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Abstract: Emerging interaction paradigms, such as service-orierted computing, and
new technological challenges, such as exogenouscomponert coordination, suggestnew
roles and application areas for processalgebras. This, however, entails the need for
more generic and adaptable approaches to their design. For example, some applica-
tions may require similar programming constructs coexisting with di eren t interaction
disciplines. In such a context, this paper pursuesa researd programme on a coinduct-
ive rephrasal of classicprocessalgebra, proposing a clear separation between structural
aspects and interaction disciplines. A particular emphasisis put on the study of in-
terruption combinators de ned by natural co-recursion. The paper also illustrates the
veri cation of their properties in an equational and pointfree reasoning style as well as
their direct encading in Haskell.
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1 Intro duction

In [Barbosa,200] a coinductive approac to the design of processalgebraswas
outlined and compared, wrt expressie and calculational power, with the clas-
sical frameworks basedon the operational sematrtics. The goal was to apply to
this area of computing the samereasoningprinciples and calculational style one
getsusedto in the dual world of functional programming with algebraic data-
types.Actually, the role of universalsconstructions, such asinitial algebrasand
nal coalgebras,is fundamenal to a whole discipline of algorithm derivation
and transformation, which can be traced badk to the so-called Bird-Meertens
formalism [Bird and Meertens, 1987. Dually, our researd programme regards
processesasinhabitants of coinductive types,i.e., nal coalgebrasfor the power-
set functor P(Act Id), where Act denotesa set of action identi ers. Finally,
processcombinators are de ned as anamorphisms [Meijer et al., 1991, i.e., by
coinductive extension. Note that, if coalgebrasfor a functor T can be regarded
as generalisationsof transition systemsof shape T, their behavioural patterns
are revealedby the successie obsenations allowed by the signature of obseners
recordedin T. Then, just asinitial algebrasare canonnically de ned over the
terms generatedby successie application of constructors, such “pure' obsened
behaviours form the state spacesof nal coalgebras.lt comeswith no surprise
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that bisimulation coincideswith equality in such coalgebras.Therefore our ap-
proach has the attraction of replacing proofs by bisimulation, which asin e.g,
[Milner, 1989, involvesthe explicit construction of such a relation, by equational
reasoning

Tednically, our approach amounts to the systematic use of the universal
property which characterizes anamorphisms Recall that, for a functor T and
an arbitrary coalgebrahU;p : TU Ui , an anamorphism is the unique
morphism to the nal coalgebraouty : T 1 1. Written, in the tradition
of [Meijer et al., 1991, as [p)]; or, simply, [p)], an anamorphism satis es the
following universal property:

k=[pl; . outr k=Tk p (1)

from which the following cancellation, re ection and fusion laws are easily de-
rived:

outr [(p] = T(pI p 2)
foutr)] = id . 3)
(Pl h=[a] if ph=Thq (4)

The existen@ assertion underlying (1) (corresponding to the left to right
implicants) provides a de nition principle for (circular) functions to the nal
coalgebrawhich amounts to equip their sourcewith a coalgebraicstructure spe-
cifying the next-step dynamics. We call such a coalgebrathe gene of the de ni-
tion: it carriesthe 'genetic inheritance' of the function. Then the anamorphism
givesthe rest. The uniquenesspart, underlying right to left implication in (1),
on the other hand, o ers coinduction asa proof principle.

De nition and proof by coinduction forms the baseof the approach to process
calculi designto which this paper aimsto cortribute. More speci cally it reports
on two topics:

{ The denition of interruption combinators resorting to natural co-
recursion encaded as apomorphisms [Veneand Uustalu, 1997. This coin-
ductive scheme generalisesanamorphismsin the sensethat the gene coal-
gebra can choose on returning the next-step value or else a complete be-
haviour. In particular we prove, in section 4, a conditional fusion law for
apomorphisms.

