Completeness in the Boolean Hierarchy:

Exact-Four-Colorability, Minimal Graph Uncolorability, and Exact Domatic Number Problems – a Survey

Tobias Riege and Jörg Rothe (Institut für Informatik, Heinrich-Heine-Universität Düsseldorf, Germany {riege, rothe}@cs.uni-duesseldorf.de)

Abstract: This paper surveys some of the work that was inspired by Wagner’s general technique to prove completeness in the levels of the boolean hierarchy over NP and some related results. In particular, we show that it is DP-complete to decide whether or not a given graph can be colored with exactly four colors, where DP is the second level of the boolean hierarchy. This result solves a question raised by Wagner in 1987, and its proof uses a clever reduction due to Guruswami and Khanna. Another result covered is due to Cai and Meyer: The graph minimal uncolorability problem is also DP-complete. Finally, similar results on various versions of the exact domatic number problem are discussed.

Key Words: Boolean hierarchy, completeness, exact colorability, exact domatic number, minimal uncolorability. Category: F.1.2, F.1.3, F.2.2, F.2.3

1 Introduction, Historical Notes, and Definitions

This paper surveys completeness results in the levels of the boolean hierarchy over NP, with a special focus on Wagner’s work [Wag87]. His general technique for proving completeness in the boolean hierarchy levels—as well as in other classes such as P^{NP}_{||} , the class of problems solvable via parallel access to NP— inspired much of the recent results in this area. Quoting Papadimitriou, the boolean hierarchy is “somewhat sparse in natural complete sets” (see p. 434 of [Pap94]). This statement certainly is true—in particular, if the number of natural problems complete in higher boolean hierarchy levels is set off against the number of natural NP-complete problems. However, even the higher levels of the boolean hierarchy do contain very natural, beautiful complete problems, and this survey’s goal is to present some of them. Of course, as there are only few of them known, we should seek to find more. This line of research has been intensely pursued since the late 1980s, and much work has been done in a number of recent papers. The purpose of the present survey is to give an overview of this progress of results.

But first, let us look back a bit further and start with the beginning. In the 1970s, Meyer and Stockmeyer [MS72] studied the problem Minimal, which for a given boolean formula φ asks whether there is no shorter formula equivalent to φ. They noted that this problem can be accepted by a coNP machine accessing an NP oracle, thus creating the second level of the polynomial hierarchy, which consists of the classes Σ^p_2 = NP^{NP} and Π^p_2 = coNP^{NP}. Motivated by this observation, they introduced the polynomial hierarchy in order to capture the complexity of problems that appear to be beyond NP and coNP. Figure 1 shows the inclusion structure of the polynomial hierarchy.

Definition 1 (Polynomial Hierarchy). The polynomial hierarchy is inductively defined by:

– Δ^p_0 = Σ^p_0 = Π^p_0 = P,

– for i ≥ 0, Δ^p_{i+1} = P^{Σpi} , Σ^p_{i+1} = NP^{Σpi} , and Π^p_{i+1} = coΣ^p_{i+1}, and

– PH = ⋃ k≥0 Σ^p_k .

Variants of the problem Minimal have been studied as well. Garey and Johnson [GJ79] defined the minimum equivalent expression problem (MEE, for short): Given a boolean formula φ and a nonnegative integer k, does there exist a boolean formula ψ with at most k literals such that ψ is equivalent to φ? Stockmeyer [Sto77] considered the restriction of MEE to boolean formulas in disjunctive normal form (DNF), which we here denote by MEE-DNF. It is not hard to see that both MEE and MEE-DNF are contained in Σ^p_2 , but the question of whether MEE-DNF is Σ^p_2 -complete was open for more than two decades, and for MEE this question is still open today. The best known lower bounds (i.e., hardness results) for the three problems just defined are stated in Section 2.

In this paper, all hardness and completeness results are with respect to the polynomial-time many-one reducibility, denoted by ≤^p_m : For sets A and B, we write A ≤^p_m B if and only if there is a polynomial-time computable function f such that for each x ∈ Σ^∗, x ∈ A if and only if f(x) ∈ B. A set B is said to be C-hard for a complexity class C if and only if A ≤^p_m B for each A ∈ C. A set B is said to be C-complete if and only if B is C-hard and B ∈ C.

Papadimitriou and Zachos [PZ83] introduced P^{NP[O(log)]}, the class of problems solvable by O(log n) sequential Turing queries to NP. Köbler, Schöning, and Wagner [KSW87] and, independently, Hemaspaandra [Hem87] proved that P^{NP[O(log)]} equals P^{NP}_{||} , the class of problems solvable by parallel (a.k.a. truthtable) access to NP. Wagner [Wag90] provided about half a dozen other characterizations of this class, and he introduced the notation Θ^p_2 for it. By definition, NP ⊆ Θ^p_2 ⊆ Δ^p_2. It is known that if NP contains some problem that is hard for Θ^p_2 , then the polynomial hierarchy collapses to NP, see Meyer and Stockmeyer [MS72, Sto77]. The class Θ^p_2 is also closely related to the question of whether NP has sparse Turing-hard sets [Kad89], and to various other topics; see, e.g., [LS95, Kre88, HW91]. Wagner also introduced the classes Θ^p_i = P^{Σpi−1[O(log)]}

Σ^p_2 ∪ Π^p_2

Σ^p_2 ∩ Π^p_2

NP^{NP} = Σ^p_2 Π^p_2 = coNP^{NP}

NP = Σ^p_1

NP ∩ coNP

NP ∪ coNP

Π^p_1 = coNP

P = Σ^p_0 = Π^p_0 = Δ^p_0 = Θ^p_1

Θ^p_2 = P^{NP[O(log)]}

PH

Σ^p_3 ∩ Π^p_3 . . . .

Δ^p_2 = P^{NP}

Θ^p_3 = P^{NPNP[O(log)]}

Δ^p_3 = P^{NPNP}

Figure 1: The polynomial hierarchy

for each i ≥ 1, as a straightforward generalization of Θ^p_2 to higher levels of the polynomial hierarchy.

In the 1980s, Papadimitriou and Yannakakis [PY84] noted that certain NPhard and coNP-hard problems seem to be not complete for NP or coNP:

– Exact problems such as Exact-4-Colorability: Given a graph, is it true that it can be legally colored with exactly four colors? (See Definition 3 below.)

– Critical Problems such as Minimal-3-Uncolorability: Given a graph, is it true that it is not 3-colorable, yet deleting any of its vertices makes it 3- colorable? (See Definition 10 in Section 4.)

– Unique solution problems such as Unique-SAT: Given a boolean formula, is it true that it has exactly one satisfying assignment?

Motivated by this observation, they introduced the class of differences of NP sets:

DP = {A − B | A, B ∈ NP}. All the above problems are in DP.

The complexity of colorability problems has been studied intensely, see, e.g., [AH77a, AH77b, Sto73, GJS76, Wag87, KV91, Rot00, GRW01a, GRW01b, Rot03].

Definition 2 (Colorability Problem). For any graph G with vertex set V (G) and edge set E(G), a k-coloring of G is a partition V (G) = V_1 ∪V_2 ∪· · ·∪V_k of the vertex set V (G) into k disjoint sets. A k-coloring is called legal if for 1 ≤ i ≤ k, every set V_i is an independent set, i.e., there is no edge in E(G) between any pair of vertices in V_i. Define χ(G) to be the chromatic number of G, i.e., the smallest number of colors needed to legally color G. For each k, we further define

k-Colorability = {G | G is a graph with χ(G) ≤ k}.

The problem 2-Colorability is in P, yet 3-Colorability is NP-complete, see Stockmeyer [Sto73]. We now define the exact versions of colorability problems.

