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Abstract:  Multiple hop routing in mobile ad hoc networks can minimize energy con-
sumption and increasedata throughput. Yet, the problem of radio interferencesremain.
However if the routes are restricted to a basic network basedon local neighborhoods,
these interferences can be reduced such that standard routing algorithms can be ap-
plied.

We compare di eren t network topologiesfor these basic networks, i.e. the Y ao-graph
(aka. -graph) and somealsoknown related models, which will be called the SymmY-
graph (aka.YS-graph), the SparsY-graph (aka. YY-graph) and the BoundY-graph
Further, we presert a promising network topology called the HL-graph (based on
Hierarchical L ayers).

We compare thesetop ologiesregarding degree,spanner-properties, and communication
features. We investigate how these network topologiesbound the number of (uni- and
bidirectional) interferencesand whether these basic networks provide energy-optimal or
congestion-minimal routing. Then, we comparethe ability of thesetopologiesto handle
dynamic changes of the network when radio stations appear and disappear. For this
we measurethe number of involved radio stations and presert distributed algorithms
for repairing the network structure.

Key Words: ad hoc networks, topology control, distributed algorithms
Category: F.2, G.2.3,1.3.5

1 Motiv ation

Our researt aims at the implementation of a mobile ad hoc network based
on distributed robust communication protocols. Besidesthe traditional use of

1 Researh was done as the authors were with the Heinz Nixdorf Institute,
Paderborn University. Partially supported by the DFG-Sonderforschungsbereich
376 and by the Future and Emerging Tednologies programme of the EU under
contract number 1IST-1999-14186 (ALCOM-FT). A preliminary version appearedin
[Lukovszki et al. 2002.
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omni-directional transmitters, we want to investigate the e ect of spacemulti-
plexing techniques and variable transmission powers on the e ciency and ca-
pacity of ad hoc networks. Therefore our radios can sendand receive radio sig-
nals independertly in k sectors of angle using one frequency Furthermore,
our radio stations can regulate its transmission power for ead transmitted
signal. To show that this approad is also suitable in practical situations, we
are currently developing a communication module for the mini robot Khepera
[Mondada et al. 1999 K-Team S.A. 200Q that cantransmit and receiwein eight
sectorsusing infrared light with variable transmission distancesup to one meter
A colony of Khepera robots will be equipped with this modulesto establish ad
hoc networks and to evaluate our researd results under realistic conditions.

We assumethat most of the time the network is stable and performs a point-
to-point communication protocol accordingto an adequatelychosenrouting pro-
tocol. In [Meyer auf der Heide et al. 2004 it is shown that the quality of the
routing dependson the choice of the underlying network that we call basic net-
work. In this paper we investigate how such networks can be maintained when
stations enter and leave the network.

Little is known about the e cien t design of topology-preservingdynamic al-
gorithms. Many approachesconsidera model where a certral algorithm cortrols
the network structure, using the exact coordinates in R? of the radio stations
(e.g., [Chenet al. 2001, Xu et al. 2007). In contrast to this model we want to
investigate a distributed network model where the only information available is
given by incoming radio signals and which sector it is received, which givesa
rough estimation of the direction to the sender.

The dynamics we are investigating is that a single radio station enters or
leavesthe system, while the rest of the systemis stable. We claim that a node
entering a network knows this situation, e.g.becauseét is switchedon or it eaves-
drops on existing communication from the network. A node leaving the system
is equivalent to a complete node failure. This meansthat it is not necessary
that the leaving node informs the network. Sudch dynamic changesare the most
frequert changesof a radio network besidesthe motion of radio stations.

In our view its very unlikely that all mobile radio station would start (or
leave) at the sametime. And even if this is enforcedone can easily add a prob-
abilistic strategy that prevents this situation. Then the establishmen of the
complete network turns out to be a seriesof single stations entering an existing
network. This approach makes sense,since nobody expects that a radio con-
nection to the network is instantly establishedand we will seethat there exist
network structures where entering and leaving will only need somelogarithmic
communication rounds.

In this paper, we do not addressthe problem of moving radio stations. How-
ever, if the movemert is not too fast, the moving node can reestablishthe correct
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network by triggering a leave and an enter -operation. Furthermore, we hope
that the basicroutines developed for this switching dynamics provide basictech-
niquesfor more sophisticated maintenancetechniquesof mobile ad hoc networks.

2 Mo del

Our investigations concertrate on the implementation of distributed algorithms
for mobile ad hoc networks with radio stations with speci ¢ hardware features.
However, some network topologies (lik e the HL-graph) can be usedin a much
more general hardware model.

2.1 Comm unication Mo del

In this paper we assumethat if a station enters the systemit will sendout cortrol

messagedo stop normal padket routing for the (hopefully short) time needed
to update the network structure. All padkets are stored on the radio stations
and delivered when the network structure hasbeenrestored. In contrast to this

reactive approach, onecan alsotake advantage of synchronized clocks if available.
If a periodically time period is resenedthat is known to all nodes(including new
ones), the maintenance of the network can be donein this special maintenance
period. Thus, no corntrol padkets are necessaryto stop the padket routing mode
and collisions causedby the control packets can be prevented.