{ The dewvelopmert of a Haskell library for prototyping processalgebras
directly basedon the coinductive de nitions. As a basic design decision,
which may justify the quali cativ e generic in our title, structural aspects of
process'combinators and interaction disciplines are speci ed separately



924 Ribeiro P.R., Barbosa M.A., Barbosa L.S.: Generic Process Algebra ...

The paper is organisedas follows. Section 2 recalls the basic principles of our
approach as reported elsewhere.The de nitional and proof style are, however,
illustrated with the study of a new combinator whoserole is similar to that of
hiding in Csp [Hoare, 1985. Then, section 3 reports on functional prototyping
of processalgebrain Haskell . Section 4 studies the interruption combinators
mentioned above. Finally, section 5 concludesand points out a few issuesfor
future researd. Basic functional notation and laws is collectedin the Appendix.
The readeris referred to [Bird and Moor, 1997 for details.

2 Pro cess Calculi Design

2.1 Com binators

In [Barbosa,200] processesare regarded as inhabitants of the nal coalgebra
I : P(Act ) , where P is the nite powerset functor. The carrier of
I is the set of possibly in nite labelled trees, nitely branched and quotiented
by the greatestbisimulation [Aczel, 1993, on top of which processcombinators
are de ned. For example,dynamic combinators, which are "‘consumed'on action
occurrence,are directly de ned asin

inaction Ponil = 5
pre x I a: = sing label,
choice b+ =0 ¢
where sing = x : fxg and label, X : ha;xi. Recursive combinators, on
the other hand, are de ned as anamorphlsms A typical exampleis mterleavmg
9: which represers an interaction-free form of parallel composi-

tion. The following de nition captures the intuition that the obsenations over
the interleaving of two processesorrespond to all possibleinterleavings of ob-

senations of their argumerts. Thus,9 = [ )], where?
_ M ,( ) )(1 id) (id 1)y

(P(Act ) ) ( P(Act ) —1
P(Act ( ) P(Act () —LJp;act ()

! Morphisms , and | stand for, respectively, the right and left strength assaiated to
functor P (Act Id).
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2.2 Interaction

The synchronous product models the simultaneous execution of two processes,

which, in ead step, interact through the actions they realize. Let us, for the

momert, represen such interaction by a function : Act Act Act. Formally,
= [ )] where

= C Ypact ) PAct ) —2 Ipact ()
where sel Iters out all synchronisation failures. and ., is given by
b ci = thal a;hp;plij he;pi 2 ¢ A % pY 2 g

But what is ? This operation de ned over Act what we call an interaction
structure: i.e., an Abelian positive monoid hAct; ;1i with a zeroelemen 0. It
is assumedthat neither 0 nor 1 belong to the set of elemenary actions. The
intuition isthat determinesthe interaction discipline whereasO represerts the
absenceof interaction: for all a 2 Act,a 0 = 0. On the other hand, a positive
monoid entails a a°= 1i a= a’= 1. The role of 1, often regarded as an idle
action, is essetially technical.

As a matter of fact by parameterizing a basic calculus by an interaction
structure, one becomesable to design quite a number of di erent, application-
oriented, processcombinators. For example, Ccs assumesa set L of labels with
an involutiv e operation, represerted by an horizontal bar asin a. Any two ac-
tions a and a are called complemenary and a special action 2 L isintroduced
to represen the result of a synchronisation betweena pair of complemenary ac-
tions. Therefore, the result of is whenewer applied to a pair of complemerary
actions and 0 in all other cases,except, obviously, if one of the argumerts is 1.
In Csp, on the other hand, a a = a for all action a2 Act. Yet other examples
emergefrom recert usesof processalgebra, namely in the area of componert or-
chestration. For example,the secondauthor has pointed out, in his forthcoming
PhD thesis, situations in which the sameprocessexpressionhasto be read with
di erent underlying interaction structures. Typically a glass-lox view of a par-
ticular architectural con guration (i.e., a'glued' setof componerts and software
connectors)will call for a co-occurrence interaction: is de ned asa b= ha;hi,
for all a;b2 Act dierent from 0 and 1. For the black-lox view, however, actions
are taken as setsof labels,and de ned as set intersection.