Definition 3 (Exact Colorability Problems). Let M_k be a set that consists of k integers, and let t be a positive integer. Define

Exact-M_k-Colorability = {G | G is a graph with χ(G) ∈ M_k},
  Exact-t-Colorability = {G | G is a graph with χ(G) = t}.

Merging, unifying, and expanding the results that originally were obtained independently by Cai and Hemaspaandra [CH86] and by Gundermann, Wagner, and Wechsung [Wec85, GW87], Cai et al. [CGH^+88, CGH^+89] generalized DP by introducing the boolean hierarchy over NP.^1 To define this hierarchy, we use the symbols ∧ and ∨, respectively, to denote the complex intersection and the complex union of set classes:

C ∧ D = {A ∩ B | A ∈ C and B ∈ D}; C ∨ D = {A ∪ B | A ∈ C and B ∈ D}.

1 As a historical note, Cai and Hemaspaandra [CH86] introduced the boolean hierarchy as “hardware over NP.” Gundermann, Wagner, and Wechsung independently studied this hierarchy, motivated mainly by “counting classes with finite acceptance types,” see [Wec85, GW87] (and also [GNW90] for a follow-up paper along these lines of research). Out of these early papers grew a close collaboration between the two groups of researchers and the joint work by Cai et al. [CGH^+88, CGH^+89], which provides the perhaps most comprehensive list of results on the boolean hierarchy.

Definition 4 (Boolean Hierarchy over NP). The boolean hierarchy over NP is inductively defined by:

BH_0(NP) = P, BH_1(NP) = NP, BH_2(NP) = NP ∧ coNP = DP, BH_k(NP) = BH_{k−2}(NP) ∨ BH_2(NP) for k ≥ 3, and BH(NP) = ⋃ k≥1 BH_k(NP).

Figure 2 shows the inclusion structure of the boolean hierarchy. Note further that BH(NP) ⊆ Θ^p_2 ⊆ Δ^p_2 ⊆ Σ^p_2 ⊆ PH. Kadin [Kad88] was the first to show that a collapse of the boolean hierarchy implies a collapse of the polynomial hierarchy. Both figures—Figure 1 for the polynomial hierarchy and Figure 2 for the boolean hierarchy—are extended versions of figures from [Rot05].

P = BH_0(NP) coNP = coBH_1(NP) coDP = coBH_2(NP) coBH_3(NP) BH_3(NP)

BH_2(NP) = DP

BH_1(NP) = NP

. . . .

Θ^p_2 = P^{NP[O(log)]}

BH(NP) = P^{NP[O(1)]}

Figure 2: The boolean hierarchy over NP

Theorem 5 (Kadin [Kad88]). If BH_k(NP) = coBH_k(NP) for some k ≥ 1, then the polynomial hierarchy collapses to its third level: PH = Σ^p_3 ∩ Π^p_3 .

The collapse consequence of Theorem 5 has been strenghtened later on; see the survey by Hemaspaandra, Hemaspaandra, and Hempel [HHH98].

2 Some Results Obtained by Wagner’s Technique

Wagner [Wag87] established conditions sufficient to prove hardness for Θ^p_2 and for the levels of the boolean hierarchy over NP. We first state his sufficient condition for proving Θ^p_2 -hardness.

Lemma 6 (Wagner [Wag87]). Let A be some NP-complete set, and let B be any set. If there exists a polynomial-time computable function g such that for all φ_1, . . . , φ_k in Σ^∗ with (∀j : 1 ≤ j < k) [φ_{j+1} ∈ A =⇒ φ_j ∈ A] it holds that

||{i | φ_i ∈ A}|| is odd ⇐⇒ g(φ_1, . . . , φ_k) ∈ B, (2.1)

then B is Θ^p_2 -hard.

Using Lemma 6, Wagner proved dozens of problems Θ^p_2 -complete, including the following variants of the colorability problem:

Color_{odd} = {G | G is a graph such that χ(G) is odd},
Color_{equ} = {⟨G, H⟩ | G and H are graphs with χ(G) = χ(H)},
Color_{leq} = {⟨G, H⟩ | G and H are graphs with χ(G) ≤ χ(H)}.

Wagner’s technique has been applied to prove further natural problems, which arise in a variety of contexts, Θ^p_2 -hard or even Θ^p_2 -complete.^2 For example, Lemma 6 was useful in determining the complexity of the winner problem for certain voting systems, including Carroll elections [HHR97a], Young elections [RSV03], and Kemeny elections [HSV05]. For more background on computational politics, see Hemaspaandra and Hemaspaandra’s excellent survey [HH00] and, e.g., [BTT89a, BTT89b, BTT92, CS02a, CS02b, CLS03, HHR05].

Wagner’s technique was also useful for showing that recognizing those graphs for which certain efficient approximation heuristics for the independent set and the vertex cover problem do well is Θ^p_2 -complete [HR98, HRS06]; see also the survey [HHR97b]. Moreover, Lemma 6 is the key lemma for raising the trivial hardness results for some of the three minimum equivalent expression problems defined in the introduction. In particular, Hemaspaandra and Wechsung [HW97, HW02] proved that MEE and MEE-DNF both are Θ^p_2 -hard, and they also showed that Minimal is coNP-hard. Using a different technique, Umans [Uma01] proved that MEE-DNF is even Σ^p_2 -complete. The precise complexity of MEE is still unknown today.

In what follows, we focus on completeness for exact colorability, minimal uncolorability, and exact domatic number problems in the even levels of the boolean hierarchy. The following lemma, which is also due to Wagner [Wag87], is the key lemma to establish most of these results.

2 For other approaches to Θ^p_2 -completeness, see, e.g., Krentel [Kre88], Eiter and Gottlob [EG97], and Spakowski and Vogel [SV00].

Lemma 7 (Wagner [Wag87]). Let A be some NP-complete set, let B be any set, and let k ≥ 1 be fixed. If there exists a polynomial-time computable function g such that for all φ_1, . . . , φ_{2k} in Σ^∗ with (∀j : 1 ≤ j < 2k) [φ_{j+1} ∈ A =⇒ φ_j ∈ A] it holds that

||{i | φ_i ∈ A}|| is odd ⇐⇒ g(φ_1, . . . , φ_{2k}) ∈ B, (2.2)

then B is BH_{2k}(NP)-hard.

3 Exact Colorability Problems

In this section, we turn to the exact colorability problems defined in Definition 3. Using Lemma 7, Wagner [Wag87] proved the following result.

Theorem 8 (Wagner [Wag87]). For M_k = {6k + 1, 6k + 3, . . . , 8k − 1}, the problem Exact-M_k-Colorability is BH_{2k}(NP)-complete. In particular, for k = 1, it is DP-complete to determine whether or not χ(G) = 7.

Wagner [Wag87] raised the following questions: How small can the numbers in a k-element set M_k be chosen so as to ensure that Exact-M_k-Colorability still is BH_{2k}(NP)-complete? In particular, for k = 1, is there some threshold t ∈ {4, 5, 6, 7} such that Exact-t-Colorability jumps from NP to DP-complete? For example, is it DP-complete to determine whether or not χ(G) = 4? Or is the complexity of Exact-t-Colorability, 4 ≤ t ≤ 6, “intermediate” between NP and DP-complete?

These questions have been answered recently, see Rothe [Rot03]. Note that Exact-3-Colorability is in NP and thus cannot be DP-complete, unless the boolean hierarchy over NP (and, by Theorem 5, the polynomial hierarchy as well) collapses.

Theorem 9 (Rothe [Rot03]). For M_k = {3k +1, 3k +3, . . . , 5k −1}, the problem Exact-M_k-Colorability is BH_{2k}(NP)-complete. In particular, for k = 1, it is DP-complete to determine whether or not χ(G) = 4.

