − · · · − X_{I1} |})

(10) (ii) δ_M (S | < X_1, . . . , X_n >) ≥ ≥ δ_M (S − Z| < X_1 − Z, . . . , X_n − Z >) + |Z| /2+ + 1 2 o ({ |X_{I1} | , |X_{I2} − X_{I1} | , |X_{I3} − X_{I2} − X_{I1} | , . . . , | |X_{ip} − X_{ip−1} − · · · − X_{I1} | |}) where

X_J := { △_{j∈J}X_j for ∅ ≠ J ⊆ [n]

∅ for J = ∅ and Z := ∪_{t∈L}X_{It} .

Proof. For any L ⊆ [p], with the notation

I_L := ∪_{t∈L}I_t

we have X_{IL} = X ∪_{t∈L} I_t = Δ_{j∈ ∪} t∈L I_t

X_j = Δ_{t∈L}X_{It} .

(i) We choose K_0 ⊆ [n] such that |(SΔX_{K0} ) − Z| is minimum. We use the fact that Z ⊇ X_{IL} , ∀L ⊆ [p] ,

(SΔX_{K0} ) ∩ Z ⊆ X_{I1} ∪ · · · ∪ X_{It} = Z, we apply Lemma 3(ii),(i), Theorem 2 and Remark(after Theorem 2)(i) and we obtain δ (S | < X_1, . . . , X_n >) = min {|SΔX_J | |J ⊆ [n]} ≤

≤ min {|SΔX_{K0} ΔX_j | |j ⊆ [n]|} ≤ min {|SΔX_{K0} ΔX_{IL} | |L ⊆ [p]} =

= min {|(SΔX_{K0} ) − Z| + |((SΔX_{K0} ) ∩ Z) ΔX_{IL} | |L ⊆ [p]} =

|(SΔX_{K0} ) − Z| + min {|((SΔX_{K0} ) ∩ Z) ΔX_{IL} | |L ⊆ [p]} =

= |(S − Z) Δ (X_{K0} − Z)| + δ_m ( (SΔX_{K0} ) ∩ Z| < X_{I1} , . . . , X_{Ip} > ) = | | | |(S − Z) Δ ( Δ_{t∈K0}X_t − Z )| | | + δ^m ( (SΔX_{K0} ) ∩ Z| < X_{I1} , . . . , X_{Ip} > ) = = | | |(S − Z) Δ Δ_{t∈K0} (X^t − Z) | | | + δ^m ( (SΔX_{K0} ) ∩ Z| < X_{I1} , . . . , X_{Ip} > ) ≤ ≤ δ_m ( S − Z| < X_{I1} − Z, . . . , X_{Ip} − Z > ) + |Z| /2− − 1 2 o ({ |X_{I1} | , |X_{I2} − X_{I1} | , |X_{I3} − X_{I2} − X_{I1} | , . . . , | |X_{ip} − X_{ip−1} − · · · − X_{I1} | |}) . (ii) We choose K_0 ⊆ [n] such that |(SΔX_{K0} ) − Z| is maximum and the proof follows the same way.�

Remark. For p = n and I_t = {t} , t ∈ [n] we have

X_{It} = X_t Z = ∪_{i∈[n]}X_i

(11)

(i) δ_m (S − Z| < X_{I1} − Z, . . . , X_n − Z >) = δ_m (S − Z| < ∅, . . . , ∅ >) = = | | |S − ∪_{i∈[n]}X^i | | | (12)

(ii) δ_M (S − Z| < X_{I1} − Z, . . . , X_n − Z >) = δ_M (S − Z| < ∅, . . . , ∅ >) = = | | | |S − ∪_{i∈[n]}X^i | | | | . Thus, we obtain Theorem 2 from Theorem 4.

3 Applications to the Theory of signed graphs

A signed graph is a simple graph G = (V, E) with an edge set bipartition E = E^− ∪ E^+. We say that the edges from E^− are negative and those from E^+ are positive. We denote by G^− := (V, E^−) and G^+ := (V, E^+) the spanning subgraphs of G with edge set E^− respectively E^+. A subgraph G^′ ≤ G is said to be negative if it contains an odd number of negative edges and it is positive otherwise. A signed graph is called balanced if each of its cycles is positive or, by Cartwright and Harary’s characterization [Cartwright and Harary 1956], if and only if the vertex set may be partitioned in two subsets (one of them may be empty) so that each positive edge has its ends in the same subset and each negative edge has its ends in different subsets. The unbalanced index δ (G) of a signed graph G is the minimum number of sign-changes of edges which transforms G into a balanced graph.