In our communication model, we assumethat a radio station w, also called
node, is able to detect three typesof incoming signals: No signal indicates that
no radio signal is transmitted at all or that all radio stations r in distanced send
with transmissiondistanced®< d. The interference signal indicates that at least
two radio stations u and v sendin this time step t with transmission distance
d(u;t) > jju;wjj2 and d(v;t) > jjv;wijj2, where jju; wjj, denotesthe Euclidean
distance. A clear signal is received by w if one radio signal with appropriated
transmissionpower to cancelout weaker incoming signalsis reaching u's antenna.
Then it can read the transmitted information m 2 f0; 1g° of somelength p. A
communication round is the time necessaryto sendone padket of length p, where
p is large enoughto carry someelemenary information like the sendingstation,
the addressedstations (if speci ed), the transmissiondistance,and somecortrol
information.

We assumethat there is a timing schedule adapted to the basic network
topology that allows the stations in a static time period, i.e. no nodes enter or
leave, to transmit and adknowledge padkets over the network routes with only
small number of interfering packets. During such a phase we can neglect the
interfering impact of acknowledgmert signals.
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However when a connectionis establishedthe sendingand answering signal
have the samesmall length, becauseonly control information needsto be trans-
mitted. Then the impact of answering signalsis the same as those of sending
signals. Therefore, we consider two types of interferences:The uni-dir ectional
interferenaesin the routing mode and the bi-directional interferences when con-
nections are establishedor network changesare compensated.

2.2 Hardw are Mo del

Every node can choosethe transmitting power according to s discrete choices

Figure 1: The sectorof u containing v and transmitting distancesd;; dy; ds;:::

Every node u has k sending and receiving devices,which are located suc
that they can communicate in parallel within ead of k disjoint sectors with
angle = 27 Every node u has beenrotated by a angle , which is unknown
to u. Note that the radio stations have dierent oset angles . If u sends
a signal in the ith sector it actually sendsinto a direction described by the
intervalR=1[ ,+i; y+ (i+ 1)) and can be received by node v in sector
fR\[v+]; v+ (+1) )6 ;.0f coursev receivesu only if in addition u
sendsthis signal with transmission distanced;  jju; vjj» (seeFigure 1).

Furthermore, we allow that radio stations can measure distances only by
sending messageswith varying transmission power. Then the receiving party
can only decide whether the signal arrives or not. This restricts transmission

minimum discrete choice of transmission power to sendover a given distance by

minfi jdi xgif x ds;

DO = if x > ds :
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De ne ” (u;v) asthe number of u's sector containing the edge (u;v) (note
that k =2 ):
0 u

mod K ;

where] (x) denotesthe angle of a vector x in R?.

2.3 Location of Nodes

One of the most delimiting properties is that radio stations do not know their
locations. The following restriction prevent the vertex set from taking abnormal
positions.

De nition 1. Let V be a set of n verticesin R2. V is in general position , if
there are no verticesu; v;w 2 V with v & w and jju; vjj2 = jju; wjjz.
We call a vertex set normal , if for a xed polynomial p(n) we have

maXyy 2 v ” u; ij2
Mingy 2v jju; Vij2

p(n) :

Becauseof the discrete model for the transmitting distanceswe cannot dis-
tinguish distanceswithin someinterval (d;; di+1 ]. However, we assumethat these
distancesform a ne granular scale.Furthermore, we want to neglect problems
occurring when the maximum transmission distance is shorter than distances
between nodes. Therefore throughout this paper, we restrict vertex setsto be
nice:

De nition 2. We call the locations of radio stations nice, if for all u;v;w 2 V
we have D(u;v) 6 ? and

V=W () Au;v) = M(u;w) A D(u;v) = D(u;w) e

Throughout this paper we considerthe vertex setto be nice and normal.

3 Basic Network Topologies

The underlying hardware model allows to communicate in k disjoint sectors
in parallel. Therefore a straight-forward approach is to chooseas a communi-
cation partner the nearestneighbor in a sector. This leadsto the de nition of
Yao-graphs.Besidethe classof Yao-graphswe study a hierarchical topology con-
struction, called the Hierarchical Layer Graph, which is basedon a hierarchical
clustering method.
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3.1 Yao-Graphs and Varian ts

De nition 3. [Yao 1987 For a givensetV of n verticesin R?, the Y ao-graph
(aka. -graph) is de ned by the following set of directed edges:

E=f(uv)j8ws6 u : ~(u;v) = *(u;w) ) D(u;v) D(u;w)g:

Recallthat throughout this paper we assumevertex setsto be nicely located,
henceevery node hasat most oneneighbor in a sector. The out-degreeis therefore
bounded by k. However, a node can be the nearest node of many nodes. To
overcomethis problem of high in-degreeresulting in time-consuminginterference
resolution schedules,we presert three Yao-graph basedtopologies.