A proof sketch for Theorem 9 is presented in the remainder of this section. Figures 4 through 9 have been taken (in slightly modified form) from [GK00] to illustrate the proof sketch. Crucially, this proof uses:

– Wagner’s tool for proving BH_{2k}(NP)-hardness stated as Lemma 7 above,

– the standard reduction f from 3-SAT to 3-Colorability satisfying

φ ∈ 3-SAT =⇒ χ(f(φ)) = 3, (3.3) φ ∉ 3-SAT =⇒ χ(f(φ)) = 4, (3.4)

– and Guruswami and Khanna’s reduction g from 3-SAT to 3-Colorability satisfying

φ ∈ 3-SAT =⇒ χ(g(φ)) = 3, (3.5) φ ∉ 3-SAT =⇒ χ(g(φ)) = 5. (3.6)

Among the above three items, the Guruswami–Khanna reduction is the technically most challenging one. Originally, Guruswami and Khanna’s seminal result is not motivated by the issue of proving the hardness of exact colorability. Rather, it was motivated by issues related to the hardness of approximating the chromatic number of 3-colorable graphs. Intuitively, their result says that it is NP-hard to 4-color a 3-colorable graph. This result had been obtained earlier on by Khanna, Linial, and Safra [KLS00] using the PCP theorem, which is due to Arora, Lund, Motwani, Sudan, and Szegedy [ALM^+98]. Guruswami and Khanna [GK00] gave a novel proof of this result, which does not rely on the PCP theorem. Their direct transformation in fact consists of the following two subsequent reductions:

3-SAT ≤^p_m IS ≤^p_m 3-Colorability,

where IS is the independent set problem: Given a graph G and a positive integer k, does G have an independent set of size at least k?

y x z z ¬x ¬y x

¬z y

x z ¬y Figure 3: Graph G in the reduction 3-SAT ≤^p_m IS

Figure 3 shows the standard reduction 3-SAT ≤^p_m IS, for the specific formula

φ(x, y, z) = (x ∨ y ∨ z) ∧ (¬x ∨ ¬y ∨ z) ∧ (x ∨ y ∨ ¬z) ∧ (x ∨ ¬y ∨ z).

Clauses in the formula correspond to triangles in the graph constructed, and corners of two distinct triangles are connected by an edge if and only if they correspond to some literal and its negation. Suppose the given formula has m

t_{i,1}

t_{i,3} t_{i,2} r_i

s_i

Figure 4: Tree-like structure S_i in the Guruswami–Khanna reduction 1 2 3 Figure 5: Basic template in the Guruswami–Khanna reduction

clauses, and denote the corresponding m triangles in G by T_1, T_2, . . . , T_m. To each T_i in G, there corresponds a tree-like structure S_i as shown in Figure 4:

The three “leaves” t_{i,1}, t_{i,2}, and t_{i,3} in S_i correspond to the three corners of the triangle T_i. Every “vertex” of S_i has the form of the basic template, which is a 3 × 3 grid such that the vertices in each row and column induce a 3-clique as shown in Figure 5: The “ground vertices” in the first column of any such basic template in fact are shared among all basic templates in each of the treelike structures. Since these ground vertices form a 3-clique, every legal coloring assigns three distinct colors to them, say 1, 2, and 3.

Figure 6 shows the connection pattern between the “vertices” r_i, t_{i,1}, and s_i of S_i and two additional triangles. An analogous pattern applies to s_i, t_{i,2}, and t_{i,3}. Every vertex of the templates and the triangles is labeled by a triple of colors, and the vertices are connected according to the following simple rule: Two vertices are adjacent if and only if their labels differ in each coordinate.

A “vertex” in some S_i is said to be selected (with respect to some coloring) if and only if at least one of the three rows in its basic template receives colors that form an even permutation of {1, 2, 3}. That is, a “vertex” is selected if and only if

– the first row has colors 1, 2, 3 from left to right, or

– the second row has colors 2, 3, 1 from left to right, or

(111) (223) (332)

(222) (331) (113)

(333) (112) (221)

(111) (233) (322)

(222) (311) (133)

(333) (122) (211)

(111) (323) (232)

(222) (131) (313)

(333) (212) (121)

(123)

(312) (231) (213) (321)

(132)

r_i

s_i t_{i,1}

Figure 6: Connection pattern between the templates of a tree-like structure

– the third row has colors 3, 1, 2 from left to right.

Note that for each legal 4-coloring of S_i, every “vertex” is either selected or not selected. Adding three more edges to each “vertex” r_i, the selection of every 3 × 3 root grid is enforced, as is shown in Figure 7. From the way the grids are connected, it follows that for any legal 4-coloring, selection of an internal “vertex” is propagated to at least one of its children. Therefore at least one of the “leaves” t_{i,1}, t_{i,2}, and t_{i,3} must be selected as well. Additionally, it can be shown that for each “leaf” t_{i,j} , 1 ≤ j ≤ 3, in a tree-structure S_i, there exists a legal 3-coloring of the vertices of S_i, where t_{i,j} is the only “leaf” selected; see Properties (a) and (b) stated below.

1 2 3 Figure 7: The root grid altered such that selection is enforced

The intuition of how to connect S_i and S_j , for distinct i and j, is as follows. For each pair of “vertices,” t_{i,k} and t_{j,ℓ}, that are adjacent in graph G, appropriate gadgets are inserted to prevent that both these “leaves” are selected simultaneously, for otherwise G would have an independent set of size m if the graph constructed were 4-colorable.

Figure 8: Gadget connecting two “leaves” of the same row kind

To this end, two kinds of gadgets are used, the “same row” gadget and the “different rows” gadget. Figure 8 shows the same row gadget, which prevents that t_{i,k} and t_{j,ℓ} are simultaneously selected because of the same row. Figure 9 shows the different rows gadget, which prevents that t_{i,k} and t_{j,ℓ} are selected simultaneously because of different rows.

Figure 9: Gadget connecting two “leaves” of the different rows kind

This completes the reduction g that transforms the formula φ via graph G to graph H = g(φ). We omit the detailed argument of why this reduction works to prove (3.5) and (3.6), referring to Guruswami and Khanna [GK00] instead. We merely mention that it can be shown that:

(a) For each i with 1 ≤ i ≤ m, there exists a legal 3-coloring of the vertices in

S_i selecting exactly one of the three “leaves,” t_{i,1}, t_{i,2}, and t_{i,3}.

(b) Every legal 4-coloring of S_i selects at least one of t_{i,1}, t_{i,2}, or t_{i,3}.

The implications (3.5) and (3.6) follow from (a) and (b).

Note that Guruswami and Khanna claimed in their conference paper [GK00] that φ ∉ 3-SAT implies 5 ≤ χ(H) ≤ 6. However, as has been observed in [Rot03], the Guruswami–Khanna reduction even yields the stronger implication (3.6), which is needed in order to apply Wagner’s Lemma 7.

We are now ready to apply Lemma 7 with k = 1, and the sets A = 3-SAT and B = Exact-4-Colorability. Given two formulas φ_1 and φ_2 satisfying

φ_2 ∈ 3-SAT =⇒ φ_1 ∈ 3-SAT, (3.7)

define the graphs H_1 = g(φ_1) and H_2 = f(φ_2), where g is the Guruswami– Khanna reduction, which satisfies (3.5) and (3.6), and f is the standard reduction from 3-SAT to 3-Colorability, which satisfies (3.3) and (3.4).

Let D be the disjoint union of H_1 and H_2. Thus,

χ(D) = max{χ(H_1), χ(H_2)}.