3.1 Let G = (V, E) be a signed graph with V = {1, 2, 3, . . . , n} .

For ∅ ≠ A, B ⊆ V we denote E [A, B] := the edges of G which have one end in A and one end in B A := V − A G [A] := the subgraph induced in G by the vertices of A [n] := {1, 2, 3, . . . n} f (n) := ⌊(n − 1)^2 /4⌋ T := E (G) the edge set of G X_i := E [{i} , V − {i}], the edge set of G that contains i

X_I := { Δ_{i∈I}X_i for ∅ ≠ I ⊆ V ∅ for I = ∅ S := E^− (G) the negative edge set of G.

It is easy to show the following estimation of the unbalanced index of G

δ (G) = δ_m (S| < X_{I1} , . . . , X_n >) = min {|SΔX_I | |I ⊆ V |} .

We shall denote δ_m (G) in place of δ (G) and we denote analogously by

δ_M (G) := δ_M (S| < X_1, . . . , X_n >)

the maximum number of sign-changes of edges (without repetition) which transforms G into a balanced graph.

Let V_1^·∪ . . .^·∪ V_p = V be a p-partition with nonempty parts of V . We denote

G_t := G [V_t] , for t ∈ [p] X_{Vt} := Δ_{j∈Vt} X_j , for t ∈ [p]

Z := ∪_{t∈[p]}X_{Vt} .

We consider the signed graphs G_t; t ∈ [p] with the induced bipartition: E^− (G_t) = E (G_t) ∩ E^− (G) .It is easy to prove the following equalities

X_{Vt} = E [ V_t, V_t ] for t ∈ [p]

Z = E (G) − E (G_1) − · · · − E (G_p)

X_{Vt} − X_{Vt−1} − X_{Vt−2} − · · · − X_{V1} = E [V_t, V_{t+1} ∪ · · · ∪ V_p] , for t ∈ [p]

δ_m (S − Z| < X_1 − Z, . . . , X_n − Z >) = δ_m (G_1) + · · · + δ_m (G_p)

δ_M (S − Z| < X_1 − Z, . . . , X_n − Z >) = δ_M (G_1) + · · · + δ_M (G_p) .

Lemma 5. For any n_1, . . . , n_p ∈ N we have

(13) (i)⌊o ({n_1, . . . , n_p}) /2⌋ = ⌊(n_1 + · · · + n_p) /2⌋ − ⌊n_1/2⌋ − · · · − ⌊n_p/2⌋;

(14)

(ii) ⌊o ({n_1, . . . n_p}) /2⌋ =

= o ({n_1 (n_2 + · · · + n_p) , n_2 (n_3 + · · · + n_p) , . . . , n_{p−1}n_p}) .�

Lemma 6. For any n ∈ N we have

(15) (i) f (n) = 1 2 ( n 2 ) − 1 2 ⌊n/2⌋;

(16) (ii) f (n + 1) = 1 2 ( n 2 ) + 1 2 ⌊n/2⌋.�

Theorem 7. Let G = (V, E) be a signed graph and V_1^·∪ · · ·^·∪ V_p = V a p -partition with nonempty parts of V . We have

(17) (i) δ_m (G) − |E (G)| /2 ≤ ∑ t∈[p]

(δ_m (G_t) − |E (G_t)| /2) − 1 2 o ({|E [V_t, V_{t+1} ∪ · · · ∪ V_p]| |1 ≤ t < p|})

(18) (ii) δ_M (G) − |E (G)| /2 ≥ ∑ t∈[p]

(δ_M (G_t) − |E (G_t)| /2) + 1 2 o ({|E [V_t, V_{t+1} ∪ · · · ∪ V_p]| |1 ≤ t < p})

where G_t = G [V_t] for t ∈ [p].

Proof. The two inequalities have similar proofs. We shall consider only the first.