The symmetric Yao-graph , called (SymmY-graph) is a straight-forward
solution of the high in-degreeproblem. An edge(u; V) is only introducedif u is
the nearestneighbor of v and vice versa.

De nition 4. [Wang and Li 2003 Let G be the Yao-graph of a vertex setV.
Then, the edgeset E of the Symmetric Yao-graph (SymmY-graph ) of V is
de ned by

E:=f(uv)2E(G)j(v;u)2E(G)g:

Although sud a graph reducesinterferencesto a minimum (becausen every
sectoronly at most one neighbor appears) very long detours may appear, which
make sud a graph incapableof bearing short routes and allowing routing without
bottlenecks.

Following the approach of [Wang and Li 2003 we consideralsoa graph topol-
ogy which allows at most two neighborsin a sectorand call this graph sparsi ed
Y ao-graph , which is a Yao-graphwhere, when the in-degreeof a sectorexceeds
one, only the incoming shortest edgewill be chosen.

De nition 5. [Wang and Li 2007 For a given set V of n vertices in R?, the
edgeset of the Sparsied Yao graph (SparsY-graph ) is de ned by

E=f(u,v)2E(G)j8w2V: ((w;v) 2 E(G ) and " (v;w) = " (v;u))
=) iw;viiz2 > jiu; vij2g ;
where G denotesthe Yao-graphof V.
It is an open problem whether all SparsY-graphsare c-spanners,i.e. the
shortest path betweenverticesin the network is at most c-times longer than the
Euclidean distance.

To construct a c-spannerwith constart degreeArya et al: [Arya et al. 1995
intro duced the following transformation. Like in [Lukovszki 1999 we apply this
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technique to the Yao-graph and call the resulting graph a Bounded Degree
Y ao-graph (BoundY graph).

For this, let G = (V; E) beac®spannerwith boundedout-degree.Let N (v) =
fw 2 V : wv 2 Eg the set of in-neighbors of v 2 V. For each v 2 V, the
star de ned by the edgesfwv 2 N (v)g will be replacedby a so-calledv-single
sink c®spanner, c®°= c:é’,ST (v), which has a bounded in- and out-degree, i.e:
G =(V;E ), whereE =,y wae () UV

A graph with a vertex set U is called a v-single sink c®spanner (a (v; c%-
SSS) if from ead vertex w 2 U there is a c®®spannerpath to the vertex v. Such
a (v; c%-SSSfor U can be constructed as follows.

Let = 2arcsin%ml. Wedivide the plane around v into sectorsof an angular
diameter at most . For ead sector C, let Uc be the set of all vertices of
U nfvg contained in C. If a subsetUc contains more than jUj=2 vertices, then
we partition it arbitrarily into two subsetsUc.1 Uc.», ead of sizeat most jUj=2
For eath subsetUc, let w. 2 Uc be the vertex which is closestto v. We add
the edgewc v and then we recursively construct a (wc ; c°y-SSSfor ead subset
Uc . This recursion endsafter logjUj steps,sincewe halve (at least) the number
of vertices at ead level of the recursion. In this way we obtain a directed tree
T(v) with root v which is a (v; c°y-SSSfor N (v) [ fvg. Sinceead vertex v had a
boundedout-degreein G, and thereforeit canbe contained in a constart number
of in-neighborhoods N (u), u 2 V, its degreein G will be also bounded. This
completesthe construction of the BoundY graph.

The above recursive construction is allows the distributed construction of
the BoundY graph given the Yao-graph. Furthermore, for compassrouting it
provides suitable rerouting information: If a messagewvants to usean edgeuv in
the Yao-Graph, then it will usethe tree-path from uto vin T(v) G , which
has at most O(log n) hops.

3.2 The Hierarc hical Layer Graph

Adopting ideasfrom clustering [Gao et al. 20013 Gao et al. 20014 and general-
izing an approacd of [Adler and Scheideler 199§ we presen a graph consisting

Layer graph (HL-graph ). Let V be asetof n verticesin R?. The lowest layer
Lo contains all verticesV. For 1 i w, the vertex set of a higher layer L; is
a subsetof the vertex set of a lower layer L; ; until in the highestlayer there is
only onevertex, i.e.

V =V(Lo) V(L1) V(Lw) = fvog:

The crucial property of these layers is that in ead layer L; vertices obey a
minimum distance:
8u;v 2 V(L) : jju;vjj2 ri:
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Furthermore, all nodesin the next-lower layer must be covered by this distance:
8u2V(Li) 9v2 V(Li+1) : jju;Vijj2 Fis1 ©

Our construction usesparameters > 1, where for some
ro < mingy2v jju; vij2 we useradii

= 1 ro
and we de ne in layer L; the edgeset E(L;) by
E(Li):=f(u;v)ju,v2 V(L)) ™ jju;vijz rg:

Clearly, for a normal vertex set we have a maximum number of w = O(log n)
layers. For HL-graphs we need not assumenice or normal locations, as long as
our hardware models supports the following transmission distances:

2.dp  mingy v jju; vij2,

3. dw  maxyy2av jju; Vjja.