Consider the following three cases:

– If φ_1 ∈ 3-SAT and φ_2 ∈ 3-SAT, then χ(φ_1) = 3 and χ(φ_2) = 3, so χ(D) = 3.

– If φ_1 ∈ 3-SAT and φ_2 ∉ 3-SAT, then χ(φ_1) = 3 and χ(φ_2) = 4, so χ(D) = 4.

– If φ_1 ∉ 3-SAT and φ_2 ∉ 3-SAT, then χ(φ_1) = 5 and χ(φ_2) = 4, so χ(D) = 5.

By (3.7), the case distinction is complete. It follows that (2.2) is satisfied. By Lemma 7, Exact-4-Colorability is DP-hard. Since Exact-4-Colorability is in DP, it is DP-complete. Completeness of Exact-M_k-Colorability in BH_{2k}(NP) for the k-element set M_k = {3k + 1, 3k + 3, . . . , 5k − 1} is proven analogously.

4 The Graph Minimal Uncolorability Problem

This section presents a well-known and typical example of a critical graph problem. A graph G is said to be critical if and only if by deleting any one of the vertices of G (respectively, by adding one vertex to G), the graph gains a certain property that it did not have before the removal (respectively, before the insertion) of this vertex. Similarly, one can define critical graph problems with respect to adding or removing edges in such a way that a specific property of the graph is triggered. Critical problems^3 are good candidates for DP-completeness; usually, these problems are easily shown to be contained in DP. Our first example of a critical problem is given below.

3 The class of critical problems is not restricted to graph problems but can be defined in a broader sense. Here, however, we focus on some particularly interesting critical graph problem.

Definition 10 (Graph Minimal Uncolorability). Define the critical graph problem Minimal-k-Uncolorability as follows: Given a graph G, is it true that G /∈ k-Colorability, but for every vertex v ∈ V (G) it holds that G − {v} is in k-Colorability? Here, G − {v} denotes the induced subgraph that is obtained from G by deleting v from V (G) and all incident edges from E(G).

We are interested in the particular problem Minimal-3-Uncolorability, and we use M-3-UC as a shorthand for this problem. The following theorem is due to Cai and Meyer [CM87]. To prove DP-hardness of M-3-UC, they give a reduction from the problem Minimal-3-UNSAT, which was shown to be DP-complete by Papadimitriou and Wolfe [PW88]. The Minimal-3-UNSAT problem asks, given a boolean formula φ whose clauses contain exactly three literals each, is it true that φ is not satisfiable, but removing any one of its clauses makes φ satisfiable?

Theorem 11 (Cai and Meyer [CM87]). The problem M-3-UC is DP-complete.

To see that M-3-UC is in DP, consider the two sets

A = {G | G is a graph with χ(G − {v}) ≤ 3 for all vertices v ∈ V (G)} and B = {G | G is a graph with χ(G) > 3}.

Note that A is in NP, and B (which is the complement of an NP set) is in coNP, It is M-3-UC = A ∩ B. The remainder of this section sketches Cai and Meyer’s reduction from Minimal-3-UNSAT to M-3-UC, which preserves the critical property of the problem instance and thus proves DP-hardness of M-3-UC, see [CM87]. Figures 10, 11, and 12 are adapted from [CM87] with a few minor modifications.

Let the boolean formula φ = (X, C) with variable set X = {x_1, x_2, . . . , x_n} and clause set C = {c_1, c_2, . . . , c_m} be given. Define the reduction f that maps φ to a graph G as follows. First, create two distinct vertices, v_c and v_s, and an edge connecting them. For each variable x_i, add the two vertices x_i and ¬x_i representing its literals to G, and insert edges such that every pair of literal vertices corresponding to the same variable forms a triangle with the vertex v_c.

Suppose there exists a legal 3-coloring of G, and let {T, F, C} be the color set. Without loss of generality, let v_c be colored with C, and let v_s be colored with T. Then, only the colors T and F are available for any pair of literal vertices x_i and ¬x_i, see Figure 10. Thus, a legal 3-coloring of G may be regarded as a truth assignment of the variables of φ.

Finally, components for the clauses of φ are inserted. If c_j = (ℓ_{j1} ∨ ℓ_{j2} ∨ ℓ_{j3}) is any clause of C, create a triangle with vertices t_{j1}, t_{j2}, and t_{j3}. Additionally, for each literal ℓ_{jk} with 1 ≤ k ≤ 3 in c_j , there are two vertices, a_{jk} and b_{jk} , such that a_{jk} is adjacent to the corresponding literal vertex ℓ_{jk}, and b_{jk} is adjacent to the triangle vertex t_{jk} . Figure 11 shows some legally colored component for the specific clause c_1 = (¬x_1 ∨ x_2 ∨ ¬x_3).

F T F T

T

C v_c v_s

x_1 ¬x_1 x_n ¬x_n clause components

Figure 10: A legal 3-coloring of v_c, v_s, and the literal vertices of graph G T v_s

F T x_1 x_3

T F T F

C F F C C F

C F T t_{12} b_{11} b_{13} a_{13} a_{11}

t_{11} t_{13}

¬x_1 ¬x_3 x_2 ¬x_2 b_{12} a_{12}

Figure 11: A legal 3-coloring of the clause component for c_1 = (¬x_1 ∨ x_2 ∨ ¬x_3)

Note that the triangle with the vertices t_{j1}, t_{j2}, and t_{j3} for some clause c_j is legally 3-colorable if and only if not all of the so-called “fanout” vertices b_{j1}, b_{j2}, and b_{j3} are assigned color F. Coloring one of the fanout vertices of some clause c_j with C is possible only if the literal vertices are colored according to some truth assignment that satisfies the clause c_j .

This completes the reduction f mapping the boolean formula φ to the graph G = f(φ). Figure 12 shows the graph G = f(φ) resulting from the specific formula φ(x_1, x_2, x_3) = (x_1 ∨ x_2 ∨ x_3) ∧ (¬x_2 ∨ x_3 ∨ ¬x_4).

It can be shown that φ is satisfiable if and only if G = f(φ) can be legally 3- colored. The proof is similar to the one proving NP-hardness for 3-Colorability via the standard reduction from 3-SAT; see, e.g., Stockmeyer, Garey, and Johnx_1

¬x_1

x_2

¬x_2

x_3

¬x_3

x_4

¬x_4 v_s t_{11}

t_{21}

t_{22} t_{12}

v_c

t_{23} t_{13}

b_{23} b_{22} b_{21} b_{13} b_{12} b_{11}

a_{23} a_{22} a_{21} a_{13} a_{12} a_{11}

Figure 12: Graph G in the reduction Minimal-3-UNSAT ≤^p_m M-3-UC

son [Sto73, GJS76, GJ79]. It remains to prove that

φ ∈ Minimal-3-UNSAT ⇐⇒ G ∈ Minimal-3-Uncolorability.

For the direction from left to right, it is known from the claim above that the reduction f will transform any unsatisfiable formula φ into a graph G that does not have a legal 3-coloring. Analyzing the various possibilities of removing a vertex from G (for example, some literal vertex x_i or ¬x_i), a legal 3-coloring for the graph G − {v} has to be determined.

For the direction from right to left, note that G /∈ 3-Colorability implies φ /∈ 3-SAT. Removing a clause c_j from φ, the satisfiability of the resulting formula can be deduced from the 3-colorable graph G−{t_{j1}}. For the details of the proofs of the two claims above, we refer to the original paper by Cai and Meyer [CM87].

The DP-completeness of Minimal-k-Uncolorability for k = 3 can easily be extended to all values of k ≥ 3. Notice that Minimal-2-Uncolorability is in P, and thus cannot be DP-complete unless the boolean hierarchy collapses. Cai and Meyer also showed DP-completeness of Minimal-3-Uncolorability when the input is restricted to planar graphs, or to graphs with a maximum degree of five.