According to Theorem 2(i) and the preceding estimations we have

δ_m (G) ≤ (δ_m (G_1) + · · · + δ_m (G_p)) + (|E (G)| − |E (G_1)| − · · · − |E (G_p)|) /2− − 1 2 o ({|E [V_t, V_{t+1} ∪ · · · ∪ V_p]| |1 ≤ t < p|})

and (i) follows. �

Theorem 8. Let G = (V, E) ∼ K_n be a complete signed graph and V_1^·∪· · ·^·∪V_p = V be a p-partition with nonempty parts of V . We have

(19) (i) δ_m (G) − f (n) ≤ ∑ t∈[p]

(δ_m (G_t) − f (n_t)) ,

(20) (ii) δ_M (G) − f (n + 1) ≥ ∑ t∈[p]

(δ_M (G_t) − f (n_t + 1)) ,

where G_t = G [V_t] , n_t = |V_t| for t ∈ [p] and n = |V | .

Proof. The two inequalities have similar proofs. We shall consider only the first.

We have |E (G)| = ( n 2 )

|E (G_t)| = ( n_t 2 ) , for t ∈ [p] |E [V_t, V_{t+1} ∪ · · · ∪ V_p]| = n_t (n_{t+1} + · · · + n_p), for t ∈ {1, 2, 3, . . . , p − 1} n = n_1 + · · · + n_p.

According to Theorem 7(i) we have

δ_m (G) − ( 1 2 ( n 2 ) − 1 2 ⌊n/2⌋ ) ≤

≤ ∑ t∈[p] ( δ_m (G_t) − ( − 1 2 ( n_t 2 ) − 1 2 ⌊n_t/2⌋ )) + 1 2 ⌊n/2⌋ − ∑ t∈[p]

⌊n_t/2⌋ −

− 1 2 o ({n_1 (n_2 + · · · + n_p) , n_2 (n_3 + · · · + n_p) , . . . , n_{p−1}n_p})

and by Lemmas 5 and 6(i) we obtain the inequality (i) from the theorem. �

Corollary 9. Let G−(V, E) be a signed graph, V_1^·∪· · ·^·∪V_p = V be a p -partition with nonempty part of V and G_t := G [V_t] , t ∈ [p] be the induced signed graphs. If G_t is balanced for t ∈ [p] then we have

(21) (i) δ_m (G) ≤

≤ 1 2 |E (G)| − ∑ t∈[p]

|E (G_t)| − 1 2 o ({| |E [ V_t, V_{t+1}^·∪ · · ·^·∪ V_p ]| | |1 ≤ t < p })

(22) (ii) δ_M (G) ≥

≥ 1 2 |E (G)| − ∑ t∈[p]

|E (G_t)| + 1 2 o ({| |E [ V_t, V_{t+1}^·∪ · · ·^·∪ V_p ]| | |1 ≤ t < p }) .

Proof. We aply the Theorem 7 for δ (G_t) = 0, t ∈ [p] and the Corollary follows. � Remark. If we ignore in (21) the term 1 2 o ({[ V_t, V_{t+1}^·∪ · · ·^·∪ V_p ] |1 ≤ t < p })

we have

(23) δ_m (G) ≤ 1 2 |E (G)| − ∑ t∈[p]

|E (G_t)| ,

an inequality obtained in 1981 by J. Akiyama, D. Avis, V. Chvátal and H. Era, [Akiyama et al. 1981].

Corollary 10. Let G = (V, E) ∼ K_n be a complete signed graph with n = |V |. We have

(24) (i) δ_m (G) ≤ f (n)

(I. Tomescu, 1973, [Tomescu 1973])

(25) (i) δ_M (G) ≥ f (n + 1) .

Proof. We apply the Theorem 8 for p = n, V_t = [t] .t ∈ [n] and we have δ_m (G_t) = δ_M (G_t) = 0 f (|V_t|) = f (1) = 0 f (|V_t| + 1) = f (2) = 0.

(i) δ_m (G) − f (n) ≤ −nf (1) = 0 (ii) δ_M (G) − f (n + 1) ≥ −nf (2) = 0.�

Remark. (i) The inequality (24) was proposed without proof in 1959 by R. Abelson and M.J. Rosenberg [Abelson and Rosenberg 1958] and it was proved in 1973 by Ioan Tomescu [Tomescu 1973].