4 Elemen tary Graph Prop erties

We can show the following inclusions. Note that A 66 B denotesA 6 B and
B 6 A.

Lemma 6. Let V be a nice vertex set. Then, SymmY(V) SparsY(V)
BoundY (V) and SparsY(V) Yao(V). For someV it holdsthat BoundY(V) 66
Yao(V).

The proof follows directly by the de nitions.

4.1 Degree

Lemma 7. For normal and nice vertex setsV consisting of n nodeswe observe
the following maximum in- and out-degrees:

Topology | Yao [SymmY|SparsY| BoundY HL

in-degree |n 1| k k (k + 1)> |O(log n)
out-degree| k k k k O(logn)
degree |n 1] k 2k |k + (k+ 1)2|O(log n)
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4.2 Spanners, weak spanners and power spanners

In section5 we will seethat spanner-properties have implication for the energy
optimalit y of the network aswell asthe weak spannerproperty for the congestion
minimization.

De nition 8. A graph G = (V;E) isac-spanner , if for all u;v 2 V there exists
a (directed) path p from u to v with jjpjj> € jju;Vjjz.

G is aweak c-spanner , if for all u;v 2 V there exists a path p from u to v
which is covered by a disk of radius ¢ jju; vjj» certered at u.

G is a (c;d)-power spanner , if for all u;v 2 V there is a path p= (u =

X 1 B - ) X 1 B -
(juisuisn ji2)* ¢ min (jviivis Ji2)? -
i=1 (U=V1N2$HVW=V)i:1

If for all d > 1 there exists a constart c suc that G is a (c;d)-power spannerwe
call G a power spanner .

On the positive side the following results are known.
Lemma 9.

1. LetV  RZ For k > 6 the Yao-graph s a c-spanner with c= 1=(1 2sin )

[Ruppert and Seidel 1991].

q_—
2. For k 6 and c= max 1+ 48sin*( =2);IO 5 cos the Yao-graphis a

weak c-spanner [Fischer et al. 1997].

P—p-
3. For k = 4, the Yao-graph is a weak c-spanner with ¢ = 3+ 5

[Fischer et al. 199§.

4. For k > 6 the BoundY-graph is a c-spanner for a constant c
[Arya etal. 1995.

5. For k > 6 the SparsY-graph is a power spanner [Wang and Li 2002.

It is an open problem whether SparsY-graphsare c-spanners.Here, we shov
that they are also weak spanners(and the proof of this theorem can be used
give a proof of the power spannerproperty without assumingthat the angle k
is depending on V asdonein [Wang and Li 2003).

1

Lemma 10. For k > 6the SparsY-graphis a weak c-spanner where ¢ = —<—.
2

Proof. Let G = (V; E) bethe SparsY-graphand Gy = (V; Ev) bethe underlying
Yao-graph. Starting from two vertices u; v we will shov how to nd a directed
path from u to v in the SparsY-graphthat is inside a disk with certer at u of
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radius jju; vjj2=(1 2sin ). For a sectori, de ne the Yao-neighor v of a vertex
u asthe (unique) vertex v with (u;v) 2 Ey . Then we know:

{ If a node u has no directed edgein a sector i, then either the sector is
empty (i.e. no edgein the Yao-graph), or there is a Yao-neigtbor v (i.e.,
(u;v) 2 Evy) incident to an edge(w;Vv) 2 E, wherew is in another sector of
u. Furthermore, jju; wijj2 < jju; vjj2, because < =3 and jjv;wijj2 < jju; vjj2.

{ Every node u has at least one neighbor v, i.e.9v2 V : (u;v) 2 E.

Now, we recursively construct the path P (u; v) using someof the Yao-neigh-
bors of u (seeFigure 2). If (u;v) 2 E then P(u;v) = ((u;Vv)), if u = v then
P(u;v) = (). If in sectori = ~ (u; V) the Yao-neighbor, called ¢, is not directly
connectedto u. Then, we know that there exists an edge (po; @) 2 E, where
Po is in a sectori; 6 ip of u and jjpo;ujj2 < jjqo;ujj2. Furthermore we have
that jjoo; ujj2  jju; vjj2. Then, we repeat this considerationfor the sectori; and
replacev by p;. This iteration endswhen a Yao-neighbor g, or py is directly
connectedto u, i.e. (U;gn) 2 E or (uU; pm) 2 E. Becauseevery node has at least
one neighbor in E this processterminates.