Syndironous product dependsin a crucial way on the interaction structure
adopted. For exampleits commutativit y dependsonly on the commutativit y of
the underlying . Sud is alsothe caseof the standard parallel composition which
combines the e ects of both 9 and . Note, however, that such a combination
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is performed at the geneslevel: j = [ )], where

= My ()

P(Act () P(Act ( ) ——PAct ( )

2.3 Hiding

We shall now illustrate the rationale underlying our approach by consideringthe
de nition of a new combinator ny whoseaim is to make internal all occurrences
of a speci c action k. Then, ng = [ k)], where ¢ = P(suk id) ! andsuk ,
(=x)! ;id, standing for a represenation of an internal action. Let us now
discusshow this combinator interacts with interleaving. This provides a rst
example of a coinductive proof by calculation, to be opposedto the more classic
proof by bisimulation.

Lemma 1
n 9 =9 (nk ng) (5)

Proof. Note that equation (5) doesnot allow a direct application of the fusion
law. Since! is anisomorphism, however, we may rewrite it as

' nge 9=1 9 (nk nk) (6)

which can be further simplied in terms of the corresponding genes,because
both 9 and nx were de ned by coinduction. Consider rst the left hand side of

(6).
' 9
= f definiton  of 1 ny. cancellaon
P(id n) « 9
= f definiion of O
P(d n) P(sub. id) ! 9
= f o is amophism @
P(d n¢) P(subc id) P(d 9) o
= f tunctors  and definiion  of o O
P(d ng) P@Gd 9) P(sub¢ (id id)) [ (r ) (¢ id)y (d 1)
fr, rad | ae nawa @
P(id no) [ (1 ) (P(sube id) !' id) (d P(subc id) !)

fdefimtion of kg

Pd ng [ (1 ) (C« id) (d )
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Consider, now, the right hand side of the sameequation:
9 (nk k)

= f o is mophism @
P@d 9) o (e )

= f defin ton of 40

P 9) [ (+ ) ((* id) (d ') (M )
f s nawra,  functors g
P 9) [ (+ ) (" m nm) (e ! n))
fn;< is morphism g
P 9) [ (+ 1) (P(d n) « m) (e P(d n) «))
= ffuncturs, r and | are natural g
P@id 9) [ Pid (m nk)) Pgd (e n)) (¢ 1)
(C« id) (id )
foisnawa @

Pid (9 (e nJ) [ (r 1) (C« id) (id )

The simpli cation of both sidesof equation (6) did not lead to the sameexpres-
sion. Actually, what we have concludedis that

' 9 (e n)=Pid (9 (e 1))
and

I ne 9=P(d (ne 9))
for coalgebra

=[ (v ) ((« id (d )

This meansthat both 9 (nx ng) and ng 9 are morphisms between and the
nal coalgebra! . As there can only be one such morphisms we conclude they
are equal.

2

We have chosenthis example becausethis sort of proof is quite commonin
the calculus. The strategy is asfollows: oncea direct application of fusion is not
possible,the aim becomesto show that both forms of composition of the two
combinators can be de ned as an anamorphism for a common gene coalgebra

. Clearly, by the universal property, they must coincide. An important issue
is the fact that was not postulated from the outset, but inferred from the
calculations process.
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3 Functional Protot yping