(ii) It is easy to show that in (24) equality holds if an only if G^+ ∼ K_{⌊n/2⌋⌈n/2⌉} and in (25) equality holds if and only if G^− ∼ K_{⌊n/2⌋⌈n/2⌉}.

Corollary 11. Let G = (V, E) ∼ K_n be a complete signed graph ∅ ≠ V^′ ⊆ V and G^′ = G [V^′] be the induced signed graph with n = |V | and n^′ = |V^′| .

We have

(26) (i) δ_m (G) − f (n) ≤ δ_m (G^′) − f (n^′)

(27) (ii) δ_M (G) − f (n + 1) ≥ δ_M (G^′) − f (n^′ + 1) .

Proof. If V^′ = V we have equality in (26) and (27).

If V^′ ≠ V we denote V^{′′} = V − V^′, n^{′′} = |V^{′′}| and G^{′′} = G [V^{′′}] the induced signed graph. We apply the Theorem 8 and Corollary 9 and we have

(i) δ_m (G) − f (n) ≤ (δ_m (G^′) − f (n^′)) + (δ_m (G^{′′}) − f (n^{′′})) ≤ δ_m (G^′) − f (n^′) (ii) δ_M (G)−f (n + 1)≥(δ_m (G^′)−f (n^′ +1))+(δ_M (G^{′′})−f (n^{′′} +1)) ≥δ_M (G^′)−f (n^′ +1) .�

Remark. If the subgraph G^{′′} is balanced then we obtain from (26) and (27)

(28) δ_m (G) ≤ f (n) − f (n^′)

(29) δ_M (G) ≥ f (n + 1) − f (n^′ + 1) .

The inequality (28) was obtained in 1976 by T. Sozansky, [Sozanski 1976].

3.2 An inequality on the maximum number of negative cycles in complete signed graphs

Let G ∼ K_n be a complete graph with V (G) = {1, 2, 3, . . . , n}. We denote C (G) := the set of cycles contained by the graph G; C (G; e) := the set of cycles G that contain the edge e, e ∈ E (G) ; C_k (G) := the set of k-cycles of G, k ≥ 3;

C_k (G; e) := the set of k-cycles of G that contain the edge e, e ∈ E ∈ G, k ≥ 3; T := C (G) ;

X_e := C (G; e) for e ∈ E (G) ;

X_F := Δ_{e∈F} X_e = the set of cycles of G that contain an odd number of edges from F, F ⊆ E (G) .

If we interpret F as the negative edge set of G then X_F is the set of negative cycles of G.

Theorem 12. Let G ∼ K_n be a complete graph. We have

(29) max {|X_F | |F ⊆ E (G)} ≥ 1 4 ∑ 3≤k≤n

n^k k + 1 4 ⌊ n − 1 2 ⌋ · ⌊ n + 1 2 ⌋.

Proof. We consider the edge set of G in lexicographic order

E (G) = { e_1, e_2, e_3, . . . , e(n_2) } . The first (n − 1) edges are incident in 1, the following (n − 2) edges are incident in 2 but not in 1, the following (n − 3) edges are incident in 3 but not in 1 and 2, etc.

According to Theorem 2(ii) we have

(30) max {|X_F | | F ⊆ E (G)} = δ_M ( ∅| < X_{e1} , X_{e2} , . . . , X_e (^n_2) > ) ≥ ≥ |T | /2 + 1 2 o ({|X_{e1} | , |X_{e2} − X_{e1} | , |X_{e3} − X_{e2} − X_{e1} | , · · · }) .

It is easy to show the following estimations

(31) C_k (G) = 1 2 · n^k k ;

(32) C_k (G; e) = (n − 2)^{k−2} for e ∈ E (G)

(33) |T | = |C (G)| = 1 2 ∑ 3≤k≤n

n^k k = 1 2 ( n^n n + n^{n−1} n − 1

+ · · · + n^3 3 ) ;

(34) |X_e| =|C (G; e)|= ∑ 3≤k≤n

(n − 2)^{k−2} =(n − 2)^{n−2} +(n − 2)^{n−3} + · · · +(n − 2)^1 .