Now we recursively de ne the path P(u;v) from u to v that terminates at
node g, (for pm, the path canbe de ned analogous:replace (u; gm) by (U; pm)

(Pm; Gm)) by
P(u;v) = (U;Gn) P(@n;Pm 1) (Pm 1:Gn 1) ::: P(tk;po) (Po;t) P(Q;V):

Note that all nodesp;; g are inside the disk with certer u and radius jju; vjj,.
Furthermore, we have jjg;pi 1jj2 < jju;Vjj2. In the next recursion vertices of
the path may lie outside of this disk. However it is straight-forward that the
maximum disk ampli cation of a recursion step will be achieved, if g and p 1

There we have
X vilz = jjgspr iz < ZSiné jiu;vijz
That means, that the maximum ampli cation of the disk with cernter u
and radius jju; vjj> can be at most jju; vjj» + 2sin5 j'j,u;vjjz in ead recursion
step. Let r be the depth of the recursion, then by = [_; (2sin5)" jju; Vjjz
jiusvjj2=(1  2sin) it follows, that P(u;v) is inside the disk with certer u of
radius jju; vjj2=(1 2sin) and sowe getc= 1=(1 2sin5). t

Lemma 11. If > 2— the HL-gF]aph is a c-spanner for

( 1)+2

c=max —(—p 7~

Proof. De ne adirected tree T onthe vertex setVy f0;:::;wg asfollows. The
leafsof T areall pairsVp fO0g.If u2 V(L;), then (u;i) isavertexof T. T consists
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Figure 2: Proof idea for the weak spanner property of the SparsY-graph

X

7

<

A

\'

Figure 3: Maximum disk ampli cation

of the following edges:For i > 0if u 2 V(L;), then ((u;i 1);(u;i)) 2 E(T).
If u2 V(Li)nV(Li+1 ) then choosesarbitrary v 2 V(Li+1) with (u;v) 2 E(L;)
and add ((u;i); (v;i + 1)) to the edgeset of the tree T. Note that the tree has
depth w and the root (vp;w).

Now for two verticesu; v 2 V we de ne a clamp of height j, which is a path

P (u)) and P} = (v;p(v); p?(v);:::p (v)) of length j 1, where p'(w) denotes
the ancestorof height i of a vertex w in the tree T. Thesetwo path are connected
by the edge(p’ (u); p' (v)).

Claim 1 If for vertices u;v the distance is boundda by jju;vjj.  d;, then a
clamp of heightj is contained in the HL-graph, where

do=ro and dj+1 =( 2 )I‘j + dj .
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graph and that jjp'(u);p'*tji2  ri+1. A clamp of height j is corntained in G
if (P (u); P (V)jjz . This givesfor the maximum distance of u and v:

s .s )Q -
jiu;vjj2 ri+2 rp = d@j):
i=1

Now notethat d(j + 1) = d(j)+ (rj+1 rj)+2r+ =d@)+ r; r;+2rj.
u

Claim 2 A clamp C of heightj hasmaximum length *;, where
0= o and Tier = ( +2 )+

. ) P.
Proof. Recall that the length of the paths P} and P/ is boundedby 2 1_; r;
and the edge(p' (u); P (v)) haslength of at most r . This gives

iiCij rp+2 o= ()
i=1
Now "(j+1) “(j)=rjua r;+27r =( + 2)rj. t
Giventwo verticesu; v with distanced = jju; vjj» we determine the minimum
j with d;  dand then get a clamp of length at most *j. Let k := 2
and K := +2 .
Then we have:
X ]
d=ro+k =g +k71 k
i=1
Hencethe minimal choiceofj isj = dxlog (1+ (% k)Tl)e 1. We will
substitute j into °; and getforj 1:
Xt o
\j =r 0+ K I
i=1
j+1 1
=TIo + K 1 + K |
(4 k)t '
ro +K-—=m il K+ K
!
(& )
+ K—re =
lo K
K
- + d——
o K lo d K
K K i
4+ - J
d k k
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( 1)+ 2 ;
N R R
( D+2

t

Now, we solve the open problem stated in [Wang and Li 2003, whether the
SymmY-graph is a c-spanner, or a power spannerby giving a negative answer:

Lemma 12. The SymmY-graphis not a weak c-spanner for any constantc 2 R,
nor a (c;d)-power spanner for any d > 1.

Proof. We shov an example for n points in the plane, suc that the SymmY-
graph of that points is not a weak c-spanner for any c. Let *; and *, be two
vertical lines of unit distance from ead other, suc that ", isright to *;. Rotate
"1 clockwise around its intersection point with the x-axis by a very small angle
¢, and rotate ", counterclockwise around its intersection point with the x-axis
by an angle .. We denote the rotated lines by 9 and *9. Consider the vertex