5 Exact Domatic Number Problems

The domatic number problem is the problem of partitioning the vertex set V (G) into a maximum number of disjoint dominating sets. This number, denoted by δ(G), is called the domatic number of G. The domatic number problem arises in various real-world scenarios. For example, it is related to the tasks of distributing resources in a computer network or of locating facilities in a communication network; see, e.g., [FHK00, RR04a] for details. The domatic number problem and the closely related problem of finding a minimum dominating set in a given graph have been thoroughly studied. To name just a few papers, see, e.g., [CH77, Far84, Bon85, KS94, HT98, FHK00, RR04a, RR05, RRSY06].

Definition 12 (Domatic Number Problem). For any graph G, a dominating set of G is a subset D ⊆ V (G) such that each vertex u ∈ V (G) − D is adjacent to some vertex v ∈ D. Let δ(G) denote the domatic number of G, i.e., the maximum number of disjoint dominating sets. For each k, define the problem

k-DNP = {G | G is a graph with δ(G) ≥ k}.

It is known that 3-DNP is NP-complete, whereas 2-DNP is in P; see Garey and Johnson [GJ79].

We now define the exact versions of domatic number problems.

Definition 13 (Exact Domatic Number Problems). Let M_k be a set that consists of k integers, and let t be a positive integer. Define

Exact-M_k-DNP = {G | G is a graph with δ(G) ∈ M_k},
  Exact-t-DNP = {G | G is a graph with δ(G) = t}.

5.1 A General Framework for Dominating Set Problems

In order to investigate exact domatic number problems, we adopt Heggernes and Telle’s general, uniform approach to define graph problems by partitioning the vertex set of a graph into generalized dominating sets [HT98]. These are subsets of the vertex set of a given graph, parameterized by two sets of nonnegative integers, σ and ρ, which restrict the number of neighbors for each vertex in the partition. Let N = {0, 1, 2, . . .} denote the set of nonnegative integers, and let N^+ = {1, 2, 3, . . .} denote the set of positive integers.

Definition 14 (Heggernes and Telle [HT98]). Let G be a given graph, let σ ⊆ N and ρ ⊆ N be given sets, and let k ∈ N^+. Let N(v) = {w ∈ V (G) |{v, w} ∈ E(G)} be the neighborhood of any vertex v in G.

1. A subset U ⊆ V (G) of the vertices of G is said to be a (σ, ρ)-set if and only if – for each u ∈ U, ||N(u) ∩ U|| ∈ σ, and

– for each u ∉ U, ||N(u) ∩ U|| ∈ ρ.

2. A (k, σ, ρ)-partition of G is a partition of V (G) into k pairwise disjoint subsets V_1, V_2, . . . , V_k such that V_i is a (σ, ρ)-set for each i, 1 ≤ i ≤ k.

3. Define the problem

(k, σ, ρ)-Partition = {G | G is a graph that has a (k, σ, ρ)-partition}.

Note that (k, {0}, N)-Partition is nothing other than k-Colorability, and (k, N, N^+)-Partition is nothing other than k-DNP. This observation is illustrated by the following example. Note further that (k, {0}, N)-Partition is a minimum problem, whereas (k, N, N^+)-Partition is a maximum problem.

3

2 3 1

4 3

2 3 1

3 Figure 13: (4, {0}, N)-Partition (left) and (3, N, N^+)-Partition (right)

Example 1 (Generalized Dominating Sets). Figure 13 shows two copies of some graph G with five vertices. Vertices labeled by the same number belong to the same (σ, ρ)-set, where either σ = {0} and ρ = N (i.e., k-Colorability), or σ = N and ρ = N^+ (i.e., k-DNP).

According to the partition into (σ, ρ)-sets shown on the left-hand side of Figure 13, G is in (4, {0}, N)-Partition. That is, G is a 4-colorable graph and the partition indicated corresponds to the four color classes of G.

In contrast, the partition into (σ, ρ)-sets on the right-hand side of Figure 13 shows that G is in (3, N, N^+)-Partition. That is, G has a domatic number of at least 3.

5.2 Summary of Results and Proof Ideas

Heggernes and Telle [HT98] obtained the NP-completeness results for the problems (k, σ, ρ)-Partition that are shown in Table 1. Here is the key: Table 1 gives the smallest value of k for which (k, σ, ρ)-Partition is NP-complete, where

– “∞” means that this problem is efficiently solvable for all values of k;

– a superscript “^+” indicates a maximum problem: For all k ≥ 1,

(k + 1, σ, ρ)-Partition ⊆ (k, σ, ρ)-Partition; and – a superscript “^−” indicates a minimum problem: For all k ≥ 1,

(k, σ, ρ)-Partition ⊆ (k + 1, σ, ρ)-Partition.

ρ N N^+ {1} {0, 1} σ N ∞^− 3^+ 2 ∞^− N^+ ∞^− 2^+ 2 ∞^− {1} 2^− 2 3 3^− {0, 1} 2^− 2 3 3^− {0} 3^− 3 4 4^−

Table 1: NP-completeness for the problems (k, σ, ρ)-Partition

We now define the exact versions of generalized dominating set problems.

Definition 15. Define Exact-(k, σ, ρ)-Partition, the exact version of the problem (k, σ, ρ)-Partition, to be either

– (k, σ, ρ)-Partition ∩ (k − 1, σ, ρ)-Partition if (k, σ, ρ)-Partition is a minimum problem and k ≥ 2, or

– (k, σ, ρ)-Partition ∩ (k + 1, σ, ρ)-Partition if (k, σ, ρ)-Partition is a maximum problem and k ≥ 1.

ρ N N^+ {0, 1} σ N ∞ 2 | 5 ∞ N^+ ∞ 1 | 3 ∞ {1} 2 | 5 — 3 | ? {0, 1} 2 | 5 — 3 | ? {0} 3 | 4 — 4 | ?

Table 2: DP-completeness for the problems Exact-(k, σ, ρ)-Partition

Note that all Exact-(k, σ, ρ)-Partition problems are in DP. Note further that Exact-(k, {0}, N)-Partition is nothing other than Exact-k-Colorability, and Exact-(k, N, N^+)-Partition is nothing other than Exact-k-DNP.

Table 2 gives the best values of “j | k” for which it is known that the problem Exact-(k, σ, ρ)-Partition is “(NP-complete or coNP-complete) | DP-complete.”

Again, “∞” means that this problem is efficiently solvable for all values of k. Here, a dash “—” indicates that this problem is neither a maximum nor a minimum problem and thus is not considered.

Except the DP-completeness of Exact-(k, {0}, N)-Partition, which is presented here—using different notation—as Theorem 9 in Section 3 (see [Rot03]), all DP-completeness results in Table 2 are due to Riege and Rothe [RR04a]. We state the results from Table 2 in Theorem 16 below and provide the proof ideas. We do not attempt to give full, detailed proofs, though, referring to the original source [RR04a] instead.

Theorem 16 (Riege and Rothe [Rot03]).

1. For each i ≥ 5, Exact-i-DNP = Exact-(i, N, N^+)-Partition is DP-complete.

In contrast, Exact-2-DNP = Exact-(2, N, N^+)-Partition is coNP-complete.

2. For each i ≥ 3, Exact-(i, N^+, N^+)-Partition is DP-complete. In contrast, Exact-(1, N^+, N^+)-Partition is coNP-complete.

3. For each i ≥ 5, Exact-(i, {0, 1}, N)-Partition is DP-complete. In contrast, Exact-(2, {0, 1}, N)-Partition is NP-complete.

