Constructive Equivalents of the Uniform Continuity Theorem^1

Josef Berger (Mathematisches Institut, Universität München, Germany Josef.Berger@mathematik.uni–muenchen.de)

Abstract: For the purpose of constructive reverse mathematics, we show the equivalence of the uniform continuity theorem to a series of propositions; this illuminates the relationship between Brouwer’s fan theorem and the uniform continuity theorem. Key Words: Constructive Mathematics, Reverse Mathematics, Uniform Continuity Category: G.1.0, F.2.1

Working in the system EL, we investigate how the following axioms are related to each other:

– Every pointwise continuous function F : {0, 1}^N → N is uniformly continuous.

– Every pointwise continuous function F : {0, 1}^N → N is bounded.

– For every pointwise continuous function F : {0, 1}^N → N it is decidable whether it is constant or not.

– The fan theorem: every detachable bar is uniform.

An introduction to the formal system EL can be found in Chapter 3 of [7]. Every object is based on natural numbers and functions α ∈ N → N. There is a canonical bijection between the set {0, 1}^∗ of finite binary sequences and N, by setting

u_0 = (), u_1 = (0), u_2 = (1), u_3 = (00), u_4 = (01), u_5 = (10), u_6 = (11), . . .

Therefore, we can work with functions g ∈ {0, 1}^∗ → N as well. A function α ∈ N → N is a binary sequence if

bin(α) ≡ ∀n ∈ N (α(n) = 0 ∨ α(n) = 1) .

For any formula A we write

∀α ∈ {0, 1}^NA 1 C. S. Calude, H. Ishihara (eds.). Constructivity, Computability, and Logic. A Collection of Papers in Honour of the 60th Birthday of Douglas Bridges.

as an abbreviation of ∀α ∈ N → N (bin(α) → A) .

Let αn denote the restriction of (finite or infinite) sequences to their first n components. Concatenation of finite sequences u, v is denoted by u ∗ v. Finally, let |u| denote the length of a finite binary sequence u. These operations are definable in EL. We are interested in continuous functions F : {0, 1}^N → N. Under the compact metric d(α, β) = inf { 2^{−n} | αn = βn } on {0, 1}^N, pointwise continuity reads as

∀α ∈ {0, 1}^N∃n ∈ N ∀β ∈ {0, 1}^N ( αn = βn → (F (α) = F (β)) ) (1) and uniform continuity reads as ∃n ∈ N ∀α, β ∈ {0, 1}^N ( αn = βn → (F (α) = F (β)) ) . For the sake of working within EL, we use a concept of continuity which is based on functions f ∈ {0, 1}^∗ → N rather than on functions F : {0, 1}^N → N. A function f ∈ {0, 1}^∗ → N pointwise continuous if

pc(f) ≡ ∀α ∈ {0, 1}^N ∃n ∈ N ∀u ∈ {0, 1}^∗ (f(αn) = f(αn ∗ u)) . A function f ∈ {0, 1}^∗ → N is uniformly continuous if

uc(f) ≡ ∃n ∈ N ∀α ∈ {0, 1}^N ∀u ∈ {0, 1}^∗ (f(αn) = f(αn ∗ u)) . The uniform continuity theorem reads as UC ≡ ∀f ∈ {0, 1}^∗ → N (pc(f) → uc(f)) .

Note that UC is equivalent to the statement: each pointwise continuous function F : {0, 1}^N → N is uniformly continuous; thus the investigation of the constructive content of the uniform continuity theorem is not biased by representing continuous functions as type 1 objects. For f ∈ {0, 1}^∗ → N it can be decided whether it is constant or not if

dc(f) ≡ ∀u, v ∈ {0, 1}^∗ (f(u) = f(v)) ∨ ∃u, v ∈ {0, 1}^∗ (f(u) ≠ f(v)) . Thus we define DC ≡ ∀f ∈ {0, 1}^∗ → N (pc(f) → dc(f)) .

A function f ∈ {0, 1}^∗ → N is bounded if bo(f) ≡ ∃n ∈ N ∀u ∈ {0, 1}^∗ (f(u) ≤ n) .

Let us define PB ≡ ∀f ∈ {0, 1}^∗ → N (pc(f) → bo(f)) .

Now it remains to formalise Brouwer’s fan theorem. This is done similarly as in [5]. A function f ∈ {0, 1}^∗ → N is a bar if bar(f) ≡

∀u, v ∈ {0, 1}^∗ (f(u) = 0 → f(u ∗ v) = 0) & ( ∀α ∈ {0, 1}^N∃n (f(αn) = 0) ) . A function f ∈ {0, 1}^∗ → N is a uniform bar if ubar(f) ≡ ∃n ∈ N ∀α ∈ {0, 1}^N (f(αn) = 0) .

Now we can define FT ≡ ∀f ∈ {0, 1}^∗ → N (bar(f) → ubar(f)) .

For a function f ∈ {0, 1}^∗ → N and n ∈ N we define

sup(f, n) ≡ ∃u ∈ {0, 1}^∗ (f(u) = n) &∀u ∈ {0, 1}^∗ (f(u) ≤ n) . Thus sup(f, n) just says that n is the supremum of f.^2 Its existence is guaranteed at least in the case of uniform continuity:^3 Lemma 1. EL ⊢ ∀f ∈ {0, 1}^∗ → N (uc(f) → ∃n ∈ N sup(f, n)) Proof. Fix a uniformly continuous f. Then there is m ∈ N such that ∀α ∈ {0, 1}^N ∀u ∈ {0, 1}^∗ (f(αm) = f(αm ∗ u)) .