respectively, asfollows. Assumethat for ead point u 2 U, the half-line, halving
the ith sectorof u is horizontal and directed in positive x-direction, and for v 2
V, the half-line, halving the i%h sectorof v is horizontal and directed in negative
x-direction. The vertex u; is placedon the intersection point of *; and the x-axis.
We placev; on ‘8 such that vy isin the ith sectorof u; and it is very closeto the
upper boundary of the ith sectorof u;. The vertex u, is placedon *¢ in the i%h
sector of v; closeto the upper boundary of that sector. The vertex v, is placed
on 9 in the ith sector of u, closeto the upper boundary of that sector, etc...
Then the SymmY-graph doesnot contain any edge(u; v) such that u2 Unfupyg
andv 2 V nfvy,g. The nearestneighbor of u; in sectori is vy, while v; hasu;
and u, alsoin sectori® whereus is nearer, etc... Only the last link up ; vy, will be
established.Therefore, evenif there is a path from u; to v, in the SymmY-graph,
its length is at least jjus; Umjj2 + jjum; Vmji2 + JjVm; Vajj2. FOr any givenc we can
choose . appropriately small, in order to get jjus; Umjj2;jjVm;Vijjz  ¢=2. This
provesthe claim.

Nevertheless,we can prove the following positive property.

Lemma 13. For k 6 and for geneal vertex sets the SymmY-graph is con-
nected.

Proof. We considera directed link (u;v) in the Yao-graphand show, that there
is a path from u to v in the SymmY-graph. We prove the claim by induction over
the length of all links. First of all, we considerthe shortest directed edge (u; v)
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in the Yao-graph. Then for k > 6 (v;u) is a directed edgein the -Yao-graph.
Otherwise it exist an shorter edge(v; w). It follows, that (u;v) is a link in the
SymmyY-graph. Now, we consider any edge(u;Vv) and assumethat the claim is
true for all (r;s) with jjr;sjj2 < jju; vjj2. Casel: (v; u) is alink in the Yao-graph.
Then this link exists also in the SymmY-graph. Case2: (v;u) is not a link in
the Yao-graph. Then a node w exists with ” (v;u) = ~ (v;w), jjw; Vjj2 < jju; Vjj2
and jju; wjj2 < jju;vjj2. By induction there exists a path from u to w and from
w to v in the -SymmY-graph. Therefore a path from u to v exists. t

5 Network Prop erties

In [Meyer auf der Heide et al. 2004 we investigatethe basicnetwork parameters
interference number, energy , and congestion . In this paper we extend the
de nition of interferencenumber to directed communication. The reasonis that
we allow two communication modes.In the padcet routing mode acknowledgmert
signalsare very short and we can neglectits impact on the interferences.When
control messagesave to be exchanged sendingand answering signals are both
short, then we have to considerall combination of interferences.Therefore we
distinguish the following of interferences.

De nition  14. The edge(r;s) hasa uni-directional interference causedby
(u; v), denoted by (r;s) 2 Ulnt(u;v), if

N(sjr) = ~(s;u) and M (u;s) = M(u;v) and D(u;v)  D(r;s)

The edge (r;s) bi-directionally  interferes with (u;v), denoted by (r;s) 2
BInt(u;v), if

(r;s)2 UInt(u; v) or (s;r)2 UInt(u; v) or (r;s)2 Ulnt(v;u) or (s;r)2 Ulnt(v; u):

The (bi-directional) interference number of a basic network G is de ned by
maxe2ef 1+ jBInt(e)jg, where Bint(e) denotesthe set of edgesthat interfere
with e if padkets are simultaneously transmitted.

Analogously, we de ne the uni-directional interference number of a
graph, by replacing Bint(e) by Ulnt(e).

Note that both types of interferencesare asymmetric, i.e. u 2 Bint(v) 6,
v 2 BiInt(u) and analogously for Ulnt. This stems from the fact that we use
adjustable transmission distances.

A routing protocol can be described by a set of paths P, called path system,
that optimizes network parameters. We assumethat the path systemis chosen
accordingto ademandw :V V! N represeting the point-to-p oint commu-
nication tra c within the network. Sincethe locations of the vertex setsare nice
for every combination of vertices there is at least a path p from u to v in the
path systemif w(u;v) > 0.
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De nition 15. The load “(e) of an edgee is the number, of packets that are
using this edge. The interfering load of an edgeis "(€) + o, Uin t(e) (9. The
edge with the maximum interfering load de nes the congestiorb of a path
system . The energy of a pathsystem P is givenby .., ., p pow(e),
where pow(e) = (jiefj2). Thisis " (e)(jjeij2)* :

It turns out that energyand congestionare connectedto power spannersand
weak spanners.The link betweenthesegeometric properties and the networking
featuresis described by the following theorem:

Theorem 16.

(i) If the basic network is a (c;d) power-s@anner, then it allows a path system
that approximates the optimal enemy path systemby a constant factor of c.

(i) Every c spanner is (c%;d) power-s@anner.

(iii) If for a normal vertex set the basic network is a weak c-spanner G with
uni-dir ectional interference number q then there is a path systemin G that
approximates the optimal path system minimizing the congestion by a factor
of O(qlogn).