One advantage of this approadch to processalgebra design is the fact that it
allows an almost direct translation for a functional programming languagelike
Haskell . This section highlights a few issuesin the construction of a Haskell
library for processalgebra prototyping. Our starting point is the de nition of
the powerset functor Pr (assumingan implemertation of setsas lists) and the
de nition of the semartic universeof processessthe coinductive type Proc a,
as follows,

type Proc a = Nu (Pr a)
data Pr ax = CJ(a x)] deriving Show
instance Functor (Pr a)

where fmap f (C s) = C (map (id ><f) s)

obsProc :: Pr ax -> [(@a X)]
obsProc p = f where (Cf) =p

newtype Nuf = Fin (f (Nu f))

unFin :: Nuf -> f (Nu f)

unFin (Fin x) = x

The secondstep is the de nition of the interaction structure as an inductive

type, parametric on an arbitrary set of actions, over which one de nes operator
, denoted here as prodAct . To compare actions one must include in the class
requiremerts a notion of action equality egAct, expressedas the closure of an

order relation leAct . For example, the Ccs interaction structure requires the

following de nition of actions:

data Act | = Al | ACI | Nop| Tau| Id deriving Show

Dynamic combinators have a direct translation as functions over the nal uni-
verse,as exempli ed in the encaling of pre x and choice:

preP :: Act a -> Proc (Act a) -> Proc (Act a)

preP act p = Fin (C [(act,p)])

sumP::  Proc (Act a) -> Proc (Act a) -> Proc (Act a)
sumPp g = Fin (C (pp ++ qq)) where

(C pp) = (unFin" )

(C qq) = (unFin q)

On the other hand the de nitons of static combinators are directly trans-
lated to Haskell , provided that rst onede nes anamorphismsas a (generic)
combinator. The following de nition is standard:
ana :: Functor f =>(c -> f ¢) -> ¢ -> Nuf
ana phi = Fin . fmap (ana phi) . phi
Note, for example, how parallel composition j is de ned in terms of the genesof
9 (alphai ) and (alphap):
par :: (Eq a) => (Proc (Act a), Proc (Act a)) -> Proc (Act a)

par (p, q) = ana alpha (p, Q)
where alpha (p =

C ((obsProc '(a|g)ha7 (p.g)))  ++ (obsProc (alphap (p,9))))
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4 Interruption and Recovery

4.1 Ap omorphisms

This section introduces two interruption combinators, de ned by natural co-
recursion, and encaded as apomorphisms [Veneand Uustalu, 1997. In this pat-
tern the nal result can be either generatedin successie steps or “all at once'
without recursion. Therefore, the codomain of the source “coalgebra’' becomes
the sum of its carrier with the coinductive type itself. The universal property is

h=apop () outr h=Tl[hiid p (7)

from which onecan easily deducethe following cancellation, re ection and fusion
laws.

outr apo' = T[apo'; id] ' (8)
id = apoT( 1) outr 9)
f=T(f+id) ') apo f = apo' (20)

4.2 Parallel Comp osition with Interruption

Our rst combinator is a form of parallel composition which may terminate if
someundesirablesituation results from the interaction of the two processesSuc
undesirablesituation is abstractly represerted by a particular form of interaction
denotedby . Therefore, combinator z terminates execution asa result of an -
valued interaction. Formally, it is de ned by an apomorphismz = apo .,
accordingto the following diagram

—JpAct (( )+ )
z P (id [z;id])

ot paat )
where
= ' JpAct ) P(Act )
Pl pp(Act ) (Act )
— 0L _Jp((Act Act) ()
L9 Jpact ()
— 2= Jp(Act (( )+ )
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wheretest = h ;= 1! 2ol 2i.andm (A C)

(B D)

(A B) (C D) isanatural isomorphismwhich exchangesthe relative positions
of factors in a product. Let us now illustrate how to compute with apomorph-
isms, by discussingthe comutativit y of this combinator, i.e., the validity of the
following equation, where s is the comutativit y isomorphism:

Z S=1Z7

As a rst step we derive
Z S=17
f 2 dgefintion g
apo ; S = apo ;
( f apomorphism  fusion law g
. s= P(id (s+id) .
Now, let us unfold the left hand side of this last equality.