4. For each i ≥ 5, Exact-(i, {1}, N)-Partition is DP-complete. In contrast, Exact-(2, {1}, N)-Partition is NP-complete.

All proofs of the four claims of Theorem 16 essentially follow the same idea. Starting from two instances of an NP-complete problem, two graphs G_1 and G_2 corresponding to the underlying (k, σ, ρ)-Partition problem are generated via a polynomial-time many-one reduction. These graphs G_1 and G_2 are then merged

Figure 14: Gadget for proving Exact-5-DNP DP-complete

such that their parameters corresponding to the property being considered (for example, their domatic numbers in the first case) are added up. The gadgets used to accomplish this in the four different cases are presented in Figures 14, 15, and 16, which have been taken from [RR04a] in slightly modified form. All details of the proofs sketched here can be found in [RR04a].

The proof of the first part of Theorem 16 uses the gadget shown in Figure 14 to provide a reduction from 3-Colorability that satisfies the hypothesis (2.2) of Wagner’s Lemma 7. The construction in Figure 14 extends Kaplan and Shamir’s reduction from 3-Colorability to 3-DNP with useful properties [KS94], see also [RR04a].

The proof of the second part of Theorem 16 uses the gadget shown in Figure 15 to provide a reduction from NAE-3-SAT that satisfies the hypothesis (2.2) of Wagner’s Lemma 7. The problem NAE-3-SAT (“not-all-equal satisfiability for boolean formulas with three literals per clause”) asks whether a given boolean formula φ can be satisfied such that in none of the clauses of φ all literals are true. Schaefer proved that NAE-3-SAT is NP-complete [Sch78]. The construction in Figure 15 is inspired by Heggernes and Telle’s reduction from NAE-3-SAT to (2, N^+, N^+)-Partition, see [HT98] and also [RR04a].

The proof of the third part of Theorem 16 uses a reduction from 1-3-SAT that satisfies the hypothesis (2.2) of Wagner’s Lemma 7. The problem 1-3-SAT (“onein-three satisfiability”) asks whether, given a boolean formula φ, there exists a subset T of the literals of φ with ||T ∩C_i|| = 1 for each clause C_i. Schaefer proved that 1-3-SAT is NP-complete, even if all literals in the given boolean formula are

Figure 15: Gadget for proving Exact-(3, N^+, N^+)-Partition DP-complete

positive [Sch78].

Figure 16 shows this construction, which is based on Heggernes and Telle’s reduction from 1-3-SAT to (2, {0, 1}, N)-Partition, see [HT98]. The symbol ⊕ in Figure 16 denotes the join operation on graphs, i.e., for any two graphs G_1 and G_2, G_1 ⊕ G_2 is the graph with vertex set

V (G_1 ⊕ G_2) = V (G_1) ∪ V (G_2)

and edge set

E(G_1 ⊕ G_2) = E(G_1) ∪ E(G_2) ∪ {{a, b} | a ∈ V (G_1) and b ∈ V (G_2)}.

The proof of the fourth part of Theorem 16 is obtained by suitably modifying the proof of the third part of Theorem 16.

Generalizing the results on exact generalized dominating set problems from Theorem 16, Riege and Rothe [RR04a] obtained completeness results in the higher levels of the boolean hierarchy. We state this generalization for the problem Exact-M_k-DNP only, where M_k = {4k + 1, 4k + 3, . . . , 6k − 1}, in Theorem 17 below. Analogously, the completeness results for Exact-(k, σ, ρ)-Partition given in the second, third, and fourth part of Theorem 16 can be lifted to the higher levels of the boolean hierarchy over NP.

Theorem 17 (Riege and Rothe [Rot03]). For M_k = {4k+1, 4k+3, . . . , 6k− 1}, the problem Exact-M_k-DNP is BH_{2k}(NP)-complete.

G_{1,1} G_1 G_{1,2} ⨁

G_{2,1} G_2 G_{2,2}

Figure 16: Reduction to prove Exact-(5, {0, 1}, N)-Partition DP-complete

Finally, define the following variants of the domatic number problem:

DNP_{odd} = {G | G is a graph such that δ(G) is odd},
DNP_{equ} = {⟨G, H⟩ | G and H are graphs with δ(G) = δ(H)},
DNP_{leq} = {⟨G, H⟩ | G and H are graphs with δ(G) ≤ δ(H)}.

Theorem 18 (Riege and Rothe [Rot03]). The problems DNP_{odd}, DNP_{equ}, and DNP_{leq} each are Θ^p_2 -complete.

6 Conclusions and Open Questions

This survey paper has presented some of the results that were inspired by Wagner’s general technique [Wag87] to prove completeness in the levels of the boolean hierarchy over NP and in Θ^p_2 , the class of problems solvable via parallel access to NP. In particular, Θ^p_2 -completeness results were obtained for a variety of natural problems arising in computational politics [HHR97a, RSV03, HH00, HSV05] and for problems related to certain approximation heuristics for hard graph problems [HR98, HRS06, HHR97b]. In addition, Wagner’s technique was useful to prove Θ^p_2 -hardness of MEE, the minimum equivalent expression problem, see Hemaspaandra and Wechsung [HW97, HW02].

Turning to completeness in the levels of the boolean hierarchy, Theorem 9 in Section 3 answered a question raised by Wagner in [Wag87]: It is DP-complete to decide whether or not a given graph can be colored with exactly four colors.

We have sketched Guruswami and Khanna’s clever reduction [GK00] that is central to this proof, and we have shown how this reduction can be employed by Wagner’s technique to prove Theorem 9.

In Section 4, we presented Cai and Meyer’s beautiful result that the prominent problem Minimal-3-Uncolorability is DP-complete [CM87]. It should be stressed here that it is usually very difficult to transfer known NP-completeness results to DP-completeness results for the corresponding critical problems. Papadimitriou and Yannakakis [PY84] note: “We have not been able to show that [. . . ] any of the critical problems is DP-complete. This difficulty seems to reflect the extremely delicate and deep structure of critical problems—too delicate to sustain any of the known reduction methods. One way to understand this is that critical graphs is usually the object of hard theorems.” The crucial point is that polynomial-time many-one reductions from one problem to another do not preserve criticality in general. For this reason, only very few critical problems are known to be DP-complete up to date.

Finally, Section 5 studied various versions of the exact domatic number problem. In particular, Theorem 16 says that Exact-5-DNP is DP-complete. In contrast, Exact-2-DNP is coNP-complete, and thus this problem cannot be DPcomplete unless the boolean hierarchy collapses. For i ∈ {3, 4}, the question of whether or not the problems Exact-i-DNP are DP-complete remains open. To close this gap, it would be enough to find a reduction from some suitable NP-complete problem to the exact domatic number problem that yields graphs having a domatic number other than three.

In addition, we have studied the exact versions of Heggernes and Telle’s generalized dominating set problems [HT98], denoted by Exact-(k, σ, ρ)-Partition, where the parameters σ and ρ specify the number of neighbors that are allowed for each vertex in the partition. Theorem 16 presented DP-completeness results for a number of such problems that are summarized in Table 2, which gives the best values of k for which the problems Exact-(k, σ, ρ)-Partition are known to be DP-complete. This value of k is not yet optimal in some cases. For example, as stated in Theorem 16, Exact-(5, {0, 1}, N)-Partition is DP-complete and Exact-(2, {0, 1}, N)-Partition is NP-complete. What about the complexity of Exact-(i, {0, 1}, N)-Partition for i ∈ {3, 4}? It would also be interesting to obtain DP-completeness results for those cases in Table 2 that currently have only question marks.