Proof. (i) follows from the de nition of the (c;d) power spanner.
(i) Let G = (V;E) beac-spanner,u;v2 V, and P = uuju;::u;v be an energy
optimal path from u to v in G. Let up = u and ur+; = v. We show that for

eat edgeuiuis1 2 P, 0 i r,thereis apath Pi = ujwiwy:::wr, Uij+g in G,
Wo = Uj, Wy, +1 = Uj+1, for which
Xi g
POW(Wj ;Wj+1)  CTPOW(Ui; Ui+ ): (1)

j=0
Substituting eat edgeu;ui;1 2 P by P;, after summation of equation (1) for
ead edge of P we obtain the claim. Equation (1) follows from the fact that
G is a c-spanner,and }Qerefore, for eath edgeu;juj+1 2 P thereis a path P; =
Ui i W2 W Ujeg. With F—,”:Q Iiwj Wi +1jj  Gijuitisg jj. Thus, (Lo POW(W; ;W41 )
= (Ldiwiwiai® O (L liwiwia ) (djuitia i) = cfpow(ui; Uis ).
(iif) We usethe following Lemma:
Lemma 17. [Meyer auf der Heide et al. 2004 Let C be the congestion of the
congestion-optimal path systemP for a normal vertex setV. Then, every weak
c-spanner N can host a path systemP© such that the induced load “(e) in N is
bounded by “(e) cPlogn C for a positive constant c°.

Since the interference number of the network is bounded by q this implies
Cp (V)= 0O(q(logn) C ). u

Combining this Lemma with the basic graph properties investigatedin Sec-
tion 3 we obtain:
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Theorem 18. For a nicely located vertex setV the following table descrikes the
worst casebehavior, whetherit hostsoptimal path systemsapproximating enemy
or congestion:

uni-dir ectional Energy|Congestion
Topolog)ﬂ interference Spanner approx.| approx.
number factor | factor

Yao-graph n 1 yes o) |
SymmY-graph 1 (bi-dir ect.!) no, but connected | |

SparsY-graph 1 weak and power spanner| O(1) | O(logn)
BoundY-graph (n) yes 0(1) |

HL-graph,  O(logn) yes 0(1) | O(log®n)

6 Main taining the Network
The standard mode of an ad hoc network is the padket routing mode. In the
lucky caseof SymmY-graphs there are no interferencesbetween messagesand
acknowledgmerts of di erent edges.For the SparsY-graph padkets sert along
the direction of the edgescannot interfere with other padkets on di erent edges.
However, acknowledgmert signalsof such edgescaninterfere. Sincein the normal
transportation mode data padkets are long comparedto the short acknowledg-
mernts, we neglectthis interaction.

In all other graphs we have to resolve (uni-directional) interference. There
are two strategies:

{ Non-interfering deterministic schedule.

In generalit is an N P-hard problem to compute a schedulethat resolvesall
interferenceswithin optimal time.

However, in the HL-graph in ead layer the bi-directional interferencenum-
ber is a constart. Hence, it is easyto de ne a deterministic schedule that
ensureseat edgea time frame of ﬁ which in the worst caseslows down
communication only by this logarithmic factor.

For the Yao-graph the (uni-) directional interferencesare given by the in-
degree.Hencea straight-forward strategy is to assignead of theseincoming
sendersa time frame of samesize. Unlik e as for the HL-graph this schedule
is far from being optimal, since it doesnot re ect the actual load on the
edges.

The main advantage of such a non-interfering scheduleis that collisionsim-
mediately indicate that dynamic changeshave occurred.

{ Interfering probabilistic schedule.
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Following the ideaspreseried in [Adler and Scheideler 199§ every edgee of
the basic network is activated with someindependert probability p(e) %
where for all edgese it holds

X
p(e) + p(e)  1:

ef2UInt(e)

Then, there is a constart probability of at Ieast% that a packet is transferred
without being interfered by another padket.

The detection of dynamic network changesmay need more time than in
non-interfering schedules. Here, since with probability of at least % every
receiver doesnot get an input signal, it su ces to repeat the dynamic change
signalfor someO(log n) rounds. Then all nodesare informed with probability
1 1=p(n) (for somepolynomial p(n)).

The only information necessaryto maintain such a probabilistic schedule
is the local number of uni-directional interferences,or an approximation of
that number. In the caseof the BoundY-graph this number is not givenby a
graph property asin the other topologies.Therefore, a node hasto inform all
m interfering nodes,that they interfere and how many of them interfere. A
straight-forward approach shows that this takestime O(m). However later
we state a general approach that computes and transmits an appropriate
approximation of that number in time O(log m).

We investigate two elemeriary dynamic operations necessaryto maintain
dynamic wirelessnetworks:

{ Enter: While the network is distributing some padkets, one radio station
wants to enter the network. It will send a special signal causing a special
interferencesignature that will causeall radio station in somespeci ed dis-
tanceto stop the point-to-p oint communication mode and switch to a special
ernter node.