z S

f , definton Q

P(h1;= 1! 2 onilb g ) PC id) Pm[ Py 1
= f snawa @

P(h ;= 1! 2 onil; ¢ i) PC id Pm [ P, , s!
= f ., s-ps g

P(h ;= 1! 2 nilb 1 2i) P(C id Pm [ P Ps ;!
= f | s=pPs o funcos g

P(h ;= 1! 2 onil; ¢ i) P(C id) Pm [ PPs P, |
= f [ ad mnawa m s=(s 9 m@

P(h ;= 1! 2 nil; 1 20) P(C id) P(s 9 Pm [ P,
= f P+ =P |  beause P is acomm uatv e monad [Ko ck 1972 functors

P(h ;= 12l 20) P9 8 Pm [ Py !
= f s @

Ph: (( 9 9;E 1! 2mniba 2) (9 9i) Pm |

1o

= rf condiional  fusion,  -cancellation,  constan t function {

P(h s 1;(= s 1! 2 iy 1 s R)i)y Pm [ P

Unfolding the right hand side we arriv e at

P(d (s+id)
= f , dgefnion @

P(id (s+id)) P(h ;= 1! 2 onil; 1 2i) P(Cid) Pm [

po bt

= f functors, -absorption g

P

P

(11)
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P(hi(s+id) (= 1! 2 nilb1 2)i) P( id Pm [ P, ! !
f condional  fusion @

P(h 1;= 1! (s+id) 2 nil;(s+id) 1 i) P( id) Pm [ P,
Lo

r

f +-cancellation, conditional fusion law, functors, -fusion g

Pth 1= 1! 2l s i) Pm[ Py

These two unfolding processeddid not lead to the same expression;equation
(11) is, therefore,in generalfalse.Note, however, that the di erence betweenthe
two expressionsis only in the order in which the sameargumernts are supplied
to . We may thus supposethe existenceof a result weaker than (11), but still
relevant and useful, may result from this calculation. This requiresa more general
discussionwhich follows.

4.3 Conditional Fusion

The aim of the previous calculation wasto prove equation (11) which, by fusion,
reducedto
; S= P@d (s+id) (12)

Note the advantage of using a fusion law is to get rid of direct manipulation of
recursion: all computation is done in terms of the recursion genes In this way
we succeededn reducing (12) to

Ph s 1;(= s 1! 2ol s 2)i)
P(h 1;(= 1b o2 nil s i)
where = Pm [ P ! !.Now note that this equationis only valid if

one postulates an additional condition expressingthe commutativit y of , i.e.,
s = (13)

The interesting question is then: what does such a conditional validity at the
geneslevel imply with respect to the validity of the original equation (11)? In
general,supposethat in a proof, oneconcludesthat the validity of the anteceden
of the fusion law

f =T +id) ) apo f = apo (14)
dependson an additional condition |, i.e.,

) f = T( +id) (15)
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What happensis that s stated as a local condition on the genesof the apo-
morphisms, i.e., on the imediate derivatives of the proocessesnvolved. Suc
a condition needsto be made stronger enforcing validity over all derivatives.
Tednically, should be transformed into an invariant : i.e., a predicate which is
presened by the coalgebradynamics,! , in the presen case.To state suc a res-
ult we needa modal languageinterpreted over coalgebras.The following notions
arerelatively standard in the literature (see,e.g, [Moss, 1999 or [Jacobs,1999).
A predicate : B U over the carrier of a T-coalgebrahl; : T U
Ui is called a -invariant if closedunder . Formally, one de nes a predicate
combinator d 2:
(9 Yu  Buopy u: WO

whosemeaning reads: d s valid in all states whoseimmediate -derivatives
verify . Then, is aninvariant iif ) d , that is d

The closure of 9 de nes the coalgebraic equivalent to the always in the
future modal operator (just as d corresponds to the next operator in modal
logic). Thus, is introduced in [Jacobs,1999 as the greatest xp oint of
function : \ d x. Intuitiv ely, reads” holds in the current state and
all the other statesunder . In such a de nition corntains the key to answer our
previous question, as stated in the following lemma.