Acknowledgments

This work was presented at the Dagstuhl Seminar “Algebraic Methods in Computational Complexity” [Rot04] and was supported in part by the German Science Foundation (DFG) under grants RO 1202/9-1 and RO 1202/9-3. We are grateful to Gerd Wechsung, Edith and Lane Hemaspaandra, Klaus Wagner, Venkatesan Guruswami, Mitsunori Ogihara, Joel Seiferas, Harald Hempel, Dieter Kratsch, and Alan Bertossi for their advise, for sharing their insights, and for helpful discussions related to the research presented in this paper. We thank the anonymous J.UCS referees for their comments that helped to improve the presentation of this paper. We also thank the anonymous IFIP-TCS 2002, ICTTA 2004, TOCS, and IPL referees for their helpful comments on some papers surveyed here, in particular [RSV02, RR04b, RR04a, Rot03]. Some of the figures in this paper are modified versions of the pictures presented in [CM87, GK00, RR04a, Rot05].

References

[AH77a] K. Appel and W. Haken. Every planar map is 4-colorable – 1: Discharging.

Illinois J. Math, 21:429–490, 1977.

[AH77b] K. Appel and W. Haken. Every planar map is 4-colorable – 2: Reducibility.

Illinois J. Math, 21:491–567, 1977.

[ALM^+98] S. Arora, C. Lund, R. Motwani, M. Sudan, and M. Szegedy. Proof verification and intractability of approximation problems. Journal of the ACM, 45(3):501–555, May 1998.

[Bon85] M. Bonuccelli. Dominating sets and dominating number of circular arc graphs. Discrete Applied Mathematics, 12:203–213, 1985.

[BTT89a] J. Bartholdi III, C. Tovey, and M. Trick. The computational difficulty of manipulating an election. Social Choice and Welfare, 6(3):227–241, 1989.

[BTT89b] J. Bartholdi III, C. Tovey, and M. Trick. Voting schemes for which it can be difficult to tell who won the election. Social Choice and Welfare, 6(2):157– 165, 1989.

[BTT92] J. Bartholdi III, C. Tovey, and M. Trick. How hard is it to control an election? Mathematical Comput. Modelling, 16(8/9):27–40, 1992.

[CGH^+88] J. Cai, T. Gundermann, J. Hartmanis, L. Hemachandra, V. Sewelson, K. Wagner, and G. Wechsung. The boolean hierarchy I: Structural properties. SIAM Journal on Computing, 17(6):1232–1252, 1988.

[CGH^+89] J. Cai, T. Gundermann, J. Hartmanis, L. Hemachandra, V. Sewelson, K. Wagner, and G. Wechsung. The boolean hierarchy II: Applications. SIAM Journal on Computing, 18(1):95–111, 1989.

[CH77] E. Cockayne and S. Hedetniemi. Towards a theory of domination in graphs.

Networks, 7:247–261, 1977.

[CH86] J. Cai and L. Hemachandra. The boolean hierarchy: Hardware over NP.

In Proceedings of the 1st Structure in Complexity Theory Conference, pages 105–124. Springer-Verlag Lecture Notes in Computer Science #223, June 1986.

[CLS03] V. Conitzer, J. Lang, and T. Sandholm. How many candidates are needed to make elections hard to manipulate? In Proceedings of the 9th Conference on Theoretical Aspects of Rationality and Knowledge, pages 201–214. ACM Press, 2003.

[CM87] J. Cai and G. Meyer. Graph minimal uncolorability is D^P-complete. SIAM Journal on Computing, 16(2):259–277, April 1987.

[CS02a] V. Conitzer and T. Sandholm. Complexity of manipulating elections with few candidates. In Proceedings of the 18th National Conference on Artificial Intelligence, pages 314–319. AAAI Press, 2002.

[CS02b] V. Conitzer and T. Sandholm. Vote elicitation: Complexity and strategyproofness. In Proceedings of the 18th National Conference on Artificial Intelligence, pages 392–397. AAAI Press, 2002.

[EG97] T. Eiter and G. Gottlob. The complexity class Θ^p_2 : Recent results and applications. In Proceedings of the 11th Conference on Fundamentals of Computation Theory, pages 1–18. Springer-Verlag Lecture Notes in Computer Science #1279, September 1997.

[Far84] M. Farber. Domination, independent domination, and duality in strongly chordal graphs. Discrete Applied Mathematics, 7:115–130, 1984.

[FHK00] U. Feige, M. Halldórsson, and G. Kortsarz. Approximating the domatic number. In Proceedings of the 32nd ACM Symposium on Theory of Computing, pages 134–143. ACM Press, May 2000.

[GJ79] M. Garey and D. Johnson. Computers and Intractability: A Guide to the Theory of NP-Completeness. W. H. Freeman and Company, New York, 1979.

[GJS76] M. Garey, D. Johnson, and L. Stockmeyer. Some simplified NP-complete graph problems. Theoretical Computer Science, 1:237–267, 1976.

[GK00] V. Guruswami and S. Khanna. On the hardness of 4-coloring a 3-colorable graph. In Proceedings of the 15th Annual IEEE Conference on Computational Complexity, pages 188–197. IEEE Computer Society Press, May 2000.

[GNW90] T. Gundermann, N. Nasser, and G. Wechsung. A survey on counting classes. In Proceedings of the 5th Structure in Complexity Theory Conference, pages 140–153. IEEE Computer Society Press, July 1990.

[GRW01a] A. Große, J. Rothe, and G. Wechsung. A note on the complexity of computing the smallest four-coloring of planar graphs. Technical Report cs.CC/0106045, Computing Research Repository (CoRR), June 2001. Available on-line at http://xxx.lanl.gov/abs/cs.CC/0106045.

[GRW01b] A. Große, J. Rothe, and G. Wechsung. Relating partial and complete solutions and the complexity of computing smallest solutions. In Proceedings of the Seventh Italian Conference on Theoretical Computer Science, pages 339–356. Springer-Verlag Lecture Notes in Computer Science #2202, October 2001.

[GW87] T. Gundermann and G. Wechsung. Counting classes with finite acceptance types. Computers and Artificial Intelligence, 6(5):395–409, 1987.

[Hem87] L. Hemachandra. The strong exponential hierarchy collapses. In Proceedings of the 19th ACM Symposium on Theory of Computing, pages 110–122. ACM Press, May 1987.

[HH00] E. Hemaspaandra and L. Hemaspaandra. Computational politics: Electoral systems. In Proceedings of the 25th International Symposium on Mathematical Foundations of Computer Science, pages 64–83. Springer-Verlag Lecture Notes in Computer Science #1893, 2000.

[HHH98] E. Hemaspaandra, L. Hemaspaandra, and H. Hempel. What’s up with downward collapse: Using the easy-hard technique to link boolean and polynomial hierarchy collapses. SIGACT News, 29(3):10–22, 1998.

[HHR97a] E. Hemaspaandra, L. Hemaspaandra, and J. Rothe. Exact analysis of Dodgson elections: Lewis Carroll’s 1876 voting system is complete for parallel access to NP. Journal of the ACM, 44(6):806–825, November 1997.

[HHR97b] E. Hemaspaandra, L. Hemaspaandra, and J. Rothe. Raising NP lower bounds to parallel NP lower bounds. SIGACT News, 28(2):2–13, June 1997.

[HHR05] E. Hemaspaandra, L. Hemaspaandra, and J. Rothe. Anyone but him: The complexity of precluding an alternative. In Proceedings of the 20th National Conference on Artificial Intelligence, pages 95–101. AAAI Press, 2005.

[HR98] E. Hemaspaandra and J. Rothe. Recognizing when greed can approximate maximum independent sets is complete for parallel access to NP. Information Processing Letters, 65(3):151–156, February 1998.