Thus we have sup(f, max {f(u) | u ∈ {0, 1}^∗ and |u| ≤ m}). □ At some stage we shall use the following version of the axiom of choice AC^∗ ≡

∀u ∈ {0, 1}^∗ (A(u) ∨ ¬A(u)) →

∃g ∈ {0, 1}^∗ → N (∀u ∈ {0, 1}^∗ (g(u) = 0 ↔ ¬A(u))) , where A(u) is a Σ^0_1 –formula. 2 The infimum is treated analogously.

3 See Corollary 4.3 in Chapter 4 of [2] for an informal proof of this fact.

Proposition 2.

EL ⊢ UC ↔ PB EL ⊢ UC → FT + DC EL + AC^∗ ⊢ FT + DC → UC

Proof. (EL ⊢ UC → PB) This follows from Lemma 1.

(EL ⊢ PB → UC) Fix a pointwise continuous f ∈ {0, 1}^∗ → N. We define g ∈ {0, 1}^∗ → N by

g(w) = max ({k ∈ {0, . . . , |w| − 1} | f(wk) ≠ f(w)} ∪ {0})

and show that g is pointwise continuous as well. Fix α ∈ {0, 1}^N; there is m ∈ N such that

∀u ∈ {0, 1}^∗ (f(αm) = f(αm ∗ u)) .

Fix u ∈ {0, 1}^∗. Then

g(αm) = max ({k ∈ {0, . . . , m − 1} | f(αk) ≠ f(αm)} ∪ {0}) = max ({ k ∈ {0, . . . , m + |u| − 1} | f(αm ∗ uk) ≠ f(αm ∗ u) } ∪ {0} ) = g(αm ∗ u).

Thus g is pointwise continuous.

Now, by PB, there is k ∈ N such that

∀u ∈ {0, 1}^∗ (g(u) < k) .

For every α ∈ {0, 1}^N and for every u ∈ {0, 1}^∗ we can conclude that

f(αk) = f(αk ∗ u),

since otherwise g(αk ∗ u) ≥ k, which is absurd. Thus f is uniformly continuous.

(EL ⊢ UC → FT) Let f ∈ {0, 1}^∗ → N be a bar. Then f is pointwise and therefore uniformly continuous. It follows that f is a uniform bar.

(EL ⊢ UC → DC) Let f ∈ {0, 1}^∗ → N be uniformly continuous. Comparing the supremum of f with the infimum of f yields a decision whether f is constant or not.

(EL + AC^∗ ⊢ FT + DC → UC) Fix a pointwise continuous function f ∈ {0, 1}^∗ → N. For every u ∈ {0, 1}^∗ the assignment

{0, 1}^∗ ∋ w → u ∗ w is definable in EL and pointwise continuous. Thus the function

f_u : {0, 1}^∗ → N, w → f(u ∗ w)

is pointwise continuous as well. For u ∈ {0, 1}^∗ we define

A(u) ≡ ∃v, w ∈ {0, 1}^∗ (f(u ∗ v) ≠ f(u ∗ w)) .

Thus A(u) is the Σ^0_1 –statement: f_u is not constant. And ¬A(u) is the statement: f_u is constant. By dc(f_u) we have A(u) ∨ ¬A(u). Thus, by AC^∗ there is g ∈ {0, 1}^∗ → N such that

∀u ∈ {0, 1}^∗ (g(u) = 0 ↔ ¬A(u)) .

By the definition of A it follows that

∀u, v (g(u) = 0 → g(u ∗ v) = 0) . (2)

By (2) and the pointwise continuity of f we can see that g is a bar; by FT, g is a uniform bar, which implies the uniform continuity of f. □

It was Hajime Ishihara who propagated formal approaches to constructive reverse mathematics [4]. See also the work of Iris Loeb [6] and Wim Veldman [8].

It is well known that in Bishop’s constructive mathematics the uniform continuity theorem implies Brouwer’s fan theorem. Under continuous choice, the reverse implication holds as well; see Section 3 of Chapter 5 in [3] for proofs of these results. Continuous choice is required in order to assure that pointwise continuous functions possess a modulus of pointwise continuity. That means that the assignment ∀α∃n . . . in (1) is given by a pointwise continuous function. One can show that Brouwer’s fan theorem is equivalent to the proposition: each function which possesses a modulus of pointwise continuity is uniformly continuous [1].

References

1. Josef Berger. The fan theorem and uniform continuity. In: S.Barry Cooper, Benedikt Löwe, Leen Torenvliet (eds.), CiE 2005: New Computational Paradigms, Papers presented at the conference in Amsterdam, June 8-12, 2005, Lecture Notes in Computer Science 3526 (2005) pages 18–22 2. Errett Bishop and Douglas Bridges. Constructive Analysis. Grundlehren der mathematischen Wissenschaften, 279. Springer (1985) 3. Douglas Bridges and Fred Richman. Varieties of Constructive Mathematics. Cambridge University Press (1987) 4. Hajime Ishihara. Constructive Reverse Mathematics: Compactness Properties. In:

L. Crosilla and P. Schuster (eds). From Sets and Types to Topology and Analysis. Oxford University Press (2005)

5. Hajime Ishihara. Weak König’s lemma implies Brouwer’s fan theorem: a direct proof.

Notre Dame Journal of Formal Logic (2006) 6. Iris Loeb. Equivalents of the (Weak) Fan Theorem. Annals of Pure and Applied Logic, Volume 132, Issue 1 (2005) pages 51–66 7. Anne S. Troelstra and Dirk van Dalen. Constructivism in Mathematics. An Introduction. Vol 1. North-Holland Publ. Co., Amsterdam (1988) 8. Wim Veldman. Brouwer’s fan theorem as an axiom and as a contrast to Kleene’s alternative. Preprint, Radboud University, Nijmegen (2005)