Lemma 2 Let and stand for two T-coalgebas and a predicate over the
carrier of . Then,

() h=T(h+id) ) ) ( ) (apo h=apo T)) (16)

Proof. Let X bethe carrier of andi the inclusionin X of the subsetclassi ed
by predicate , i.e., i = true!. Any -invariant inducesa subcoalgebra °
which makesi a coalgebramorphism from °to . Then,

) h=T(h+id)

f definition of inclusion i g

h i =Th+id) i
) fo g
h i =Th+id) i
fi, isamophism fom Ow @
h i =T(+id) T@. ) °

f functors, ap omorfism  fusion law g
apo h i; =apo °

fi, is a coalgebra morphism  {J

2 Notation 27 refersto the extension of the membership relation to regular functors
[Meng and Barbosa, 2004.
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apo h iz =apo i
f inclusion i g
2 ) (apo  h=apo )

2

We call formula (16) the conditional fusion law for apomorphisms. A similar
result, but restricted to anamorphismswasprovedin [Barbosa,200]. Let's come
back to our example. Note that in this casethe relevant predicate, given by
equation (13), doesnot involve states, but just actions. Therefore

r(s= )= ( s=)

which, according to lemma 2, is the predicate to be used as the anteceden
of (12). We may now conclude this example stating the following general law
concerningthe interruption operator:

( s=)) zs=z (17)

4.4 A Recovery Op erator

We now discussa combinator which modelsfault recovery®. Intuitiv ely, the com-
binator allows the executionof its rst argumert until an error state is reached.
By convertion, an error occurrenceis signalled by the execution of a special ac-
tion x. When this is detected, execution cortrol is passedto the secondprocess.
This processwhich is the combinator secondargumert, is an abstraction for the
system'srecovery code. The combinator isdened as = apo , where

L Ypact )
tx 1! 152 ZIP(ACt ) "
' Ip(Act () + P(Act )

P (id ;P (id
P4 DPM D ypac £ )

wherety : B P (Act )isgivenby ty, = 2, P ;.

We shall go on exploring the calculational power of this approad to process
algebrathrough the discussionof a new conditional property. The intuition says
that should no faults be detected in the rst process,the recovery processwill
not be initiated. In other words, in the absenceof faults, a processrunning in a
fault tolerant environment behavesjust asit would do if executedautonomously.
Formally,

3 Although the very abstract level in which it is approached here, it should be under-
lined that fault tolerance is a fundamental issuein software engineering.
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Lemma 3

1 (2« P 1) ) = 1 (18)

Proof. Note that predicate 2, P ; only states fault absencein the immediate
successor®f ead state. It is, therefore, su cien t to establish the anteceden of
the fusion law, as shown below.

P(id ( 1+ id)
= f definition of tx, assuming hyp othesis 2x P 1 g
P(id (1+1id) [P@d 1);P@Gd 2)] (¢+!) ! id

f r+ =01 ;o2 110
P(Gid (1+id) [P(id 1);P(d 2)][1 ;2 !'] 2! id

= f +cancellaion @
PGid (a1+id) P(Gid 1) ! id
= f P is afunctor, +-cancellation,  functors
P(d 1) P(d 1) ! id
= frw 1 = 10
Pid 1) 1! id
= ft g=nfigi, -cancelation @

PGid 1) ! 1
Note that what we would expect to have proven was
P@id ( 1+ id) =1
but, actually, all that was shovn was that
P(id ( 1+ id)) = P(d ) ! 1

This comesto no surprise:the role of the additional factor P(id ;) in the right
hand side is to ensuretype compatibility between both sidesof the equation.
The important point, however, is the fact that the whole proof was carried under
the assumption, recordedin the very rst step, that 2, P ;. Thus, by lema 2,
we conclude as expected.