[HRS06] E. Hemaspaandra, J. Rothe, and H. Spakowski. Recognizing when heuristics can approximate minimum vertex covers is complete for parallel access to NP. R.A.I.R.O. Theoretical Informatics and Applications, 40(1):75–91, 2006.

[HSV05] E. Hemaspaandra, H. Spakowski, and J. Vogel. The complexity of Kemeny elections. Theoretical Computer Science, 349(3):382–391, December 2005.

[HT98] P. Heggernes and J. Telle. Partitioning graphs into generalized dominating sets. Nordic Journal of Computing, 5(2):128–142, 1998.

[HW91] L. Hemachandra and G. Wechsung. Kolmogorov characterizations of complexity classes. Theoretical Computer Science, 83:313–322, 1991.

[HW97] E. Hemaspaandra and G. Wechsung. The minimization problem for boolean formulas. In Proceedings of the 38th IEEE Symposium on Foundations of Computer Science, pages 575–584. IEEE Computer Society Press, October 1997.

[HW02] E. Hemaspaandra and G. Wechsung. The minimization problem for boolean formulas. SIAM Journal on Computing, 31(6):1948–1958, 2002.

[Kad88] J. Kadin. The polynomial time hierarchy collapses if the boolean hierarchy collapses. SIAM Journal on Computing, 17(6):1263–1282, 1988. Erratum appears in the same journal, 20(2):404, 1991.

[Kad89] J. Kadin. P^{NP[log n]} and sparse Turing-complete sets for NP. Journal of Computer and System Sciences, 39(3):282–298, 1989.

[KLS00] S. Khanna, N. Linial, and S. Safra. On the hardness of approximating the chromatic number. Combinatorica, 20(3):393–415, 2000.

[Kre88] M. Krentel. The complexity of optimization problems. Journal of Computer and System Sciences, 36:490–509, 1988.

[KS94] H. Kaplan and R. Shamir. The domatic number problem on some perfect graph families. Information Processing Letters, 49(1):51–56, January 1994.

[KSW87] J. Köbler, U. Schöning, and K. Wagner. The difference and truth-table hierarchies for NP. R.A.I.R.O. Informatique théorique et Applications, 21:419– 435, 1987.

[KV91] S. Khuller and V. Vazirani. Planar graph coloring is not self-reducible, assuming P ≠ NP. Theoretical Computer Science, 88(1):183–189, 1991.

[LS95] T. Long and M. Sheu. A refinement of the low and high hierarchies. Mathematical Systems Theory, 28(4):299–327, July/August 1995.

[MS72] A. Meyer and L. Stockmeyer. The equivalence problem for regular expressions with squaring requires exponential space. In Proceedings of the 13th IEEE Symposium on Switching and Automata Theory, pages 125–129, 1972.

[Pap94] C. Papadimitriou. Computational Complexity. Addison-Wesley, 1994.

[PW88] C. Papadimitriou and D. Wolfe. The complexity of facets resolved. Journal of Computer and System Sciences, 37(1):2–13, 1988.

[PY84] C. Papadimitriou and M. Yannakakis. The complexity of facets (and some facets of complexity). Journal of Computer and System Sciences, 28(2):244– 259, 1984.

[PZ83] C. Papadimitriou and S. Zachos. Two remarks on the power of counting.

In Proceedings of the 6th GI Conference on Theoretical Computer Science, pages 269–276. Springer-Verlag Lecture Notes in Computer Science #145, 1983.

[Rot00] J. Rothe. Heuristics versus completeness for graph coloring. Chicago Journal of Theoretical Computer Science, vol. 2000, article 1:1–16, February 2000.

[Rot03] J. Rothe. Exact complexity of Exact-Four-Colorability. Information Processing Letters, 87(1):7–12, July 2003.

[Rot04] J. Rothe. Exact-Four-Colorability, exact domatic number problems, and the boolean hierarchy. In H. Buhrman, L. Fortnow, and T. Thierauf, editors, Dagstuhl Seminar 04421: “Algebraic Methods in Computational Complexity”. Dagstuhl Seminar Proceedings, October 2004. Available on-line at http://drops.dagstuhl.de/opus/volltexte/2005/105/pdf/04421.Rothe- Joerg.Paper.105.pdf.

[Rot05] J. Rothe. Complexity Theory and Cryptology. An Introduction to Cryptocomplexity. EATCS Texts in Theoretical Computer Science. Springer- Verlag, Berlin, Heidelberg, New York, 2005.

[RR04a] T. Riege and J. Rothe. Complexity of the exact domatic number problem and of the exact conveyor flow shop problem. Theory of Computing Systems, December 2004. On-line publication DOI 10.1007/s00224-004-1209-8. Paper publication to appear.

[RR04b] T. Riege and J. Rothe. Complexity of the exact domatic number problem and of the exact conveyor flow shop problem. In Proceedings of the First IEEE International Conference on Information & Communication Technologies: From Theory to Applications, pages 653–654. IEEE Computer Society Press, April 2004. A six-page extended abstract is available from CD-ROM ISBN 0-7803-8483-0.

[RR05] T. Riege and J. Rothe. An exact 2.9416^n algorithm for the three domatic number problem. In Proceedings of the 30th International Symposium on Mathematical Foundations of Computer Science, pages 733–744. Springer- Verlag Lecture Notes in Computer Science #3618, August 2005.

[RRSY06] T. Riege, J. Rothe, H. Spakowski, and M. Yamamoto. An improved exact algorithm for the domatic number problem. In Proceedings of the Second IEEE International Conference on Information & Communication Technologies: From Theory to Applications, pages 1021–1022. IEEE Computer Society Press, April 2006. A six-page extended abstract is available from CD-ROM.

[RSV02] J. Rothe, H. Spakowski, and J. Vogel. Exact complexity of Exact-Four- Colorability and of the winner problem for Young elections. In R. Baeza- Yates, U. Montanari, and N. Santoro, editors, Foundations of Information Technology in the Era of Network and Mobile Computing, pages 310–322. Kluwer Academic Publishers, August 2002. Proceedings of the 17th IFIP World Computer Congress/2nd IFIP International Conference on Theoretical Computer Science.

[RSV03] J. Rothe, H. Spakowski, and J. Vogel. Exact complexity of the winner problem for Young elections. Theory of Computing Systems, 36(4):375–386, June 2003.

[Sch78] T. Schaefer. The complexity of satisfiability problems. In Proceedings of the 10th ACM Symposium on Theory of Computing, pages 216–226. ACM Press, May 1978.

[Sto73] L. Stockmeyer. Planar 3-colorability is NP-complete. SIGACT News, 5(3):19–25, 1973.

[Sto77] L. Stockmeyer. The polynomial-time hierarchy. Theoretical Computer Science, 3(1):1–22, 1977.

[SV00] H. Spakowski and J. Vogel. Θ^p_2 -completeness: A classical approach for new results. In Proceedings of the 20th Conference on Foundations of Software Technology and Theoretical Computer Science, pages 348–360. Springer- Verlag Lecture Notes in Computer Science #1974, December 2000.

[Uma01] C. Umans. The minimum equivalent DNF problem and shortest implicants.

Journal of Computer and System Sciences, 63(4):597–611, 2001.

[Wag87] K. Wagner. More complicated questions about maxima and minima, and some closures of NP. Theoretical Computer Science, 51:53–80, 1987.

[Wag90] K. Wagner. Bounded query classes. SIAM Journal on Computing, 19(5):833–846, 1990.

[Wec85] G. Wechsung. On the boolean closure of NP. In Proceedings of the 5th Conference on Fundamentals of Computation Theory, pages 485–493. Springer- Verlag Lecture Notes in Computer Science #199 , 1985. (An unpublished precursor of this paper was coauthored by K. Wagner).