We consider in G the edges incident in 1 and for 1 ≤ t ≤ n − 1 we have | |X_{et} − X_{et−1} − · · · − X_{e1} | | = |X_{et} | − | |X_{et} ∩ (X_{et−1} ∪ · · · ∪ X_{e1} ) | | = = |X_{et} | − | |(X_{et} ∩ X_{et−1} ) ∪ · · · ∪ (X_{et} ∩ X_{e1} ) | | = = |X_{et} | − ∑ 1≤i≤t−1

|X_{et} ∩ X_{ei} | =

= (n − 2) [ (n − 3)^{n−3} + (n − 3)^{n−4} + · · · + (n − 3)^1 + (n − 3)^0 ] − − (t − 1) [ (n − 3)^{n−3} + (n − 3)^{n−4} + · · · + (n − 3)^1 + 1 ] = = (n − t − 1) [ (n − 3)^{n−3} + (n − 3)^{n−4} + · · · + (n − 3)^1 + (n − 3)^0 ] . We obtain o ({ |X_{e1} | , |X_{e2} − X_{e1} | , |X_{e3} − X_{e2} − X_{e1} | , · · · , | X_{en−1} − X_{en−2} − · · · − X_{e1} |})

= { 0 for n ≡ (mod2) n − 1 2 for n ≡ 1 (mod2).

We continue the estimation for the graph G − {1} and the edges incident in 2, for the graph G − {1, 2} and the edges incident in 3, etc.

Finally we obtain

(35) o ({|X_{e1} | , |X_{e2} − X_{e1} | , |X_{e3} − X_{e2} − X_{e1} | , · · · }) =

= n − 2 2 + n − 4 2 + n − 6 2 + · · · + 4 2 + 2 2 for n ≡ 0(mod2)

n − 1 2 + n − 3 2 + n − 5 2 + · · · + 4 2 + 2 2 for n ≡ 1(mod2). =

= 1 + 2 + 3 + · · · + ⌊ n − 1 2 ⌋ = 1 2 · ⌊ n − 1 2 ⌋ · ⌊ n + 1 2 ⌋ and the Theorem follows from (30), (33) and (35). �

References

[Abelson and Rosenberg 1958] Abelson, R., Rosenberg, M.: “Symbolic psycho-logic: a model of attitudinal cognition”; Behaviorial Sci. 3 (1958), 1-13.

[Akiyama et al. 1981] Akiyama, I., Avis, D., Chvátal, V., Era, H.: “Balancing signed graphs”; Discrete Appl.Math. 3 (1981), 227-233.

[Cartwright and Harary 1956] Cartwright, D., Harary, F.: “Structural balance: a generalization of Heider’s theory”; Psychol. Rev. 63 (1956), 277-293.

[Popescu 1991] Popescu, D.-R.: “Cicluri în graguri semnate”; Stud. Cerc. Mat. 43, 3-4 (1991), 85-219.

[Popescu 1996] Popescu, D.-R.: “Une méthode d’énumeration des cycles négatifs d’un graphe signé”; Discrete Math. 150 (1996), 337-345.

[Popescu and Tomescu 1996a] Popescu, D.-R., Tomescu, I.: “Bonferroni inequalities and negative cycles in large complete signed graphs”; European J. Combinatorics 17 (1996), 479-483.

[Popescu and Tomescu 1996b] D.-R. Popescu and I.Tomescu. “Negative cycles in complete signed graphs”; Discrete Math. 68 (1996), 145-152.

[Sozanski 1976] Sozanski, T.: “Processus d’équilibration et sousgraphes équilibrés d’une graphe signé complet”; Math. Sci. Hum. 55 (1976), 25-36.

[Tomescu 1973] Tomescu, I.: “Une caractérisation des graphes dont le degrée de désequilibre est maximal”: Math. Sci. Hum. 42 (1973), 37-40.

[Tomescu 1974] Tomescu, I.: “La réduction minimale d’un graphe a une reunion de clique”; Discrete Math 10 (1974), 173-179.

[Tomescu 1976] Tomescu, I.: “Sur le nombre de cycles negatifs d’un graphe complet signé”; Math. Sci. Hum. 53 (1976), 63-67.

[Zaslavsky 1981] Zaslavsky, T.: “Characterization of signed graphs”; J. Graph Theory 5 (1981), 401-405.

[Zaslavsky 1982] Zaslavsky, T.: “Signed graphs”; Discrete Appl. Math. 4 (1982).