5 Conclusions and Future Work

Final semartics for processeds an active researt area, namely after Aczel's
landmark paper [Aczel, 1993. Related work on coalgebraicmodelling of process
algebrascanbefoundin e.g, [Schamsdurko, 1998 Wolter, 1999. Our emphasis,
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however, is placed on the designside: we intend to shov how processcalculi can
be developed and their laws proved along the lines one gets usedto in (data-
oriented) program calculi.

The most interesting laws in process algebras are formulated in terms
of some form of weak bisimulation, which abstracts away from, e.g, in-
ternal computation. Dealing with such weak processequivalencesin a coalge-
baric setting is not trivial (but see,for example, [Rothe and Masulovic, 2002
Solkolova et al., 2005). A concrete approadh, based on transposition to a
category of binary relations, is proposed in the rst author MSc thesis
[Ribeiro, 2005, still in accordancewith the calculational style favoured in this
paper. On the other hand, whether this work scalesup to processalgebraswith
mobility remainsan open question.

From a software engineering point of view, our interest in generic process
algebrasarise from on-goingwork on the semarics of componert orchestration
languagegBarbosaand Barbosa,2004. As brie y discussedn section2, in suc
a context one often needsto tailor processalgebrasto quite specic interaction
disciplines, later giving rise to programming constructs for componert glueing.
The genericframework outlined in this paper, and the assaiated Haskell pro-
totyper, provesto be quite e ectiv e in that task. This is why we consider the
design of generic processalgebrasa programming challenge.
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App endix

Pro duct and Sum Laws

Functions with a common domain can be glued through a split i ; gi de ned by
the following universal property:

k= H;gi 1 k=f "~ 5 k=g 19)
from which the following properties can be derived:
hi; 2f = ida 8 (20)
1 higi=1f; 2 higi=g (21)
hg;hi f = hg f;h fi (22)
(i j) hgohi = h g hi (23)

known respectively as  re ection, cancelation, fusion and absorption laws.
Similarly arisesstructural equality:

H;gi=hchi f=k~g=h (24)



Ribeiro P.R., Barbosa M.A., Barbosa L.S.: Generic Process Algebra ... 937

Finally note that the product construction is functorial: f g =
ha;bi . HF a;ghi.

Dually, functions sharing the samecodomain may be glued together through

an either combinator, expressingalternativ e behaviours, and introduced as the

universal arrow in a datatype sum construction. A + B is de ned as the target

of two arrows ; : A+ B Aand , : A+ B B, called the injections,
which satisfy the following universal property:

k=[f;q] k 1=f "~k 2=g¢g (25)
from which oneinfers correspondent cancelation, re ection and fusion results:
;0] 1=f:[f;d 2=g9 (26)
[1; 2] = idx+y (27)
f [goh] = [f gf h] (28)

Products and sumsinteract through the following exchangelaw
[ gishf % g%] = Hf:f % [g; o (29)

provable by either product (19) or sum (25) universality. The sum combinator

alsoappliesto functions yielding f + g: A%+ B° A+Bdenedas[ f; 2 g
Conditional expressionsare modelled by coproducts. In this paper we adopt
the McCarthy conditional constructor written as(p ! f; g), wherep: B A

is a predicate. Intuitiv ely, (p ! f; g) reducesto f if p evaluatesto true and to
g otherwise. The conditional construct is de ned as

(p! f;09 = [fiqg] p?
wherep?: A+ A A is determined by predicate p as follows

p?= AP IA av 1)~ A 14A 12 YA

where dl is the distributivit y isomorphism. The following laws are usefull to
calculate with conditionals [Gibbons, 1997.

h (! fi9 = (! hihog o
(! f;g) h=( h! f hg h) (31)
(P! f;9) = (! (! f;9:;@(m! f;9) (32)