Then, this part of the network dewotesits communication to insert the new
node into the network topology. After this, it will resumeto the normal
transportation mode.

{ Leave: A single station stops sendingand receiving. At sometime a neigh-
bored node notices this failure and signalsit to other nodes of the network.
Thesenodeshalt routing padcets and rebuild the network.

6.1 Topology Induced Costs

The two important resourcesin these update processesare time and number
of involved pro cessors. If these parameters are minimized, then the impact
of the network disturbance can be kept to a minimum.
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Theorem 19. For a normal and nicely located vertex set V the (jV]j) edges
need to be changel if an enter/leave operation hapgens in a Yao-, SymmY-,
SparsY-, or BoundY-graph.

For the HL-graph this number is bounded by O(logjVj).

Proof. A bad situation for all Yao basedgraphs(i.e: for Yao-, SymmY-, SparsY-,

is orthogonal to (u1;un) and (vi;Vvy) and all nodesin U are in the samesector
of anodein V and vice versa.

In this situation we have m = n=2 edgesfor all Yao-basedtopologies,which
all have to be erasedif a node w pops up in the middle of the network. The
inversesituation occursif we switch o this node.

For the HL-graph we consider eadh of the O(logn) layer separately If a
station erters a layer, then at most a constart number of edgeshave to be
added while no edgeshave to be erased.When a node disappearsin a layer, we
might have to determine some(at most 6) replacemen nodes. Theseare chosen
from the lower layer. Again in this level only a constart number of new edges
have to be added. t

Clearly, this worst casebehavior is not the typical situation. Therefore we
intro duce the number of involved verticesm asan additional parameter into the
analysis of the time behavior of the enter/leave algorithms.

Theorem 20. For a normal and nicely located vertex set V and m edgesare
involved an enter/leave operation can be performed in the Yao basel graphsin
time O(mlogs).

For the HL-graph the time is boundead by O(logjVj + logs).

Proof Sketch: We will shov how the Yao-graph can be established using
O(m logs) rounds. It turns out that theseideascan be extendedto construct the
SymmY-, SparsY-, and the BoundY-graph in the sametime. A complete proof
can be found in the full paper.

enter : First, inform all nodesV that a newnode ug haserntered. All informed
nodesimmediately halt normal padket transportation. This needsonly oneround
(or O(log n) rounds with high probability for the BoundY-graph, seediscussion
above).

Find next neighbor in ead sector. Due to nice locations this can be accom-
plishedin O(log s) rounds using a binary seard algorithm. Note that sinceother
communication is inhibited, we can interpret interferencesignalsas answers.

For ead sectorall nodeswith free sectorsare askedto establishedgesending
at ug. For this, we iterativ ely determine the nearestnode in time O(logs). This
takesO(m logs) rounds
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At last, for eadh sector all nodesu who already have a next neighbor v in a
sector are asked to test whether ug is closerthan this neighbor by sendingwith
transmission distance dp (,v) 1. If Uo Now receivesa signal it can successiely
determine all thesem nodesand establish links in time O(m logs).

leave : During the normal padket routing schemea neighbor u® of ug notices
that ug has left. Then, u®informs all nodesV that ug has left. All informed
nodesimmediately halt packet transportation. This needsO(log n) rounds with
high probabilit y.

After all nodes have beeninformed all nodesv adjacent to up needto de-
termine new neighbors. We can assumethat ug has preparedits m neighbored
nodes by assigningthem ranks. According to this ordering ead of these nodes
performs a reducedversionof the enter -algorithm. This costsO(m logs) rounds
sincem is the number of involved edges.

For the HL-graph it is straightforward, that connectionsof eac layer can
be established and added in constart time (becauseead layer has constart
degreeand a constart bi-directional interferencenumber). At the beginning eat
entering node hasto learn which layer is active and starts a binary seard over
the transmissiondistances.In Theorem 19 we have seenthat in ead layer only a
constant number of vertices change.Becauseof the constant degreeof ead layer
only a constart number of links have to be changedor established. This leads
to the additional update time linear in the number of layers, i.e. O(logjVj).

7 Conclusions

The following table summarizesthe results concerningcommunication and dy-
namic performance of the v e graph topologies.It turns out that the best dy-
namic behavior can be achieved by the HL-graph. From the Yao-graph variants
the SparsY graph outperforms the HL-graph on the approximation factor of
congestion.In this overview the SymmY-graph givesthe worst impression. Nev-
ertheless, it guaranteesthat no signals interfere at all. Therefore for a small
number of radio stations or averagelocations it may outperform all the other
graph types.

Congestion Energy time for enter /leave
Topology|approx. factor|approx. factor|enter & leave |involved nodes
Yao-graph | o(1) O(nlogs) (n)
SymmY-graph | | O(nlogs) (n)
SparsY-graph  O(log n) o) O(nlogs) (n)
BoundY-graph | o) O(nlogs) (n)
HL-graph| O(log® n) O(1) O(logn + logs)| O(logn)
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